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Abstract

We consider systems of linear differential and difference equations

with § = d%, o a shift operator o(x) = = + a, g-dilation operator o(x) = gz or
Mabhler operator o(x) = 2P and systems of two linear difference equations

01Y(z) = A(2)Y (z), o02Y(xz)=B(x)Y(x)

with (01, 02) a sufficiently independent pair of shift operators, pair of ¢-dilation op-
erators or pair of Mahler operators. Here A(x) and B(x) are n x n matrices with
rational function entries. Assuming a consistency hypothesis, we show that such sys-
tems can be reduced to a system of a very simple form. Using this we characterize
functions satisfying two linear scalar differential or difference equations with respect
to these operators. We also indicate how these results have consequences both in the
theory of automatic sets, leading to a new proof of Cobham’s Theorem, and in the
Galois theories of linear difference and differential equations, leading to hypertran-
scendence results.
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1 Introduction

In [37], J.-P. Ramis showed that if a formal power series f(z) is a solution of a linear
differential equation and a linear ¢-difference equation®, ¢ # 0, ¢ transcendental if |¢| =
1, both with polynomial coefficients, then f is the expansion at the origin of a rational
function. Rationality has also been shown for a formal power series satisfying

e a linear differential equation and a linear o-difference equation with polynomial
coefficients, where o is the Mahler operator o(f)(z) = f(x*), k an integer > 2
[12],

e a linear ¢;-difference equation and a linear g»-difference equation, both with poly-
nomial coefficients and with ¢; and ¢» multiplicatively independent (i.e., no integer
power of ¢; is equal to an integer power of ¢») [15] 3,

e a linear o,-difference equation and os-difference equation with polynomial coeffi-
cients and with Mahler operators o1, 02 having multiplicatively independent expo-
nents [1].

Other results characterizing entire solutions of a linear differential equation and a linear o-
equation with polynomial coefficients where o is the operator o(z) = x + «, o(x) = gz,
or o(r) = 2" and entire solutions of two linear o-difference equations involving these
operators can be found in [13], [14],[17], [28], [30], [31], and [38].

These results have been proved with a variety of ideas such as the structure of ideals
of entire functions, Gevrey-type estimates, p-adic behavior and mod p reductions. In our
work we present a unified approach to all these results, reproving and generalizing them
to also characterize meromorphic solutions on the plane and certain Riemann surfaces.

Our results spring from two fundamental ideas. The first is that questions concerning
the form of solutions of two scalar linear differential/difference equations can be reduced
to showing that consistent pairs of first order systems are equivalent to very simple sys-
tems. The second is that the hypothesis of consistency allows us to show that the singular
points are of a very simple nature, to describe the interaction of local solutions at different
singular points and to continue local solutions meromorphically. These conclusions, in
turn, allow us to prove that the systems are equivalent to systems of a very simple form.
For our approach, it is crucial that § and o or ¢ and o5, respectively, commute except for
some constant factor. The commutativity is closely related to the consistency condition.

2A linear difference equation involving the operator o (z) = gz
3The result of [15] needs some restrictions, see below Corollary 15.



Our approach is best explained with the example of Ramis’s result in the case |g| #
0, 1. Let f(x) be a power series satisfying both a linear differential equation and a linear
g-difference equation with coefficients in C(z). Using these equations, one shows that the
C(x)-vector space V' spanned by {(z-L)'f(¢'z)} with 0 < i < c0,—00 < j < oo is
finite dimensional (see Corollary 3). This space consists of Laurent series and is invariant
under the map o that sends x to gz and the derivation § = x dfy(x), .. ya(x) is a
C(z)-basis of V and y(z) = (y1(x),...,y.(x))T, then

2O pay(e). Al) € g (C)

ylgzr) = Blx)y(z), B(x) € GLy(C(x)).

B(x) is invertible because o is an automorphism. Calculating o(d(y(z))) = d(o(y(z)))

ey

in two ways and using that the components of y are linearly independent over C(x), we
obtain that A(x) and B(z) satisfy the consistency condition

dB(z)
dx
The first principal result of our work (Theorem 2) states in this case that there exists a

matrix G(z) € GL,(C(z)) such that the gauge transformation y(x) = G(z)z(x) results
in a new simpler system

X

+ B(x)A(z) = A(gz) B(z). 2)

dz(r) -
Tdr Af(‘”)’ 3)
z(qx) Bz(x)

with A € gl (C) and B € GL,(C).

This implies that there is a new basis 2(z) = (z1(z),...,z,(x))T of V given by
z(z) = G(x) 'y(x) such that x% — Az(x) and z(gz) = Bz(z) with A and B constant
matrices. It is not hard to show that the entries of z(z) must be Laurent polynomials and
therefore rational. We then conclude that y(z) is also rational and hence also the given
f(z) is rational.

We now give an idea of the proof of Theorem 2 in the context of the present case. A
calculation shows that the consistency condition implies: if Y (x) is a solution of xd};—g(f) =
A(x)Y (x) then Z(z) = B(x)Y (z) is a solution ofde(‘r) A(qx)Z(z). Repeating this
observation we have that for any m, there is a gauge transformat10n Y(x) = Dy () Z(x)
dY w) = A(x)Y (z) to solutions = A(q™z)Z(z). This

gauge transformation only introduces apparent singularities, that is, those at which one

taking solutions of z——

has a meromorphic fundamental solution matrix. Since the singular points in C\{0, co}
of these two equations are disjoint for sufficiently large m, we can conclude that all the
singular points, other than 0, co, of d};—g(f) = A(z)Y (z) are apparent (see Lemma 8).



If Y(x) is a formal fundamental solution of de(”) = A(z)Y (x), then as seen above

Z(z) = B(z)Y (z) is a formal fundamental solution of de(a:) A(qx)Z(z). Compar-
ing it with the formal fundamental solution Z(z) = Y(q:c) of this equation, it follows
that 0 is a regular singular point (see Lemma 9). A similar statement holds for co. We
then have that if Y () is a fundamental solution analytic in a neighborhood of an ordinary
point, then Y'(x) can be analytically continued to a meromorphic function on the universal
cover C of C\{0}. If Y (ze2™) is the solution matrix obtained by analytically continuing
Y (x) once around 0, we have that Y (ze*™) = Y (x)H for some H € GL,(C). Writing
H = ¢24 with a non-resonant A, a calculation shows that G(z) = Y (z)z~4 is a matrix
valued meromorphic function on C\{0}. Using the fact that 0 and oo are regular singular
points, one deduces that G(x) has moderate growth at these points and so must have ra-
tional function entries. Therefore the gauge transformation y(z) = G(x)z(x) transforms
a:d?i = A(z)y(z) to 2% — Az(z). One then shows that the consistency condition
implies that this transformatlon also results in a constant ¢-difference equation for z(z)
and so (1) is transformed into (3) (see Lemma 10 for details).

The rest of our work is organized as follows. In Section 2 we consider systems (1)
where o(x) = x 4+ 1,qx (¢ # 0 not a root of unity) or z%, (¢ an integer > 2) and
A(z) € gl (C(z)), B(z) € GL,(C(x)), C an algebraically closed field of characteristic
zero. Assuming a consistency condition analogous to (2) we show in Theorem 2 that
there is a transformation Y (z) = D(z)Z(x) with D(x) € GL,(C(x)) taking system
(1) to a much simpler system. When o(x) = gz or 2%, we characterize those y(z) €
C[[z]][x!] and those y(x) meromorphic on the Riemann surface of log x (when C' = C)
that simultaneously satisfy a linear differential equation and a linear o-difference equation
over C'(z) ( Corollary 3). When o(x) = x + 1, we characterize those y(z) € C[[z~]][z]
and those y(z) meromorphic on C that simultaneously satisfy a linear differential equation
and a linear o-difference equation over C'(z) (Corollary 5). Theorem 2 allows us to also
characterize in Corollary 6 when the time-1-operator of a linear differential system has
rational entries.

In Section 3 we consider systems of the form

with B; € GL,,(C(z)) satisfying a suitable consistency condition and (o4, 02) defined
by (o1(z) = 2+ 1,02(z) = z + a),a € C\Q or (01(x) = q1x,02(x) = gx) or
(o1(x) = x¥,09(x) = x®) with ¢; and ¢, multiplicatively independent. Theorem 13
states that there is a gauge transformation Y (x) = D(x)Z(x), D(x) € GL,(C(x)) in
the first two cases and D(z) € GL,(K), K = C({z'* | s € N*}) in the last case,
transforming such a system into a system with constant coefficients. Once again the proofs



depend on showing that the singular points and the connection relations are particularly
simple. We again have corollaries characterizing formal solutions and solutions on various
domains of two linear o equations in each of these three cases (Corollaries 14, 15 and 16).

We end this introduction with a discussion of two applications of our results. The first
concerns properties of automatic sets (See [3] for a general introduction to these sets and
[10] and [38] for connections to Mahler equations). A subset N' C N of integers is called
k-automatic if there is a finite-state machine that accepts as input the base-k representa-
tion of an integer and outputs 1 if the integer is in A/ and 0 if it is not in A/. Many sets can
be k-automatic for fixed k (for example the set of powers of 2 is 2-automatic) but only
very simple sets can be k- and /-automatic for multiplicatively independent integers % and
£. This fact is formalized in Cobham’s Theorem [19], [23].

Theorem (Cobham). Let k and { be two multiplicatively independent integers. Then a set
N C N is both k- and (-automatic if and only if it is the union of a finite set and a finite
number of arithmetic progressions.

Linear difference equations involving the Mahler operator and k-automatic sets are
related by the following fact: If A" is a k-automatic set then F'(z) = Y _. x" satisfies
a scalar linear difference equation over Q(x) with respect to the Mahler operator o(z) =
xF, that is, a k-Mahler equation. In ([1], Theorem 1.1), Adamczewski and Bell show: a
power series f(z) € C[[z]][x™"] satisfies both a k- and (-Mahler equation if and only if
it is a rational function, proving a conjecture of Loxton and van der Poorten [34]. Their
proof relies on Cobham’s Theorem. On the other hand, it is known that their Theorem
1.1 implies Cobham’s Theorem (see, for example, Section 2, [1] or Chapitre 7, [38]). In
our work we prove and generalize the Adamczewski-Bell result (Corollary 16) without
using Cobham’s Theorem, therefore yielding a new proof of this latter result. Our proof
of the Adamczewski-Bell result follows the general philosophy of our work. We show
that proving that a power series of two such Mahler equations is rational can be reduced to
showing that consistent pairs of first order Mahler systems must be of a very simple nature.
In fact, although we deduce the Adamczewski-Bell result from Theorem 13 mentioned
above, we do not need its full strength and can also prove this result from the weaker
statement contained in Proposition 22.

The second application concerns the Galois theory of difference equations. In [25] a
differential Galois theory of linear difference equations was developed as a tool to un-
derstand the differential properties of solutions of linear difference equations. This theory
associates to a system of linear difference equations Y (c(z)) = B(x)Y (z) a group called
the differential Galois group. This is a linear differential algebraic group, that is a group of



matrices whose entries are functions satisfying a fixed set of (not necessarily linear) dif-
ferential equations. Differential properties of solutions of the linear difference equation
are measured by group theoretic properties of the associated group. For example, a group
theoretic proof is given in [25] of Holder’s Theorem that the Gamma Function satisfies
no polynomial differential equation, that is, the Gamma Function is hypertranscenden-
tal. In general, one can measure the amount of differential dependence among the entries
of a fundamental solution matrix of Y (o(z)) = B(z)Y (x) by the size of its associated
group; the larger the group the fewer differential relations hold among these entries. This
theme has been taken up in [21] where the authors develop criteria to show that the gen-
erating series F'(z) = Y, _\ ™ of certain k-automatic sets A" are hypertranscendental.
As we mentioned above, these generating series satisfy Mahler equations and Dreyfus,
Hardouin and Roques in [21] develop criteria to insure that a given Mahler equation has
SL,, or GL, as its associated group. The proofs of the validity of their criteria depend on
Bézivin’s result [12] that a power series that simultaneously satisfies a Mahler equation
and a linear differential equation must be a rational function. In [22], the authors develop
similar criteria (using the result of Ramis mentioned in the Introduction) for linear ¢-
difference equations. Both Ramis’s result and Bézivin’s result appear in Corollary 3 as a
consequence of Theorem 2 in the present work. Using Theorem 2 directly, the authors of
[6] classify the differential Galois groups that can occur for the equations considered in
this latter theorem and, in particular, rule out certain groups from occurring. Using this
classification, it is shown in [6] how the criteria of [21] and [22] can be extended and given
simple proofs. The results of [6] can also be used in designing algorithms to compute the
differential Galois group of linear difference equations (c.t., [5]). Using the Galois theory
presented in [33], the authors of [22] also develop criteria to determine when a solution
of a linear g-difference equation satisfies no ¢'-difference relation (even nonlinear) with
respect to a multiplicatively independent ¢'. This is done, in a manner analogous to the
results of [21], by developing criteria to insure that the Galois groups in this context are
large. Their result depends on the results of Bézivin and Boutabaa [15]. The results of
Section 3 can also be used to sharpen the criteria in [22].

2 Reduction of systems of differential and difference equa-
tions

Let C be an algebraically closed field* and ¥ = C(z). Let § be a derivation on k with
constants C' and o be a C'-algebra endomorphism of k. We suppose that there is a constant

4All fields considered in this work are of characteristic zero.



1 € C'such that 00 = 1 0. This commutativity except for a constant factor is crucial for
our approach.
We consider three cases of couples (¢, o) below.

case S: The derivation is 0 = d/dx and o is the shift operator defined by o(z) = = + 1.
Here 4 = 1.

case Q: The derivation is 0 = z d/dz and o is the g-dilation operator defined by o(z) = qx
with some g € C, ¢ # 0 and not a root of unity. Note that ;x = 1 here as well.

case M: The derivation is 6 = z d/dz and o is the Mahler operator defined by o(z) = x4
with an integer ¢ > 2. Here we have u = q.

Observe that o is bijective in cases S and Q, but not in case M.

We will consider systems
(Y)= AY

o(Y)= BY
with A € gl (k), B € GL, (k) that are consistent, that is A and B satisfy the consistency
condition given by

)

)(B)= po(A)B — BA. (6)

The consistency condition is closely related to the almost-commutativity of §, o. Note
that it guarantees that (o (Z)) = po(6(Z)) holds for any solution Z of the system (5) in
any extension of C'(x). It is satisfied if there exists a fundamental solution of 6(Y") = AY
that is also a solution of ¢(Y) = BY in some extension of C'(z) in which ¢ and o
commute or if there exists a solution vector of the system in such an extension such that
its components are linearly independent over C'(z). The consistency condition is satisfied
for the systems (5) constructed from the applications to common solutions of pairs of
linear scalar equations, again because J and o commute except for a constant factor.

We say that (5) is equivalent (over k) to a system

8(2)= Az
N (7)
o(Z)= BZ
with A € gl (k), B € GL, (k) if for some G € GL,,(k),
A=46G)G '+ GAG!
(8)

B =0(G)BG™*

that is, if (7) comes from (5) via the gauge transformation Z = G'Y . Note that the property
of consistency is preserved under equivalence.



A simple, but crucial observation is the fact that the consistency condition can be
expressed as an equivalence.

Lemma 1. Consider the system (5). It satisfies the consistency condition (6) if and only if

it is equivalent to the system
NZ)=po(A)Z, o(Z)=0(B)Z )
by the gauge transformation Z = BY . For N € N*, it is equivalent to the systems
§8(2)=uNo™N(A)Z, 0(Z)="(B)Z. (10)

Proof. Rewriting (6) yields the first part, iteration using the fact that all these equivalent
systems are again consistent yields the second. [

Observe that (10) is also obtained by applying o to (5).
The main result of this section expresses that the consistency condition is very restric-
tive.

Theorem 2. The system (5) satisfying the consistency condition (6) is equivalent over k
to a system (7) with A € gl (C'), B € GL, (k). Moreover:

case S: A is diagonal, B e GL,(C) is constant and upper triangular and commutes with

A.

case Q: If \i, \s are eigenvalues of A, then \; — ¢ 7\ {0}. B € GL,(C) is constant

and commutes with A.

case M: The eigenvalues of A are rational and in the interval [0, 1] and there exists a diag-
onalisable matrix D with integer eigenvalues commuting with A such that A+ D
is conjugate to q A. We have B € GL,(C[z,x~")), such that the exponents m ap-
pearing with nonzero coefficient in B are integer differences of the form q\; — Ay

of eigenvalues A1, \s of A.

Remark: Simple counter-examples show that the statement in case Q no longer holds
if ¢ is a root of unity. Consider for instance the natural consistent system satisfied by
yij(z) =exp(¢x), j=0,...,n—1,if ¢" = 1.

Before giving a proof of this result in sections 2.1 and 2.2, we deduce several corollar-
ies concerning common solutions of the linear differential and o-difference equations

L(f(z)) = o"(f(x)) + an-a(2)d" 7 (f(x)) + ... + ao(x)f(x) = 0 and
S(f(@) = o™(f(@) + bpa(x)o™ (f(2)) + ... + bo(x) f(x) =0,
with a;(z), b;(z) € C(z).

(11)



Corollary 3. Consider 6,0 as in case Q or M. Let E be the field of meromorphic func-
tions on C, where C denotes the Riemann surface of the logarithm over C \ {0}. C(x) is
considered as a subfield of E. If f € E satisfies the linear differential and o-difference
equations (11) then

Z rij(x)z® log( x)’ (12)

where o; € C and r;; € C(x). In case M, we obtain moreover that the «; are ratio-
nal. Conversely, any such function satisfies a pair of linear differential and o-difference
equations with coefficients in C(x).

Assume f(z) € C[[x]][z™"] with C(x) considered as a subfield of C|[x]][z™!]. If f(x)
satisfies the linear differential and o-difference equations (11) then f is rational, i.e. f €

C(x).

Remark: 1. The Corollary can be extended to functions satisfying non-homogeneous
systems

L(f(z)) = ha(z), S(f(x)) = ha(z),

where hy(x) and ho(z) are of the form (12). Indeed, as the latter satisfy homogeneous sys-
tems of the form (4), it is straightforward to eliminate them from the non-homogeneous
system at the expense of increasing the orders n and m of the equations. A similar remark
applies to the corresponding corollaries in case S and in cases 2S and 2Q in section 3.

2. Functions of the form (12) are elementary function. Algorithms for finding such solu-
tions of linear difference equations are known (eg. [20], [36], Ch. 4) and can be modified
to find solutions of this special type. Possible values of o and relevant powers of log x can
be calculated using effective procedures to determine canonical forms of such equations
at singular points ([36], Ch. 3.1). Again a similar remark applies to the corresponding
corollaries in case S and in cases 2S and 2Q of section 3 ([35]).

3. The final assertion of the above corollary corresponds to results of Ramis [37] in case
Q and of Bézivin [12] in case M. Their proofs proceed by examining the asymptotic be-
havior of solutions of the two scalar linear differential equations rather than our approach.
In [37], Ramis assumed that ¢ # 0 and q is transcendental if |¢| = 1. This condition can
be reduced to |g| # 0, 1. The latter was needed to ensure that ¢"x — 0 or ¢"z — 0
when n — oo and allowed asymptotic results for g-difference equations to be applied.
As mentioned above, our approach only requires that o(z) = gz, q # 0 has no periodic
points other than the fixed points.

4. Although we use Theorem 2 to prove the final statement of this corollary, one can prove
this directly from Lemmas 8 and 9 below as noted in the remark following Lemma 9.
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Proof. We begin by proving the assertion concerning a function f(x) € E. Let W be
the C(x)-subspace of E spanned by

{o70"(f(2))}

where 0 <7 <n—1land0 < j < m — 1. Using the fact that o = pod and the equation
L(f(x)) = 0, one sees that W}, is left invariant under . Similarly, using S(f(x)) = 0, one
sees that W is invariant under o. Unfortunately, o does not preserve linear independence
over C(z) in case M — just consider 1 and x/9. Therefore we consider now the vector
spaces W, generated by the elements of o/(Wj), £ = 0,1, .... These are again invariant
under 0 and o. As they form a descending chain of finite dimensional C(z)-vector spaces
there must be a first index s such Wy, = W, ;. It is easy to see that we then have that
Wy = Wy, forall £ > s. In the sequel, we consider W, and omit the index s.
Let wy, . .., w; be a C(z)-basis of W and let w = (wy, ..., w;)T. We have that

(13)

for some A € gl,(k), B € GL;(k) because o(w), ..., o(w;) again generate . We claim
that A and B satisfy (6). To see this, note that

0= pod(w) — do(w) = (uo(A)B — BA — 6(B))w.

Since the entries of w are linearly independent over k, we have (6).
Before we continue with the proof of this corollary, we remark that the above argument
does not use special properties of 6 and o and will again be useful later. We note it as

Lemma 4. Let C be an algebraically closed field, k = C(z), E a k-algebra, 6 a deriva-
tion on E annihilating C satisfying §(z) € k and o a C-algebra endomorphism on E
satisfying o(k) C k and do = pod for some p € C*. Suppose that there exists an
f € E satisfying a system (11) of equations. Then there exist s,t € N>, a solution vector

T

w = (wy,....,ws)" € E" of a system (13) satisfying the consistency condition (6) and

r; €k, i=1,..,t such that o* f = Zle W

We now apply Theorem 2 to the equations §(Y) = AY,o(Y) = BY. We conclude
that there is a gauge transformation Z = GY that transforms this system to a system
8(Z) = AZ,0(Z) = B(x)Z where A is a constant matrix (with rational eigenvalues in
case M). Letting z = (z1,...,2)7 = Gw we see that z € E' satisfies 6z = Az and
hence » = 2AC for some constant matrix C. Therefore the z; are of the desired form.

SN denotes the set of non-negative integers in the present text.
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Since the z; are again a C(z)-basis of W, there exists a non-negative integer s such that
o®(f) is a C(x)-linear combination of the z;. In case Q, it follows immediately that f is
also a C(z)-linear combination of terms of the wanted form. In case M, we find that f is
a C(29 ")-linear combination of terms of the desired form, that is, it is itself of that form.
Thus we have proved the first statement of the corollary.

To prove the second part of the corollary, first assume that f = 2 log(z)? witha € C,
j € N. A simple calculation shows that the operator L = (§ — «)’*! annihilates f.

In case Q, we obtain that S = (0 — ¢®)™! also annihilates f.

In case M, it is required that o be rational. As there are only finitely many rationals in
0, 1] with the same denominator as «, there must exist positive integers m # n such that
(¢™ — ¢")a =:r € Z. Then 6™ (f) = ¢™™z"o"(f) and we have found a o-difference
equation for f.

The general case follows from the fact that sums and products with rational func-
tions of solutions of differential or o-difference equations, respectively, again satisfy
such equations.

We now turn to the assertion concerning a function f(z) € Cl[x]][z~]. We can again
use Lemma 4 and apply Theorem 2. Following the proof of the first part of this corollary
we will find the solutions of §z = Az in C[[z]][z']". Clearly the coefficient () of z in
front of ¢ must satisfy A () = ¢ 2(®. Hence z) can only be different from 0 for finitely
many ¢ and so 2z € C[z, z7!]" C C(z)". Since the entries in the vector z form a C(z)-basis
of W, we must have ¢ = 1. Therefore z is a scalar in C(x) and so o*(f) is also rational,
o*(f)(z) = g(x) € C(z). In case Q, the proof is finished since we can immediately
conclude that f(z) € C(x). In case M, we have that o*(f) is in C{z }[x~¢"] and hence
invariant under the substitutions © — x exp(27il/q®), ¢ = 0, ..., ¢° — 1. Therefore we also

have that
-1

o*(f)(w) = ¢ ) glwexp(2mit/q*)) € C(a?).

=0
Hence f € C(z). |

In the shift case, the corollaries obtained are slightly different as we cannot consider
the difference equation on C or C[[z]][z™"]. It is possible here to consider the difference
equation for meromorphic functions of C and for formal Laurent series in 1/z, that is in
C[[x~Y][x]. Again C(z) is considered as a subset of C[[x']][z], where the inclusion is

given by series expansion at z = oo.

Corollary 5. Consider § = d/dx and o induced by o(x) = x + 1. If f(x) is a meromor-
phic function on some horizontal strip {x € C | m < Imxz < M} satisfying the system
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(11) of a linear differential and difference equations with coefficients in C(x) then

t

flz) =Y rmi(z)e™

=1

where o; € C and r;(x) € C(x). Conversely, any such function satisfies a pair of linear
differential and difference equations with rational coefficients.
If f(z) € C[lx7Y][x] satisfies the system (11) of a linear differential and difference

equations with coefficients in C(x) then f(x) is rational.

Remark: In [13], Bézivin and Gramain consider entire solutions of linear differential/dif-
ference equations of the type considered in Corollary 5 and show that such solutions must
be of the form described. Their proof ultimately depends on an analytic result of Kelleher
and Taylor describing the growth properties of a set of entire functions equivalent to the
property that they generate an ideal equal to the whole ring of entire functions. A crucial
part of their proof also involves reduction to equations with constant coefficients but in a
different manner than the proof presented here. They also give conditions on the equations
that guarantee that the r;(x) appearing in the expression for f(z) are polynomials.

Such a condition can also be given here. Let () be the least common denominator of
the coefficients a;(z), j = 0,...,n — 1 of L in (11), (x) the least common denominator
of the coefficients b;(z), j = 0,...,m — 1 of S. By the C(z)-linear independence of e**,
i =1,...,t, also the individual terms ;(x)e®* are solutions of the scalar equations (11).
Therefore the poles of some r;(x) must be among the zeroes of /(x). Now let a be a pole
of some ;(x) with minimal real part. Then it is a zero of /(x) as seen above, but in view
of oS (r;i(x)e**) = 0, a must also be a zero of o~ "'r. As a consequence, all r; must
be polynomials, if ¢ and o~ r have no common zero.

Proof. Using Lemma 4 and Theorem 2, we obtain that f(z) is a C(z)-linear combination
of solutions of §z = Az with diagonal constant A. This yields the first part of the corollary.

To prove the second part of the corollary, first assume that the r; are polynomials with
deg(p;) = n;. A simple calculation shows that the operators L = [['_,(§ — a;)™*" and
S = []i_ (o — e®)™*! annihilate f. In general, let p(z) be a common denominator of
the r; and let L and S be the operators annihilating p(x) f. Then clearly L = Wlx)i o M)
and S = #(x)g o My, n = t + > n;, My, the multiplication operator, satisfy the
conditions of the theorem.

For the last part of the corollary we use again Lemma 4 and Theorem 2 and obtain

again that f(z) is a C(z)-linear combination of solutions of 6z = Az, with diagonal
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constant A, now in C[[z']][z]*. Hence 2 is also constant °. As a consequence, f(z) is in
C(x). |

Another consequence of Theorem 2 in case S concerns the time-1-operator associated
to a system g—g = A(x)y, A € C(z). Itis defined by T4 (z) = Y(x + 1, z), where Y (¢, z)
denotes the solution matrix of £Y (t,z) = A(t)Y (¢, z) satisfying Y (z,z) = I. It is
holomorphic on C\ Ul [z, —1,2,+1] if 24, ¢ = 1, ..., L are the singularities of A(x). By
the theorem on the dependence of solutions upon initial conditions, it is readily verified
that W (t,z) = 25(t, z) satisfies W (t,z) = A(t)W(t,z) and W (z,z) = —A(z) and
hence 2 (¢,2) = =Y (t, z) A(z). Thus we find that

d

%TA(@ = Az + 1)Ta(x) — Ta(z)A(z).

The system
d, =
y A(z)y (14)

Y A1) = Talo)y(o)
therefore satisfies the consistency condition (6). This implies that 7’4 () may be continued
analytically to the universal covering of C \ {£,£ + 1 | £ a singularity of A(z)}. It also
allows us to show

Corollary 6. The time-1-operator defined for a system of linear differential equations
% = A(x)y, A(z) € gl,(C(z)), has rational functions as entries if and only if the system

is equivalent over C(x) to a system with a constant diagonal coefficient matrix.
Proof. It suffices to put B(x) = T'4(x) and to apply Theorem 1. ]

An analogous corollary can be stated for the “g-multiplication-operator” that can be de-
fined for a system xg—gy = A(x)y. Details are left to the reader.

In case M, the statement of Theorem 1 is not entirely satisfactory, because the matrix
B(x) obtained is not constant. This can be repaired by changing the base field. Consider
the field K = C({z'/* | £ € N}) (see [21]) containing all fractional powers of x. This

field also has the advantage that o, now defined by mapping = to x?* for all rational o, is

d
dx

to 9, log(z) to qlog(x) commute on the base field K (log ) (i.e. u = 1). Furthermore,

an automorphism’. The derivation o=z log(z)-= and the automorphism o mapping

as the consistency conditions for the couple (8, o) and the couple (9, o) are equivalent we
do not consider & here.

By the way, as the entries of z form a C(z)-basis of the space W of the proof of Lemma 4, we have
t=1.

"For this property it would not be necessary to have all fractional powers of z in the field. The field
Ko = C({z"/" | £ € N}) would suffice.
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Corollary 7. Consider the system (5) in case M with A € gl (K), B € GL,(K) satis-
fying the consistency condition (6). It is equivalent over K to a system (7) with nilpotent
constant A € gl (C) and constant B € GL,,(C) satisfying ¢AB = BA. It is equivalent
over K (log(z)) to a system (7) with A = 0 and constant B € GL,,(C).

Proof. Making a change of variables = ¢ with a suitable positive integer NN, if nec-
essary, we can assume that A, B have entries in C'(x). By Theorem 1, there is a gauge
transformation changing (5) into 6U = AU, oU = B(z)U with constant A having ratio-
nal eigenvalues. By a constant transformation, we can assume that A is in Jordan canonical
form. If D = diag(ry, ..., 7, ) is the diagonal of A, then U = diag(z™, ..., 2™)Z is a gauge
transformation in GL,,(K') changing the system into (7) where now A = A — D is nilpo-
tent. The matrix B (z) has entries in C[z*/", z=Y/N] for some positive integer N and satis-
fies the consistency condition. Writing B(z) = Y2 __, B,,a™/N yields ¢A B,, — B, A =
% By, for any m € {—t,..., t}. Since Ais nilpotent, so is the operator mapping X to
gA X — X A. Hence B,, = 0 unless m = 0. This proves the first statement.

In order to prove the second statement it suffices to use the first and to make the gauge

T

transformation V = exp(— log(z)A)Z. Observe that the consistency condition for A, B
is gAB = BA and that is implies exp(qlog(z)A)B = B exp(log(x)A). ]

We now turn to a proof of Theorem 2. In a first step, the consistency condition will
be used in the form of Lemma 1 to characterize the singularities of the equation §(Y') =
A(z)Y. We say that a singular point z; of the equation §(Y) = A(x)Y is an apparent sin-
gular point if there is a fundamental solution matrix whose entries are in C{z — 1 }[(z —
71)71] 8. Note that this condition is the same as saying that there is an equivalent system
for which x; is a regular point. To see this note that truncating the entries of such a funda-
mental solution matrix at a sufficiently high power, we obtain a matrix G such the gauge
transformation Y = (GZ leads to an equivalent system for which x; is a regular point. In
Lemma 8 we show that the finite singular points must be apparent singular points (with
the exception of 0 in cases Q and M). In cases Q and M, Lemma 9 shows the effect of
consistency, that is Lemma 1, on the structure of local solutions at these points. Finally,
monodromy theory is used to show that the differential equation is equivalent to 0z = Mz
with some constant matrix M and that the spectrum of M has the desired properties. In
case S, Lemma 11 states the first consequence for the solutions at infinity. Then we have to
work considerably harder to arrive at the wanted reduced form of the differential equation
(c.f., Proposition 12.) The rest of the conclusions of Theorem 2 will follow easily.

8 Although some authors use this term to mean that the equation has a fundamental solution matrix
holomorphic at 1, we will use the above extended meaning throughout this work.
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The entries of A and B have coefficients that lie in a countable algebraically closed
field so we may replace C), if necessary, with a countable algebraically closed field, again
denoted by C'. Furthermore, we may assume that C' is a subfield of the complex numbers
C. In the rest of the proof it can be verified that all equivalent systems can be chosen to
have entries in this C'(x).

Lemma 8. Consider 0, o as in cases S,Q or M and a system (5) satisfying the consistency
condition (6). Then each finite singular point & of the differential equation 0Y = AY,
except maybe 0 in cases Q and M, is an apparent singular point.

Remark: Using the Lemma, it can be shown (see e.g. [9]) that the system (5) is equivalent
to a system (7) where A and B have entries in C [, 27'] in cases Q and M and fl, B e
C'[z] in case S. We do not need this statement in our proof.

Proof. Consider the differential equation
yY) = AY. (15)
By Lemma 1, it is equivalent to
67 = pNo™(A)Z. (16)

for any positive integer N. Let s(x) = o(x) € C[z]. Let S be the set of finite singularities
of (15), except 0 in cases Q and M and let Sy be the analogous set for (16). Note that
7y € Sy if and only if oV (x;) = s(s(...s(x1)...)) is in S. It can be verified in each
of the cases S,Q and M that for any finite singularity £ € S and large enough N, there
exists 71 € Sy not in & satisfying oV (z;) = £. Since (15) and (16) are equivalent, there
exists a basis of solutions of (16) in C{x —z; }[(z —x1)~!]". Applying o~ yields a basis
of solutions of (15) ir]lv C{x — &}(x — &)7']" in cases S and Q. Substituting the branch
r=m (1 + %)Uq of t1/9", we see that dy(t) = A(t)y has a basis of solutions in
C{t — &}[(t — €)~']" in case M as well.

Hence every finite singular point £ of (15,) except 0 in cases Q and M, is an apparent
singular point. ]

We now consider the behavior of solutions of equations (5) at infinity. In general, if one
has a linear differential equation Y = A(z)Y with A(z) € gl,,(C((z7!))), there exists a
formal fundamental solution matrix of the form

Y(z) = &(z)rtel® (17)
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where ®(z) is a formal power series in /" for some integer r, L is a constant matrix
and Q(z) = Z?Zl Q;x"7 where the (); are diagonal matrices with entries in C' and the r;
are positive rational numbers with r, > 7,1 > ... > r; > 0 (or Q(z) = 0); furthermore
L and Q(z) commute (c.f., [7]).

In the rest of the proof of Theorem 2, we will treat cases Q and M together and then
treat case S.

2.1 Proof of Theorem 2: Cases Q and M.

We begin by showing that under our hypotheses () = 0 in these cases.

Lemma 9. Let Y (x) be a formal fundamental solution matrix of 6(Y') = AY as in (17).

In cases Q and M we then have that QQ(x) = 0, i.e.c0 is a regular singular point.

In the same way, it is shown that 0 also must be a regular singular point in those two
cases.

Remark. We note that Lemmas 8 and 9 are sufficient to prove, in cases Q and M, that any
f(z) € C[[z]][z™"] satisfying (11) must be in C(z). Using the argument of Corollary 3,
we may assume that f(z) is a component of a vector y(x) of power series such that
y(x) is a solution of a consistent system (13). Lemma 9 implies that f(z) converges in a
neighborhood of 0 since this point is a regular singular point and Lemma 8 implies that
y(x) can be continued analytically to a meromorphic function on C. Finally, y(x) has at
most polynomial growth since oo is also a regular singular point. Altogether, we obtain
that y () has rational components and so f(z) is rational.

Proof. Let Q(z) = diag(p:(z),...,pn(z)). By Lemma 1, we have that B(z)Y (x) is a
solution of 6(Y') = po(A(x))Y (x) and o(Y (x)) as well. Let p(x) be a nonzero diagonal
entry of Q(z). By the uniqueness of the p; (Theorem 2,[7]), we must have that for some
J, o(p(x)) = p;(z). This implies that the map p(x) — o(p(z)) permutes the p; . From
this we conclude that for some m, that ¢ (p(x)) = p(x), a contradiction in cases Q and
M. Therefore we have that Q(z) = 0. ]

Lemma 10. In cases Q and M there exists a matrix T’ € gl,,(C) such that \y — \o & Z*
for eigenvalues \1, \y of T and a gauge transformation Z = F'Y, F € GL,(C(x)), that
transforms 0Y = A(x)Y into §(Z) = TZ.

Moreover in case M, the matrix 'T" has the following properties:

1. Its eigenvalues )\ are rational with smallest denominators prime to q, 0 < \ < 1.
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2. There exists a diagonalisable matrix D with integer eigenvalues commuting with T’
such that T'+ D is conjugate to qT.

Proof. Consider any local fundamental matrix Y (x) of (15). Because of Lemma 8 it can
be continued analytically to a meromorphic function on C. Let Y (z €*™) be the funda-
mental matrix obtained by going once around (. There exists a constant invertible matrix
H € GL,(C) such that

Y(ze*™) =Y (2)H,

the so-called monodromy matrix associated to Y and (15). It is well known that there
exists amatrix T’ € gl (C) such that H = exp(27iT"). Consider now G(z) = Y (z)z~ T =
Y (z) exp(—log(x) T'). By construction, G(x) is invertible for every x that is not a pole
and G(ze*™) = G(x), i.e. G is single valued. By the previous lemma, 0 and oo are
regular singular points of (15) and therefore the growth of G(z) as x — 0 or x — oo is at
most polynomial (i.e. there exists K, L > 0 such that |G(z)| < L(|z| + |z|~")*). Hence
the meromorphic function G on C* must be a rational function,i.e. G € GL,,(C(z)). The
transformation y = G(z)z changes 0y = A(x)y into a system of differential equations
having 7 as a fundamental solution, i.e. 62 = T z. The matrices T and G(x) satisfy
A=45§G)G1+ GTG™!, det(G) # 0. Therefore the entries of 7" and the coefficients of
the entries of G satisfy a finite number of equations and inequations with coefficients in C'.
The Hilbert Nullstellensatz can be applied and yields that there also exists a solution in C'.
Therefore we may assume that 7" € GL,,(C') and G(x) € GL,(C(x)). A further constant
gauge transformation allows us to assume that 7" is in triangular form. To insure that the
eigenvalues of 7' do not differ by nonzero integers, one can make a gauge transformation
by a diagonal matrix S whose diagonal entries are powers of z (c.f., Lemma 3.11, [36]).

In case M, it also remains to show the stated properties. Observe that B(z)Y (z) and
Y (2?) are both fundamental solutions of §Y = ¢ A(z?) Y — this was used before. Hence
there exists a constant invertible matrix D such that

B(z)Y (z) =Y (2%) D.

For the corresponding monodromy matrices this implies the relation H = D! HY D
because x? goes ¢ times around 0 when = goes once. Therefore H and H? are conjugate.
As a first consequence, the mapping A — A? must induce a permutation of the eigenvalues
of H. Hence, for every eigenvalue A of H there exists a positive integer ¢ such that A=
A. The eigenvalues of H are therefore roots of unity and the smallest positive integer m
satisfying A = 1 must be prime to ¢. This shows that the matrix 7" with H = exp(27iT)
can be chosen having the first property.



18

We can assume that 7" is in Jordan canonical form 7" = diag (71, ..., ;) with Jor-
dan blocks T; of size n;, say. The mapping AmodZ — ¢AmodZ induces a permu-
tation of the equivalence classes A modZ of the eigenvalues A of 7. Hence there is a
permutation matrix P such that the diagonal blocks of P~1¢T P have the same size
and modulo Z the same eigenvalues as those of 7'. Therefore there is a diagonal matrix
D = diag (dy1,,,...d.I,,) with integer d; such that the blocks of P~'¢T' P and T + D
have same size and same eigenvalues and thus the two matrices are conjugate. This proves
the second property of the matrix 7. ]

We can now complete the proof of Theorem 2 in cases Q and M. From the above lemmas
we know that there is a gauge transformation that transforms §(Y) = AY into a new equa-
tion §(Y) = TY where T has the stated properties. Apply the same gauge transformation
to o(Y) = BY to yield (Y') = BY'. The consistency condition (6) implies that

Comparing the orders of the poles, we see that B (x) can have no finite poles other than 0
and we have B(z) € Cz,z7]. Now let B(z) = Y1 a™B,,.

In case Q we obtain that T'B,, — B,, T = mB,, forall m = —my,....,mg. As the
eigenvalues of the operator X — T X — X7 are exactly the differences \; — Ay where
A1, Ao are eigenvalues of 1" the condition for 7" shows that B, = 0 unless m = 0. This
proves the theorem in case Q.

In case M we then have ¢71'B,, — B,,T = mB,, for all m = —my, ..., mg. Hence
B,, # 0 can only hold for integers m such that there exist eigenvalues A1, Ao of 7" such

that g\; — Ay = m. This shows the remaining statement of the theorem in case M. 1

2.2 Proof of Theorem 1: Case S

In the remaining case S, we consider again the formal fundamental solution matrix at
infinity of the form (17). We will first show that under our hypotheses 1, < 1 in case S.

Lemma 11. Let Y (x) be a formal fundamental solution matrix of 6(Y) = AY asin (17).
We then have that r;, < 1 in case S.

Proof. Let Q(x) = diag(qi(x),...,q.(x)). Letq(z) = apz™ + ap_12™1 + ...+ ayz™
be one of the ¢; and assume r;, > 1. Note that for any integer m we have ¢(z + m) =
q(x) + mrpz™ 1+ other terms of order less than 7, — 1. We have that B(z)Y (z) is a
solution of §(Y) = A(x + 1)Y (z). Therefore, by the uniqueness of the ¢; (Theorem
2,[7]), we must have that for some j, g(z + 1) = ¢;(z) modulo terms of order < 0. This
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implies that the map ¢(x) — ¢(z + 1) permutes the ¢; modulo non-positive terms. From
this we conclude that for some m, that g(x + m) = ¢(x) modulo terms of order less than
r;, — 1, a contradiction. Therefore we have that r, < 1. ]

The following proposition concerns only linear differential equations whose formal so-
lutions satisfy the conclusions of the Lemmas 11 and 8, with no mention of difference
equations.

Proposition 12. Let Y () be a formal fundamental solution matrix as in (17) of the differ-
ential equation 6(Y) = AY, A € gl,,(C(z)) with r,, < 1. Assume that all finite singular
points of the differential equation are apparent in the sense of Lemma 8. Then there exists

a diagonal matrix A with constant entries and a gauge transformation Z = F'Y such

that Z satisfies 6(Z) = AZ.
Proof. For almost all directions 6 there exist

1. sectors S and 7" of openings greater than 7 bisected by # and 6 + 7, respectively,

2. anumber R > 0 and functions ®g(z) and ®7(x) analytic for || > Rin S and T,
respectively, such that

(a) Pg(z)and $p(x) are asymptotic to P(x) as z — oo in their respective sectors,
and

(b) Y9(z) = ®g(z)zbe®® and YT (z) = &r(x)z e?®) are solutions of §Y =
AY.

This can be proved using multisummation (c.f., Section 7.8, [36]) but can also be obtained
independently (c.f., the proposition of [29], p.85).

We write Q(z) = diag(qi ()14, ..., qs(z),) with distinct ¢;(x) and I; identity ma-
trices of an appropriate size. We can furthermore order the ¢;(x) so that in the direction
arg(x) = ¢ = 0 + /2 we have Re(g;(x)) < Re(qx(z)) for large |z| if j < k. Let us
first assume that there are no monomials of the form 2%, 0 < a < 1 in any of the ¢;
(we shall show below that this is indeed the case). We may then write Q(x) = Az where
A = diag(M 11, ..., A\ Is) with Re(\;jz) < Re(Agz) for j < k and arg(z) = ¢. Let C*
be the Stokes matrix defined by Y*(z) = Y7 (2)C* in the component of the intersection
of S and T that contains the line arg(x) = 1. Because of the ordering of the \; we have
that C is upper triangular with 1 on the diagonal (§3,[8]; c.f., Theorem 8.13, [36]).

We include a short proof of this fact for the convenience of the reader. Write Y° =
(V|...]Y5) and YT = (Y/T]..|YT) in block columns according to the subdivision of
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@ and do the analogous subdivision for ®. Split L. = diag(Ly, ..., L,) and write C™ =
(C’;’rj)m:l 77777 s In corresponding blocks. First suppose that there is a non-vanishing block

C’;; ,i > 7, below the diagonal. Fix one such j. Then

V(@)= ¥7Cf as)
i=1
where m < sis chosen as the last index ¢ such that C;“]

. S . . . . Lm +
j- Hence Y} exp(—gm(z)) has a non-vanishing asymptotic expansion @, (z)z""C, . as

Z# (. By assumption we have m >

xr — oo on the line argxz = 1 contradicting the fact that it also has an expansion
®,;(z)xli exp(g;(x) — gn(x)) and hence vanishes faster than any power of x as z — oo
on this line because of m > j. Therefore there is no non-vanishing block Ci; below the
diagonal. In the same way one shows that the diagonal blocks C';; must equal I;. This
completes the proof that C" is upper triangular with 1 on the diagonal.

Similarly to C'*, let C~ be the Stokes matrix defined by Y*°(x) = YT (x)C~ in the
component of the intersection of S and 7" that contains the line arg(z) = ¢ — 7. Note that
Re(Ajz) > Re(Ayx) on the line arg(x) = ¢ — 7 if j < k. We therefore have that C'~ is
lower triangular with 1 on the diagonal. As all finite singular points are apparent, both
Y3(z) and YT (x) can be extended as meromorphic functions on C with finitely many
poles. We therefore have Ct = C'~ = I. The matrix

F(z) =Y%(x)e™ ™ = YT (2)e

has entries that are meromorphic with finitely many poles and of polynomial growth at
infinity, that is, rational entries. Therefore the transformation Z = F~1(z)Y yields the
system §(Y) = AY.

We now show that monomials of the form 2%, 0 < a < 1 cannot appear in any of the
¢;- Assuming that this is not the case we will argue to a contradiction. We write each ¢;(z)
as

¢i(x) = \jx 4+ terms involving z* with 0 < a < 1.

To fix notation, we assume that the same branches of log z are used to define Y°(x) and
YT (z) on the component of S N T containing ¢ but that on the other component we use
argx near ¢ — min S and arg x near ¢ + 7w in 7.

We define the Stokes matrix C* as above. Again we have that C'" is upper triangular
with 1 on the diagonal. We divide this matrix again Ot = (C:; ) according to the diagonal
blocks of ). We do not claim that C'* is the identity matrix because different determina-
tions of the powers are used in the definitions of Y°(x) and Y7 (z) in the components of
the intersection of S and 7T that contain the lines arg(x) = 1) . Nevertheless Y ¥(z) and
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YT (z) are meromorphic on C with finitely many poles by the assumption of the Propo-
sition so Y¥(z) = Y7 (s)C* also holds in this component. This implies that C; = 0 if
i < jand \; # \; because otherwise Re()\;x) > Re(\;x) on the line arg(z) = ¢ +
thus Re(g;(x)) > Re(q;(ze=2™)) for large x on this line and therefore by (18) the right
hand side would grow faster as |x| — oo on that line than the left hand side if C’;]T #0,a
contradiction.

To complete the argument that no z®,0 < « < 1 appear in the ¢;(x), note the follow-
ing:

If some ¢;(z) appears in ()(x) we must have, for all integers m, that the conjugate
q;(ze*™™) also appears ([7], §1).

Continuing, we assume that some ¢;(z) contains a monomial 2% 0 < « < 1, and let
J be the smallest index for which this is true. We claim that \; # A; for ¢ < j. If not
then, for some 4, ¢;(x) = Az and ¢;(z) = Az + cz® + lower order terms. Among the
conjugates ¢;(e*™™z), m integer, we can find one such that Re(ce*™™*z) tends to —oo
as x approaches infinity along the line arg(x) = 1. By the minimality of 7, this is also the
case for m = 0. We then have Re(g;(x)) > Re(g;(z))) eventually along this line as well,
contradicting ¢ < j. Hence the blocks C;]“- do not only vanish if 7 > j, but as seen above
also if 7 < j (since \; # J; in this case).

Therefore Y;-S = Y;-T for the block column corresponding to ¢;(z). This is impossible
since near arg x = ¢ + 7, Y;" (z) is asymptotic to something times e% (@) while Vo (x) is
asymptotic to something times ¢%(@™*™) This contradiction allows us to conclude that
no fractional powers appear in the ¢;(x) and so completes the proof. |

We can now complete the proof of Theorem 2 in case S. From Proposition 12 we know
that there is a gauge transformation that transforms 6(Y) = AY into a new equation
5(Y) = AY where A is the diagonal matrix diag(ay, . . ., a,) with constant entries. Apply
the same gauge transformation to o(Y) = BY to yield o(Y) = BY, B = (b;;). Since
the a; are constant, the consistency condition (6) implies

0(bij) = (ai—a;)bi, (19)

If a; # a; then b; ; = 0 since (19) then has no nonzero solution in C'(z). If a; = a;, then
d(bi ;) = 0. Therefore B has constant entries. Equation (6) now implies that Aand B
commute. This implies that there is a matrix D € GL,,(C) which commutes with A such
that DBD~" is upper diagonal. ]
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3 Reduction of systems of difference equations

Here we present results analogous to Section 2 for systems of two difference equations
with shifts having irrational quotient, for systems of two ¢-difference equations with “in-
dependent” ¢ and for systems of two Mahler equations with independent q.

We consider two commuting C-algebra endomorphisms o1, 05 on k extending the
trivial automorphism on C', more specifically, the three cases of couples (o7, 03) below.

case 2S: Two shift operators o; defined by 0y () = 41 and 02(z) = z+a where a € C\Q.

case 2Q: Two g-dilation operators o;, j = 1, 2, defined by 0,(z) = ¢;  with multiplicatively
independent’ ¢; € C, |¢;| # 0, ¢; not a root of unity. We also assume that at least
one of the ¢; does not have modulus 1, without loss of generality |q;| # 1.'° When
considering o; on the Riemann surface C of the logarithm, we fix logarithms of g;
used to determine ¢,z in C for given z € C.

case 2M: Two Mahler operators ¢}, j = 1,2, defined by 0;(x) = 2% with some multiplica-
tively independent positive integers g;.

More precisely, we will consider systems
o;(Y)= B;Y,j=1,2 (20)

with B; € GL,, (k) that are consistent, that is By and B, satisfy the consistency condition
given by
O'l(BQ)Bl - UQ(Bl)BQ. (21)

As in Section 2, the consistency condition is closely related to the commutativity of
01, 09. Both are fundamental for our approach. As (6) did in Section 2, the consistency
condition guarantees that o1(02(Z)) = 09(01(Z)) holds for any solution Z of the system
(20) in any extension of C'(z). The other remarks following (6) apply analogously.

We say that (20) is equivalent (over k) to a system

0j(Z)= BjZ, j=1.2 (22)
with B; € GL,, (k) if for some G € GL,(k),

Bj=0;(G)B;G™,j = 1,2 (23)

9 3 nz2 _ N1
i.e. there are no nonzero integers n; such that g% = ¢;"'.

10 Alternatively to |g;| # 1, one can assume that |g;| = |g2| = 1, g2 not a root of unity, ¢; transcendental
over Q or ¢ algebraic over QQ such that its minimal polynomial has a root in C of absolute value not equal
to 1. See Remark 21.
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that is, if (22) comes from (20) via the gauge transformation Z = GY . Note that the
property of consistency is preserved under equivalence. In the present context we can
prove

Theorem 13. In cases 2S and 2Q, the system (20) satisfying the consistency condition
(21) is equivalent over k to a system (22) with constant invertible commuting B, 7=12
that is Bj € GL,(C), 5 =1,2, and By By = By Bo.

In case 2M, the system (20) satisfying the consistency condition (21) is equivalent over
K = C({z'/* | s € N*}) to a system (22) with constant invertible commuting By, Bo.

Remark: 1. When n = 1 in case 2S, the result of this theorem is a reformulation of
Lemma 3.1 in [17] where the authors give a purely algebraic proof of this special case.

2.In case 285, one of the equations can be made diagonal by a (polynomial) transformation
Z = HU, H = exp(Nx) with a certain nilpotent matrix N commuting with its coefficient
matrix.

3. In case 2M, the statement of the theorem also holds for B; € GL,(K), j = 1,2,
because fractional powers of = can be removed by some change of variables z = ¢V with
a suitable positive integer N.

The proof of this theorem will be given for each of the cases separately in Sections 3.1, 3.2
and 3.3. As in Section 2, we present a few consequences of the theorem before presenting
these proofs. These concern a system

S;(f(x)) = U?j(f(x))—f—ijmj_l(x)a?rl(f(x))—I—. bjo(x)f(x) =0, 5=1,2 (24)

with b, ;(z) € C(x).

In view of the simplest nontrivial system of this form, y(x + 1) = y(z), y(z + o) =
y(x), in case 2S with non-real «, it is necessary to consider elliptic functions if we are
interested in solving (24) using meromorphic functions. We recall the functions needed
here (see [32], section 23.2). The Weierstrass p-function is the unique 1- and a-periodic
meromorphic function that has exactly one double pole in the basic parallelogram with
vertices +1/2 & /2 and satisfies p(z) = = + O(z) as # — 0. All elliptic (i.e. mero-
morphic 1- and a-periodic) functions can be expressed as rational functions of p and
©'. The Weierstrass (-function is the odd antiderivative of p. It satisfies ((z + 1) =
C(z) 4+ 2m,((x + o) = ((x) + 2m, for all x, where 7); are certain constants such that
the vectors (1;,72) and (1, «) are linearly independent. The Weierstrass o-function is the
solution of 0’ /o = —( with ¢’/(0) = 1. It is an entire function vanishing at the origin and
satisfies o(z + 1) = 2 Mg (z), o(x + ) = e*P* 2% (z) for z € C. We introduce an
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additional function p by p(8, ) = o(z + 6)/o(x)."! It is a meromorphic function with a
simple pole at the origin that satisfies

p(8,x + 1) = >°p(8,x) and p(6, = + @) = ¥ (3, ).

Corollary 14. Consider o, and o4 as in case 28.
If f(x) is a meromorphic function in C that solves a system (24) and « is nonreal, then

flx) = Z > rin(@)gi (@) () e (6, ) (25)

where o;,0; € C, r;;(x) € C(x) and g; () are elliptic functions. The latter and the
functions  and p are taken with respect to the periods 1 and o. Conversely, any such
function satisfies a pair of linear difference equations with rational coefficients.

If f(x) is a meromorphic function in C that solves a system (24) and « is real or f(z)

has only finitely many poles, then

f(z) = Z ri(z)e” (26)

where o; € C and r;(x) € C(x).
If f(x) € Cl[z~])[z] satisfies a system (24) then f(x) is rational.

Remark: 1. In the case of real irrational «, a slight extensions of the proof shows that
the statement also holds if f(x) is a function on the real line continuous in all but finitely
many points solving a system (24). Indeed, it suffices to use the vector space £ of all
functions on the real line continuous in all but finitely many points and to apply Fejér’s
Theorem instead of the simple Fourier series. This also implies that the given f(x) is
analytic at the points of continuity and can be continued analytically to a meromorphic
function with finitely many poles on the whole complex plane. Similar extensions can be
obtained in the second part of the subsequent corollary and in Corollary 16. A similar

reasoning is also crucial in the proof of the Theorem in case 2M.

2. In [13], Bézivin and Gramain consider entire solutions of (24) for case 2S under the
assumption that & € C\R. They show that such solutions must be of the form given
in (26). They generalize this result to entire functions of s variables satisfying 2s dif-
ference equations with respect to suitably independent multi-shifts. The techniques are
similar to those mentioned in the Remark following Corollary 5. In [17], Brisebarre and
Habsieger replace the condition that o € C\R with « € C\Q but need several other

"'This function appears already in the classical works of [4, 26], but seems to be not so well known.
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nontrivial technical conditions on the coefficients of (24) to show that entire solutions are
of the form given in (26). The techniques are essentially algebraic, reducing this problem
to a similar problem for equations with constant coefficients in a manner different from
our approach. In [14], Bézivin shows essentially the statement in remark 1, i.e. that for
a € R\Q, a solution f(z), continuous on R, of (24) is of the form given in (26). Using
properties of skew polynomial rings, Bézivin reduces the problem to the case of constant
coefficient equations. In [31], Marteau considers systems of scalar equations of the form
Sy 0 @i(x) f(z + a;) = 0 where the a;(x) are polynomials and the o; € C. He shows
that, under certain restrictions on the «;, real valued continuous solutions and entire solu-
tions of such systems must also be of the form given in (26). Using essentially algebraic
techniques, constant coefficients systems are considered in [28, 31].

Corollary 15. Consider 01 and o4 as in case 2Q. If o := log(q2)/ log(q1) is nonreal and
f(x) is a meromorphic function on the Riemann surface C of the logarithm and if f(x) is

a solution of a system (24) then

J K

fz) = Z ' rign () log(@) 2% gik()C(8)*p(d:, 1), t = log()/log(ar), (27)

where o;,6; € C, r;j1(x) € C(z) and g, (t) are elliptic functions. The latter and the
functions ¢ and p are taken with respect to the periods 1 and o. Conversely, any such
function satisfies a pair of linear q-difference equations with rational coefficients.
If f(x) is a meromorphic function on C solving a system (24) and o is real or f(x)
has only finitely many poles then
I
fx) = Z rij(z)z% log(z)’ (28)
i,j=0
where a; € C and r;; € C(x).
If f(z) € Cl[[z]][x™"] satisfies a system (24) then f(z) is rational.

Remark: In [15] Bézivin and Boutabaa use p-adic techniques to show that if f(z) €
F[[z]][x™], where F is the field of algebraic numbers, satisfies a system (24) for case 2Q
with ¢, g2 € K multiplicatively independent, then f(x) is rational. They prove a similar
result for /' any characteristic 0 field assuming ¢; and ¢ are algebraically independent
over Q. In [14], Bézivin shows that for ¢, ¢ multiplicatively independent positive real
numbers, a solution of (24) that is continuous on the |0, o[ is of the form (28). The proof
again uses properties of skew polynomial rings and constant coefficient equations.

In case 2M, equations like log(log(z?)) = log(log(z)) + log(q) yield interesting solu-
tions. This suggests to consider the Riemann surface C of log(log(z)). It is obtained by
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deleting the point 1, i.e. the point with logarithm 0, from the Riemann surface C of the
logarithm and taking the universal covering of the remaining manifold. It is biholomor-
phically mapped to C by ¢ = log(), biholomorphically to C by s = log(log(x)) .

Corollary 16. Consider o, and o as in case 2M.
If f(z) is a meromorphic function on the universal cover of the open punctured unit
disk D(0,1) \ {0} (or on the universal cover of the annulus {x € C | |z| > 1}) solving a

system (24), then f(x) can be continued analytically to a meromorphic function on C and
I
f@) =" rij(x)(log(z))* log(log(x))’ (29)
i,j=0

where o; € C and r;j € C({x¥/" | r € N*}). Conversely, any such function satisfies a
pair of linear Mahler equations with rational coefficients.

If f(x) is a meromorphic function on C solving a system (24) then
f(x) =) r(x)(log(x)) (30)

where r; € C({z'/" | r € N*}).
If f(z) € C[[z]][x™"] satisfies a system (24) then f(z) is rational.

Remark: As noted in the Introduction, the last statement of the above corollary was re-
cently proved by Adamczewski and Bell in [1]. Their tools include a local-global principle
to reduce the problem to a similar problem over finite fields, Chebotarev’s Density The-
orem, Cobham’s Theorem and some asymptotics - all very different from the techniques
used in the present work.

If one is only interested in proving the last statement, the application of Theorem 13
in the proof of this corollary can be replaced with the weaker Proposition 22. This is dis-
cussed in the remarks following Proposition 22.

We now turn to the proof of the three corollaries.

Proof. We will prove these three corollaries in parallel, diverging from this plan only
when the cases force us to. We can assume without loss in generality that b; o(z) # 0,
J = 1,2. Otherwise in cases 2S and 2Q, we can simply apply the inverses of o; or gs. In
case 2M, we rewrite the system as a system for a new function f(x) = ¢%3(f(z)) with
suitable positive integers a, b, applying some powers of o; or o3 to the equations. We then
first obtain that f (x) is as stated in Corollary 16. In the first two cases of this corollary,
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it follows immediately that f(x) also has the wanted form. In the last case, we obtain a
series f(x) € C[[z]][x~] such that o%0(f(z)) = f(z%%) € C(x). As shown at the end
of the proof of Corollary 3, this implies that f(z) € C(z).

We proceed as for the corollaries concerning differential and difference equations. The
first part is the same for all the cases. Let £ be the vector space of all meromorphic func-
tions f on C for the first two cases of Corollary 14, the vector space of all meromorphic
functions g on C for the first two cases of Corollary 15 and the second case of Corollary
16, and the vector space of all meromorphic functions on D(0,1) \ {1} in the first case
of Corollary 16. Let E = C[[z!]][z] or E = C[[z]][z7!] or E = Uzen-C[[2"/*]][271/%]
in the remaining cases concerning formal power series, respectively. Let L = C(z) for
Corollaries 14, 15 and L = K= C({:vl/r | € N*}) for Corollary 16. In all cases, ¢,
7 = 1,2, are extended in the canonical way to automorphisms of £ and the extensions
commute.

Consider the L-subspace W of E generated by o"cy(f), m = 0,....m; — 1, n =
0,...my — 1. By (24), W is invariant under o; and aj’l; here the facts that o; commute and
that b; o(z) # 0 are used.

Let wy, ..., w, be an L-basis of W and let w = (wy, ..., w,)T. Then we have that

oj(w) = Bj(z)w, j=1,2 (31)

with B; € GL,(L) because the components of o;(w) are again a basis of W. The coeffi-
cient matrices of (31) satisfy the consistency condition (21). Indeed,

0= o1(02(w)) — o901 (w)) = (01(Ba) By — 02(B1) Ba)w

and as the components of w form a basis we obtain (31).

Now we apply Theorem 13 to the system 0,;(Y') = B;(2)Y, j = 1, 2. It yields a gauge
transformation Z = GY, G € GL, (L), that transforms the system to 0;(Z) = B;Z, j =
1,2 where Bj are constant commuting matrices. The vector z = Gw € W? satisfies
oi(z) = sz, j =1, 2. Once we have proved that its components z1, ..., 25 have the form
desired in each of the cases of the corollaries, the same will be true for f(x) because the
z; again form a basis of W — only for the last part of Corollary 16 this has to be modified
somewhat.

It remains to solve the system

0;(2) = Bjz, j=1,2 (32)

with constant invertible commuting Bj in each of the spaces E.
We now proceed as follows. The three corollaries contain nine cases in total. In each of
these cases we will consider functions meromorphic on a given domain or formal Laurent
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series and show that they are of the desired form. Once we have finished this we will
prove the converse statements.

We first consider case 2S on the space of meromorphic functions on C. If « is nonreal,
then (32) can be solved using the function p and exponential functions. Consider two
commuting logarithms of B;, i.e. commuting matrices L; such that B; = exp(L;), j =
1,2. Then there are uniquely determined (commuting) matrices A and C' such that

2pA+C = L
2 A +aC = Ly

where (71,72) are as in the above definition of the (-function. The matrix-valued func-
tion'? Z(x) = e“*p(A,x) = _5¢““o(x + A) has meromorphic entries and satisfies
Z(x 4+ 1) = 22 Z(z) = By Z(x) and similarly Z(z 4+ o) = ByZ(x). If 2 is a vec-
torial solution of (32), then c(x) = Z(z) 'z(z) is 1- and a-periodic and meromorphic.
Hence its components are elliptic functions.

In order to express o(z + A) using scalar functions we proceed as it is well known for
the exponential. Let T be invertible such that J = T~'AT is in Jordan canonical form

and let J = D + N with diagonal D and nilpotent N, D = diag(d;, ..., ds). Then

s—1

o(z+A)=To(x+ D) <I + Z —og(z+ D) o™ (z + D)Nk) T

here o(x+ D) = diag(o(z+d,), ..., 0(v+d,)) and similarly o (x+ D) ~to®) (x4 D) is the
diagonal matrix of the quotients %&‘?) which in turn can be expressed using powers
of ((z + d;) and elliptic functions. Finaily as ((x + d;) — ((x) are elliptic, ﬁa(w + A)
can be expressed using the functions p(d;, ), powers of ((x) and elliptic functions.

If « is real and irrational or the number of poles of f is finite, then we consider again
commuting logarithms L; of the coefficient matrices B;. Put ¢ = exp(—L;x)z. Then ¢
satisfies 1 (c) = ¢ and oy(c) = Be, B = Bye~*1. Then ¢ cannot have a pole at all,
because otherwise by the two equations all points of the lattice {k + malk,m € Z}
would be poles and hence the set of poles would be dense for real irrational « or infinite
otherwise.

As c is 1-periodic and entire, it can be expanded in a Fourier series on C. On some

horizontal strip S of finite width, we have the uniformly convergent series

o0

c(x) = Z cre™*r p e S

k=—o00

128ee [24], chapter V, for the extension of entire functions to matrices.
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The second equation satisfied by c, i.e.
¢(x 4 a) = Be(z) forz € S

implies that By, = exp(2mika)cy, for k € Z. If ¢;, # 0 for some k then exp(2mika) is an
eigenvalue of B. As there are only finitely many such eigenvalues, the above Fourier series
can contain only a finite number of terms. This proves that c(z) = S5 ko CRETT 1 €
C with some positive integer kq. As a consequence z = exp(Ljz)c is of the desired form.

On E = C[[z~"]][z], we can assume that B, is diagonal according to a remark follow-
ing the theorem. Hence it suffices to show that the solution of o1 (z(z)) = d z(z) in E is
a constant for every complex number d. Write such a solution as z(z) = >~ cpz~*
with some ky € Z and ¢, € C, k > ky. Unless z = 0, we can assume that ¢, # 0.
Comparing the coefficients of 2%, we find that d ¢y, = c,. Hence d = 1. Comparing

the coefficients of x—*o—1

we find that ¢;, 11 = cgy41 — cx,ko. Hence kg = 0. The new
series Z(z) = z(x) — co is again a solution of 0y (Z(z)) = Z(z) but unless Z(z) = 0, the
corresponding series Z(x) = > °, ¢, 2" has a positive k; which is impossible as seen
above. Hence Z(x) = 0 and z is a constant.

In case 2Q and in the space of meromorphic functions on C, we simply put ¢t =
log(z)/log(g1) and consider z as a vectorial function of ¢ now. The system o,(2) =
Bjz, j = 1,2 is then transformed into a system z(t 4+ 1) = By2(t), z(t + a) = Baz(t),
for a function z meromorphic on C. The above considerations then prove that the entries
of z have the desired form in the cases of nonreal and real «. The only difference is that
in the expansion of z¢ = ¢©1°8(1) ysing scalar functions, logarithms of # may occur.

In case 2Q, E = C[[z]][z"], we write a solution of o;(z(z)) = B, z(x), j = 1,2, as
aseries z(x) = Y., ¢ 2" with some ko € Z and ¢, € C*, k > ko. We obtain that each
¢y, satisfies Bjck = qfck, 7 = 1, 2. Therefore unless ¢, = 0 for some k, the numbers q;-“
must be eigenvalues of B; for j = 1,2. As there are only finitely many eigenvalues we
obtain that z(z) € (C[z,z71])* C (C(z))*.

In case 2M and in the space of meromorphic functions on D(0,1) \ {1}, we put s =

% and consider z as a function of s now. Proceeding as above '* with the resulting
system of difference equations with irrational o = %, the result follows readily. The

result concerning meromorphic functions on the annulus {z € C | |z| > 1} is reduced to
the one on the punctured unit disk by the change of variables x — 1/xz. Observe that in
this case, the reduction to a constant system uses a gauge transformation with coefficients
in C({z'/" | r € N*}).

In case 2M and in the space of meromorphic functions on C, we have to find solutions
of the system o;(z(z)) = B,z(z), j = 1,2, that are meromorphic in C. Letting ¢ = log x

13The restriction of the domain causes no additional problem.
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we can reduce this problem to the search for solutions, meromorphic in C, of a system
with constant coefficients in case 2Q. One then considers the series expansion at the origin
of such solutions and concludes, as in case 2Q, that these vectors have entries in C[t, t‘l].
Therefore the entries of z(z) involve powers of log .

In case 2M, f(z) € C[[z]][z~"], we have to solve 0;(2(2)) = B;z(z), j = 1,2,
in B = U,en-C[[z'/#]][#7%/%]. Expanding a solution in a series immediately proves that
z(x) is constant. Therefore f(z) is an element of K. We write f(z) = g(z'/*) with some
rational function ¢ € C(z) and some positive integer s. As in the proof of Corollary 3,
this yields f(t°) = g(t) and therefore also f(¢*) = g({t) for any s-th root of unity &.
Hence f(t*) = { >-.._; g(&t) € C(¢*). This yields that f(z) is rational.

For the converse concerning the shift operators, consider first f(z) = g(x)((x)7e’*p(6, z)
where 3,0 € C, j is some positive integer and g is an elliptic function. By the proper-
ties of p and the exponential, we obtain with a; = #+21? that (o — a; )" (f(x)) = 0.
Again products of solutions of o;-difference equations with rational functions also sat-
isfy o;-difference equations and sums of solutions of ¢;-difference equations also satisfy
some o -difference equation. Therefore f(x) given by (25) also does. We obtain the o»-
difference equation for f(z) in the same way.

For the proof of the converse concerning two ¢-difference equations, we proceed anal-
ogously. A slight change is that we have to consider

fla) =log(z)'a"g(t)¢(t) p(d,1), t = log(w)/log(a).

Here (07 — ap)™ T (f(z)) = 0 for a; = ¢’e2m% and (05 — as)H 7 (f(z)) = 0 for

— B o2mb
a9 = @y e,

For the proof of the converse concerning two Mahler systems, consider

f(x) = 2" (log(x))* (log(log(x))

withr € Q, « € Cand j € N. There are k € N*, m € N such that (¢f — 1)¢"r =: £is an
integer. Then
(g2~ oy —id) ™ot (f(2)) = 0.

It follows as before that f(x) given by (29) satisfies a 0;1-Mahler equation. For the second
equation concerning oy, we proceed analogously. ]

We now turn to the proof of Theorem 13. The consistency condition (21) can be inter-
preted as follows.

Remark 17. The gauge transformation Z = B,Y transforms

a(Y)=BY (33)
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into the equivalent system o1(Z) = o05(B;) Z. Iterating this procedure, we find that the
system (33) is equivalent to the systems

o1(U) = o) (B1) U (34)

for any positive integer N by the gauge transformation Z = G Y, Gy = 05 *(By)...02(B2) Bs.
Thus, if W is a fundamental solution matrix of (33) then both o¥ (W) and G5 W are fun-
damental solution matrices of (34).

The rest of the proof of Theorem 13 will be given separately for the three cases.

3.1 Proof of Theorem 13: Case 2S

In a first step, we consider analytic continuation of solutions of (33) under the hy-
potheses of the Theorem.

Lemma 18. In case 28, consider a strip S = {x € Cla; < Imz < as}, —00 < a3 <
ay < +o0. If g(x) is a holomorphic solution of (33) for x € S with sufficiently large
positive real part or with sufficiently large negative real part then g(x) can be continued
analytically to a meromorphic function in S with finitely many poles.

Proof. Let M denote the set of z; € C such that By(z) or By(z)~! has a pole at x =
x1. Consider a solution g holomorphic for z € S with large positive real part. By the
difference equation (33), it can be continued analytically to S except for possible poles
in (M —N)NS. By Remark 17, for N € N, the function gy = Gyyg is a solution
of 01(U) = o (B1)U holomorphic for z € S with large real part. By its difference
equation, it can be continued analytically to S except for possible poles in (o, ™ (M) —
N)NS = (M —N— Na)N S, because z; is a pole of oY (Bf") if and only if o (z;)
is a pole of Bf'. This implies that ¢ = G'y'gy can also be analytically continued to S
except possible poles in (o, (M) — N) N S and in Ny N S, where Ny is the (finite)
set of poles of G . Therefore g can be continued analytically to S with the exception of
(M=—N-Na)Nn(M—-N)NnSand NynNS.

We claim that the former intersection is empty for appropriate N. The set {d —c+Z |
¢, d € M} is finite since M is finite. As « is irrational, the set {Na +Z | N € N} is
infinite. Hence we can select N € N such that for all ¢, d € M, the difference d—c # N«
mod Z. If the first intersection is nonempty, there exists h € S suchthath =d— Na—m
and h = c—n, where ¢,d € M and m,n € N. This implies thatd—c— Na =m—n € Z,
a contradiction. Thus the intersection is indeed empty. This means that g can be continued
analytically to S \ Ny, where Ny is finite.
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The proof in the case of g analytic for x € S with large negative real part is analo-
gous. ]

Concerning the behavior at infinity, it is known that o1(Y) = B;Y has a formal
fundamental solution

Y (z) = ®(z)al @@ gD, (35)

where ®(z) is a formal power series in /" for some integer r, L is a constant matrix
with eigenvalues 7; satisfying 0 < Re(y;) < %, Q(x) = Z?Zl Qjx" where the (),
are diagonal matrices with entries in C' and the r; are positive rational numbers with
1l =ry>mrg >...>1r > 0(rQx) = 0)and D is diagonal with entries in
%Z; furthermore L, Q(x) and D commute (c.f., [27], chapter I, and [35], section 6.1).
The leading term @), of Q(z) is chosen such that the imaginary parts of its entries are
between 0 and 27'4, 27 excluded. We can write D = diag(dyl,,¢ = 1,...,m) and Q(z) =
diag(qe(x)I,, ¢ = 1,...,m) with identity matrices of appropriate size n, X n, and distinct
couples (dg, g¢(x)), ¢ =1, ...,m. Then also L = diag(Ly, ..., L,,) with diagonal blocks of
corresponding size. The formal fundamental solution is essentially unique, i.e. except for
a permutation of the diagonal blocks and passage from some L, to a conjugate matrix.

By Remark 17, both By(z)Y () and 02(Y (z)) = Y (z 4+ «) are formal fundamental
solutions of 01 (Z) = 04(B,;) Z. Re-expanding we find that Y (z+ o) = ®(z)zLeQ®@ Pz,
where L = L + oD mod %Z. Also writing L = diag(Ly, ¢ = 1, ..., m) we obtain from
the essential uniqueness of the formal fundamental solution that for each ¢, the matrices
L, = Ly + ad, mod %Z and L, are conjugate.'> Now if a; + %Z, k= 1,..,r are
the equivalence classes of the eigenvalues of L, modulo %Z, then ay + ad, + %Z are
those of L,. Hence the mapping x + %Z = o+ ady + %Z induces a permutation of
the equivalence classes of the eigenvalues of L,. Applying it several times, if necessary,
to some eigenvalue a;, we obtain the existence of some positive integer N such that
ar + %Z =ar + Nad, + %Z. Since « is not rational, but d; is, this is impossible unless
dy, = 0 and we obtain that D = 0. The difference equation (33) and by symmetry also
o9Y = B,Y are hence mild in the sense of [35], section 7.1.

Next we show the statement analogous to Proposition 12.

Lemma 19. In the present context, there exists a diagonal matrix By with constant entries
and a gauge transformation Z = F'Y, F € GLy(k), such that Z satisfies 01(Z) = B, Z.

14Recall that solutions of o1 -difference equations remain solutions when multiplied by 1-periodic func-
tions.

50bserve that there can be no permutaion of diagonal blocks because the couples (dg, qe(x)), £ =
1, ...,m are distinct.
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Proof. This is an adaptation of the proof of Proposition 12. For 6 # 0 sufficiently close
to 0, there exist

1. sectors S and T" of openings greater than 7 bisected by # and 6 + 7, respectively,

2. anumber R > 0 and functions ®5(z) and ®7(x) analytic for || > Rin S and T,
respectively, such that

(a) ®g(z)and $p(x) are asymptotic to P(x) as z — oo in their respective sectors,
and

(b) Y5(2) = ®g(x)z"e?® and Y7 (2) = ®p(x)x e are solutions of 0,Y =
AY.

This can be proved using multisummation (c.f., [16], [35], section 9.1).
We write Q(z) = diag(q:1(x)I1, . .., ¢s(x)I;) with distinct ¢;(z) and [; identity matri-
ces of an appropriate size. We split

¢i(x) = \jx + terms involving z* with 0 < a < 1.
As 0 < Im)\; < 27, we may assume that 6 is so close to 0 that

I%%X(RG()V:C) — Re(\pz)) < — Re(2mix) if arg(x) = =0 + 7/2. (36)
Indeed, this is equivalent to max;; Im ((A; — Ax)e™) < 2m cos(#) which is true for suf-
ficiently small |6)|.

According to Lemma 18 both Y° () and Y (z) can be continued analytically to mero-
morphic functions on C with finitely many poles. The same is true for their inverses, be-
cause their transposed inverses also satisfy equations to which Lemma 18 applies. We call
these extensions again Y (z), Y7 (z).

Let D(x) be the connection matrix defined by Y¥(z) = YT (z)D(x). It is meromor-
phic on C with finitely many poles and 1-periodic. Hence it is entire. Moreover, as Y *(z),
Y7 (z) and (YT)~*(z), it has at most exponential growth as |Im x| — oo in the intersec-
tions of S and 7'. Hence the Fourier series of D(z) has at most finitely many terms. Let
us write D(z) = S5 1 DWe?™he The blocks of D(x) corresponding to the subdivi-
sion of Q(x) are denoted by D; ;(z), those of D*) by Dg?. Write Y = (V}°]...]Y®) and
YT = (YI]...|Y'T) in corresponding block columns.

We claim that D(x) is constant. To show this, fix some j. Then

S ko

Y;S(.T) _ Z Z ng(x)(Ekame:,)]

m=1 k=—ko
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Because of (36) we obtain that ijj}j = 0if k& < 0. Otherwise the right hand side would
grow more rapidly as |z| — oo, arg(z) = ¢ than the left hand side. For the line arg(x) =
¥ + 7, the exponentials ¢*"*** are ordered inversely with respect to growth as || — oo.
Here we find that Dgi)j = 01if £ > 0. Altogether we obtain that D(z) is constant.

The rest of the proof is identical to the one of Proposition 12 with D(x) replacing the

matrix C'" in the latter argument. I

We can now complete the proof of Theorem 13 in case 2S. Apply the gauge transformation
7Z = FY of Lemma 19 to 0,Y = ByY to yield 027 = ByZ, By = (b;;). Since B; =
diag(ay, ..., a,) is constant diagonal, the consistency condition (21) implies that

a;
—bi ;.

J

o1(bij) =

If a; # a; we obtain that b; ; = 0 since the above equation has no nonzero solution in
C(x) then. If a; = a; we have o4(b; ;) = b; ; and hence b; ; is a constant. Therefore By is
also constant. This completes the proof in case 2S.

3.2 Proof of Theorem 13: Case 2Q

In case 2Q, we omit the index 1 of ¢; and assume |¢| > 1 for simplicity. Fix a loga-

rithm 2727 of ¢g. Concerning analytic continuation we prove here

Lemma 20. In case 2Q, consider a spiraling strip S = {¢*™™ € Cla; < Imt < ay},
—o0 < a1 < ay < +oo. If g(x) is a holomorphic solution of (33) for x € S with
sufficiently large modulus or with sufficiently small modulus then g(x) can be continued
analytically to a meromorphic function in S such that the projections of its poles to C*

form a finite set.

Proof. The proof is analogous to that of Lemma 18. The only sets of possible poles are
now (M -¢g ™M) NSor(M-g™ ¢ V)N S, respectively, and their intersection is empty
for convenient N because of the condition imposed on g and ¢- in case 2Q. We leave it to
the reader to fill in the details. I

Concerning the behavior at 0 (and similarly at co), it is known that there exists a formal
gauge transformation Z = GY, G € GL,(C[[z/*]][x~'/%]), s € N*, that reduces (33)
to a system o(Z) = 2P AyZ, where D is a diagonal matrix with entries in %Z and Ay €
GL,(C) such that any eigenvalue A of A, satisfies 1 < |\| < |¢|'/*, moreover D and A,
commute. If we write D = diag(d; [y, ..., d,.I,) with distinct d; and I; identity matrices of
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an appropriate size, then Ay = diag(A}, ..., A;) with diagonal blocks A? of corresponding
size. D and Aj are essentially unique, i.e. except for a permutation of the diagonal blocks
and passage from some Aé to a conjugate matrix. If D happens to be 0, then s can be
chosen to be 1 and G is convergent (see [35], ch. 12, [2], [18]).

According to Remark 17, our system (33) is equivalent to o(U) = o2(B;) U. The
gauge transformation V' = 05(G)U now transforms this system to o(V) = aa(zP Ap) V.
Now o9(2PAg) = 2P ¢f Ao and there is a diagonal matrix F' with entries in 1Z com-
muting with D and A, such that the gauge transformation W = 2V reduces the latter
system to o(V) = 2P AV, where Ay = ¢ "¢? Ay has again eigenvalues with modu-
lus in [1, |¢|"/*[. Now we write Ay = diag(A}, ..., A7) and fix some j € {1,...,r}. If
a{, ey a{ﬁj are the eigenvalues of Aé then ¢~/ qu ai, ¢ =1,...,rj, are those of flé. By the
uniqueness of the reduced form, the mapping = — ¢~/ qgj x induces a permutation of the
eigenvalues of Aé. If we apply it several times, if necessary, we obtain the existence of
some ¢ € {1,...,r;} and of some positive integer k such that q_kqu’;dj ai = aé. Due to
our condition on g and ¢, this is only possible if d; = 0. Thus we have proved that D = 0.

Hence 0 and oo are regular singular points of (33). There is a gauge transformation
Z = Go(2)Y, Go(z) € GL,(C{x}[x!]) reducing the system to 0(Z) = A¢Z and a
gauge transformation V' = G (z)Y, G (z) € GL,(C{z~'}[x]) reducing the system to
o(V) = AV, where Ay, A, are constant invertible matrices with eigenvalues in the
annulus 1 < |\ < |¢|[.

Now we fix a matrix Lo such that 4y = ¢°(= exp(2miTL))) and thus Yy(z) =
Go(x) a0 is a solution of (33) in some neighborhood of 0 in C. By Lemma 20, this
solution can be continued analytically to a meromorphic function on C such that the
projections of its poles to C* form a finite set. This implies that G (x)~! can be continued
to a meromorphic function on C with finitely many poles. We use the same name for this
extension. In some annulus K < |z| < oo, K sufficiently large, it can be expanded in a
convergent Laurent series

with constant matrices P,,.
Now by construction, G, (2)Go(z) 'z is a solution of the equation o (V) = A, V.
Using ¢*0 = Ay, this implies the equations

P, q" Ay = APy, m € Z.
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Now if m # 0, then ¢"* Ay and A, cannot have a common eigenvalue as those of Ag, A
have a modulus in [1, |¢|[. Hence P,, = 0 for m # 0 and there is a constant invertible
matrix P such that Go(z) = Py Go(z) for |z| > K. In particular, the above Laurent
series of Go(z)~! has only finitely many terms corresponding to positive powers of x
since this is the case for G, (z)~!. This means that oo is only a pole of the Gy(z)™*, a
meromorphic function on C with finitely many poles. We obtain that G(z) " and hence
also Go(x) have entries that are rational functions.

Thus we have shown that (33) is equivalent over C(z) to 0(Z) = AyZ with some
constant invertible matrix A,. To complete the proof of Theorem 13 for case 2Q, apply
the same gauge transformation to o5(Y) = By(x)Y to obtain 05(Z) = By(x)Z. The

consistency condition implies here that
01 (BQ (I))AO = AQBQ(IE’) .

Expanding BQ (x) in a convergent Laurent series in a punctured disk centered at the origin
o0
By(z) = Z Cnz™
m=—M

we find that the coefficients satisfy the equations C,,, ¢™ Ay = AoCy, m = —M, .... Again
q"™ Ay and Ay have no common eigenvalue and hence C,,, = 0 if m # 0. Thus E’g(z) is
also a constant and the theorem is proved in case 2Q as well.

Remark 21. Following ideas of Bézivin ( [37, Page 90]) we can establish Theorem 13,
case 2Q under the assumptions that |¢;| = |¢2| = 1, g1, g2 multiplicatively independent,
@2 not a root of unity, ¢; transcendental over Q or ¢, algebraic over QQ such that its minimal
polynomial has a root in C of absolute value not equal to 1. For the proof, let /' C C be
the field generated by ¢; and ¢, and the coefficients of the entries of B; and Bs. This is a
finitely generated extension of Q. Hence by the assumption on ¢y, there is an embedding
¢ : F' — C such that such that |¢)(q;)| # 1. We can extend 1) to an automorphism of C
which we denote again by 1. After applying v to the system (20), we get a new system
that satisfies the hypotheses of Theorem 12. Therefore there exists a gauge transformation
Z = GY transforming this new system to a system with constant invertible commuting
matrices By, B,. One sees that the system with matrices w_l(él), w_l(ég) satisfies the
conclusion of Theorem 13 with respect to our original system.

3.3 Proof of Theorem 13: Case 2M

In case 2M, it is more convenient to use different notation. We consider
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y(a?) = Alx)y(x), y(@?) = Blx)y(z) 37)

with multiplicatively independent positive integers p and ¢ and A(z), B(z) € GL,(C(z))
satisfying the consistency condition

A(z?)B(x) = B(z?)A(z). (38)

We want to show that there exist G(x) € GL,(K) and commuting Ay, By € GL,(C)
such that the gauge transformation y = G(z)z reduces (37) to

z(aP) = Apz(x), z(z?) = Byz(x). (39)

The proof is more involved than in cases 2S and 2Q because there are several fixed points
of the mapping = +— P, namely 0, oo and the (p — 1)-th roots of unity, because solutions
holomorphic in some neighborhood of the origin or co can only be extended using (37) to
the unit disk or the annulus |z| > 1, respectively, and because the behavior of the solutions
of Mahler systems near 0 and oo is not well understood. The consistency condition (38)
is crucial and will be used many times.

The plan is as follows. In a first step we prove that any formal vectorial solution of
a system (37) satisfying (38) is rational and deduce the statement of the theorem under
the additional hypothesis that x = 0 is a regular singular point of y(z*) = A(z)y(x),
i.e. there is a formal series Go(z) € GL,(K), K = U, en- Cllz/"]][z~/"], such that the
gauge transformation y = G(z)z reduces the equation to one with a constant coefficient
matrix. In a second step, we prove that x = 0 is always regular singular for a consistent
system (37), (38) thus completing the proof.

Proposition 22. In case 2M, consider the system (37) satisfying the consistency condition
(38) and suppose that g(z) € (C|[[z]][x~'])™ is a formal vectorial solution. Then g(z) €
C(x)™

Corollary 23. In case 2M, consider the system (37) satisfying the consistency condition
(38) and suppose that the point x = 0 for the first equation of (37) is regular singular.
Then (37) is equivalent over K = C({x'/* | s € N*}) to a system (39) with constant
invertible commuting Ay and Bi.

Remark: The Proposition could be deduced from the last part of Corollary 16, i.e. from
Theorem 1.1 of [1]. Indeed, consider the C'(z)-subspace space of C[[z]][z~!] generated
by the components of g(z). By (37), it is invariant under oy, o5 and it follows as usual that



38

each component of g(x) satisfies a system of two scalar linear p- and g-Mahler equations
and hence is rational by the Theorem 1.1 of [1].

Conversely, Theorem 1.1 of [1] can be deduced from Proposition 22: Given a for-
mal solution f(z) of a system (24), the first part of the proof of Corollary 16 con-
structs a system (37) satisfying the consistency condition (38) having a solution vector
in (C[[z]][z~])™. As this solution vector is actually a basis of some vector space contain-
ing f(x), we can assume that one of its components is f(x). Proposition 22 then yields
that f(x) is rational.

Observe that Theorem 13 in case 2M (and hence also the first part of Corollary 16)
is not an immediate consequence of the result of [1] because it is not clear a priori that
the point O is regular singular under the hypotheses of the theorem. This statement is the
contents of Proposition 26.

~

Proof of Corollary 23. We consider a formal series G(z) € GL, (K) reducing y(z?) =
A(x)y(x) to z(aP) = Apz(x) with a constant invertible matrix Ay. This means

Go(2?) = A(x)Go(z) Ayt (40)

By a change of variables = = t", if necessary, we can assume that Go(x) € GLn(l%),
k = C[[z]][z™'] (we do not use that A(z), B(xz) are in C(z") then).

Applying the gauge transformation y = Go(x)z to the second equation y(x?) =
B(x)y(x), we obtain z(z4) = B(x)z(x) with some B(z) € GL,(K) satisfying the con-
sistency condition A B(x) = B(x?)A,. Using the series expansion of B(z), it is readily
shown that B(z) must be constant and commutes with Ay. We write B(x) =: B,. Thus
Go(z) also satisfies

Go(29) = B(z)Go(x) By . (41)

The system (40), (41) can be considered as a vectorial system
Y(a?) = A(@)Y (z), Y(2?) = B(2)Y (2),

where Y (z) has coefficients in gl, (k) ~ k" and A(z), B(z) are the matrices of the
linear operators mapping Z to A(x)ZA;" and B(z)Z By, respectively. This system sat-
isfies the consistency condition, because A(z) and B(z) do and Ay, By commute. Now
Proposition 22 can be applied to its formal solution Gp(x) and we obtain that Gp(x) has
rational entries. I

Proof of Proposition 22. We first show that g(z) is actually convergent. This could be
deduced from [38], section 4. For the convenience of the reader, we provide a short proof.
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To do that, we truncate g(z) at a sufficiently high power of x to obtain h(x)
gl,(Clz][z~']) and introduce r(z) = h(z) — A(z) 'h(2?) and g(z) = g(z) — h(z).
Then we have

g(z) = A(x)~'g(a") — r(2). (42)
We denote the valuation of A(x) " at the origin by s € Z and introduce A(z) = 25 A(z)~"
which is holomorphic at the origin.

First choose M € N such that pM + s > M and h(x) such that g(x) — h(x)
has at least valuation M. Then by (42), r(x) also has at least valuation M. Now con-
sider R > 0 such that A(z) is holomorphic and bounded on D(0, R). Then consider
for positive p < min(R, 1) the vector space E, of all series F(z) = Y >~ _, F,z™
such that Y °_ |F,,|p™ converges and define the norm |F(z)|, as this sum. Then E,
equipped with | |, is a Banach space and the existence of a unique solution of (42) in
E, for sufficiently small p > 0 follows from the Banach fixed-point theorem using that
|2° F(2P)], < pMPrs=M|F(z)|, for F(z) € E,. This proves the convergence of §(z) and
hence of g(z).

By (37), rewritten g(z) = A(z) 'g(z?), the function g can only be extended analyt-
ically to a meromorphic function on the unit disk. According to Theorem 4.2 of [38]
(see also [11]), it is sufficient to show that g(x) does not have the unit circle as a natural
boundary and the rationality of g(x) follows. We show how it follows naturally, in our
context, that g(z) can be continued analytically as a meromorphic function to all of C
and, as well, that it has only finitely many poles. The rationality of g(z) then follows as
in [38] and [11] from a growth estimate.

As we want to extend g(x) beyond the unit disk, we use the change of variables z = ¢,
u(t) = y(e') and obtain a system of g-difference equations

u(pt) = A(t)u(t), ulqt) = B(t)u(t) (43)
with A(t) = A(e), B(t) = B(e). It satisfies the consistency condition
Algt)B(t) = B(pt) A(1)- (44)

We are not in case 2Q, however, because A(t), B(t) are not rational in ¢, but rational in
e.

Nevertheless, the local theory at the origin used in the proof of Lemma 20 applies to
the present consistent system. In particular, we know that the origin is a regular singular
point in case 2Q. We therefore obtain a matrix A; with eigenvalues A in the annulus
1 <A < pand Gy(t) € GL,(C{t}[t™!]) such that u = G (t)v reduces the first equation

of (43) to v(pt) = Ayv(t). This means
Gi(pt) = A(t)G,(t) A7 for small ¢. (45)
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Applying the same gauge transformation to the second equation of (43) yields an equa-
tion v(qt) = é(t)v(t) with some é(t) € GL,(C{t}[t™']). It satisfies the consistency
condition A, B (t) = é(pt)Al. As at the end of the proof in case 2Q, we expand B (t) =
Zﬁzmo C,,t™. The coefficients satisfy A;C,, = C,,(p™ A1), m > mg. As Ay and p™ Ay

have no common eigenvalue unless m = 0, we obtain that B(t) =: B is constant and
commutes with A;. We note the second equation satisfied by GGy

Gi(qt) = B(t)G,(t)B;* for small ¢. (46)

Lemma 24. The functions G1(t)*! can be continued analytically to meromorphic func-
tions on C and there exists 6 > 0 such that both can be continued analytically to the
sectors {t € C* | 0 < arg(£t) < 26}

Proof of the lemma. Let M be the set of poles of A(t)*!, i.e. the set of ¢ such that
e' is a pole of A(x) or A(x)~!. Note that M is 2mi-periodic, has no finite accumulation
point and is contained in some vertical strip {t € C | =D < Ret < D}. By (45), G, (t)*!
can be continued analytically to C* \ (M - p") and thus to meromorphic functions on C
which we denote by the same name. By construction, G, (t)*! are also analytic in some
punctured neighborhood of the origin. By the properties of M, the infimum of the | Re ¢;|
on the set of all ¢; € M having nonzero real part is a positive number. As M is contained
in some vertical strip there exist sectors {t € C* | § < arg(£t) < 24} disjoint to M and
hence to M - p". Therefore G (¢)*! can be analytically continued to these sectors and the
lemma is proved. I

Consider now the function d(t) = G1(t)"'g(e'). By Lemma 24 and because g(z) is
holomorphic in some punctured neighborhood of x = 0, d(t) is defined and holomorphic
for some sector S = {t € C | [t| > K, 7+ < argt < 7 + 20}. By (37), (45), and (46)
it satisfies

d(pt) = Ayd(t), d(gt) = Byd(t) fort € S. 47)

To solve (47), consider a matrix L, commuting with B; such that plt = A,. Put F(t) =
t=F1d(t). Then

F(pt) = F(t), F(qt)= B,F(t)forte S (48)
where B; = Byg~ ™. Thus H(s) = F(e®) is log(p)-periodic on the half-strip B = {s €

C | Res > log(K), m+ 0 <Ims < m+ 20} and can be expanded in a Fourier series.
This implies that

F(t)y= Y Fito'fort e S, (49)

l=—00
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The second equation of (48) yields conditions on the Fourier coefficients

Fyexp <27rz loe(e) e) — BFforl cZ

Therefore F; = 0 unless exp <2m log(g )€> is an eigenvalue of By. Since p and q are

log(p)
og(g

multiplicatively independent, the quotlent o g is irrational and hence exp <2m Epg) is

not a root of unity. Therefore all the numbers exp <2ml°g ) €> ¢ € 7 are different and

only finitely many of them can be eigenvalues of By. This shows that the Fourier series
(49) has finitely many terms and thus F'(¢) can be analytically continued to the whole
Riemann surface C of log(t). The same holds for d(t) = t“1 F(t).

Since g(z) is a convergent Laurent series in C|[[z]][x™!], the function h(t) = g(e)
is holomorphic for ¢ with large negative real part and 27i-periodic. We conclude using
Lemma 24 that h(t) = G(t)d(t) can be analytically continued to a meromorphic function
on C, in particular the point ¢ = 27¢ is at most a pole of h. By its periodicity, this implies
that £ = 0 also is at most a pole of h and that it can be continued analytically to a 27i-
periodic meromorphic function on C which we denote by the same name.

This periodicity allows one to define a meromorphic function g(z) on C \ {0} by
g(e') = h(t). As g(x) = g(z) for small |z| # 0 by the construction of h, we have shown
that g(z) can be continued analytically to a meromorphic function on C which we again
will denote by the same name.

The formula h(t) = G;(t)d(t) and Lemma 24 also imply that () is analytic in some
sector S = {t € C* | § < argt < 26} with small positive d. As this sector contains some
half strip {t € C | Ret > L,uRet < Imt < pRet + 37} for some positive L, i which
has vertical width larger than 27 and h is 27mi-periodic, its poles are contained in some
vertical strip {t € C | —L < Ret < L}. For the function g(z) this means that it can be
continued analytically to a meromorphic function on C with finitely many poles.

The proposition is proved once we have shown that g(x) has polynomial growth as
|z| — oo. This is done as in the proof of Theorem 4.2 in [38] (see also [11]). Consider
ro> 1 such that g(x) and A(z) are holomorphic on the annulus |z| > ry/2. There are
positive numbers K, M such that |A(x)| < K|z|™ for |z| > 7. Consider now the annuli

—{37€C|7"0 <|37’<7"0 } J=

covering the annulus |z| > ro. Any # € A; can be written 2 = £”’ with some & € A,.
Then we estimate using (37) and the inequality for | A(x)]

j9()| = la(e)| < K7 (e - [e?lel) max [g(o)]

ro<|£|<rl
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Hence there is a positive constant L such that |g(z)| < L K7 |z| "1 forz € Aj;. Assuming
log(rp) > 1 without loss in generality, we find that j < log(log(|x|))/log(p) for x € A,;.
Hence there exists d > 0 such that

M
l9()| < L (log(|])) x|~ for |z] > ro

and the proof of Proposition 22 is complete. ]
For later use, we note another corollary of Proposition 22.

Corollary 25. Consider multiplicatively independent positive integers p, q. Let A(x) and
B(x) be two matrices with polynomial entries such that the consistency condition (38)
holds and A(0) and B(0) are invertible. Then there exists a matrix G(x) with polynomial
entries, G(0) = I and

A(x) = G(a?) A(0) G(x)™", Blz) = G(2) B(0) G(x)™".
As an application, consider two polynomials a(z), b(x) without constant term satisfying
a(x?) — a(z) = b(aP) — b(z).

This is the consistency condition for the matrices A(x) = (a (1:{:) (1)) and B(z) =

(b (lx) ?) The above Corollary yields the existence of a polynomial matrix G(z) with

the stated properties. The conditions encoded in A(z)G(z) = G(2P) and G(0) = I imply

that G(z) = (g (195) (1)) with some polynomial g(z) without constant term. We obtain

a(z) = g(a”) = g(x), b(z) = g(z?) — g(z).

In the case of p, ¢ without common divisor, the existence of such a polynomial g(z) can
be proved directly. Under the present hypothesis that p and ¢ are multiplicatively inde-
pendent, this is possible but less elementary. A similar reasoning will appear in the proof
of Corollary 26.

Proof of Corollary 25. Putting G(z) = I + H(x), the first equation of the statement is
equivalent to
H(z) = A(z) "A(0) — I + A(z) " H(2P)A(0).

Using the fixed point principle in M = gl (x C[[z]]) equipped with the z-adic norm,
it follows that the latter equation has a unique solution in M. This also follows from
Proposition 34 of [39]. Hence there is a unique formal series G(x) = I + ... such that
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A(z) = G(2P) A(0) G(x)~'. Now put B(z) = G(29) "' B(x)G(z). As A(z), B(z) satisfy
the consistency condition, so do Ag:= A(0) and B(z). Again a series expansion yields
that B(z) =: B, is constant.

As in the proof of Corollary 23, the formal solution G(z) € I + M of the system

G(2P) = A(2)G(2) Ay, G(2) = B(z)G(x)By* (50)

can be considered as a formal (matricial) solution of a consistent system (37) and thus
must have rational entries by Proposition 22.

It remains to prove that G(z) actually has polynomial entries. As A(x) has polynomial
entries, the first equation of (50) implies the following statement: If x = z; is a finite
regular point of all entries of G(z) then so is z = z§. The contrapositive — which is also
true — says: If x = x is a finite pole of some entry of G(z) then so is any p-th root of x.
Now there is no finite subset of C that is stable with respect to taking any p-th root of any
element besides the empty set and {0}. As the entries of G(x) have no poles at = = 0, the
set of their finite poles must be empty. Hence G(x) has polynomial entries. 1

Unfortunately not every Mahler system is regular singular.

Example. The system y(z?) = A(x)y(x), A(z) = (le g) is not regular singular at
the origin. Otherwise, there exist an invertible matrix 7'(x) € GLy(E), E = C[[2'/"]][z~/"]

e . . a 0 .
for some positive integer r and some constant triangular matrix C = e b with

nonzero a, b such that A(x)7T(x) = T'(z”)C. For the determinants this means that 2 det(7'(x))

abdet(T'(xP)); hence det(T'(x)) is a constant and ab = 2. Considering the upper right el-
ements of both sides implies T75(z) = T12(xP)b.

If T1o(x) # 0, we obtain b = 1 and thus @ = 2. This means that C' has the dis-
tinct eigenvalues 1,2 and hence with an additional transformation, we can replace it by
diag(1,2) and as a consequence, 7'(z) is replaced by some lower triangular matrix. If
Ti2(z) = 0, we immediately obtain that @ = 1, b = 2 and hence we can replace C' by
diag(1, 2) also in this case.

Thus we can assume in both cases that C' = diag(1, 2) and that 7'(z) is lower triangular

and hence its diagonal elements are constants.

Now put T'(z) = (u&) 2) .Then u(z) € E satisfies cx ™'+ 2u(x) = u(z?). We now

consider the vector space F’ of all formal Laurent series Y >° __ a;z ™/ /. Then u(z) € F
and also v(z) = —cY 5, 27" ' € F. As v(z) satisfies cz™! + 2v(z) = v(a?),
the difference d(z) = u(z) — v(z) € F satisfies 2d(x) = d(z?). In view of the series
expansions, this means that d(x) =: d is a constant. We obtain that u(x) = v(z) + d in
contradiction to u(x) € E.
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Fortunately, our matrices A(z) are very special. The proof of Theorem 13 in case 2M
is complete, once we have shown

Proposition 26. Consider A(z), B(z) € GL,(K), K = U, en- Cllz N[z~ Y"] satisfy-
ing the consistency condition (38). Then x = 0 is a regular singular point of y(xF) =

A(z)y(z).
Proof. We will show later

Lemma 27. Under the hypotheses of Proposition 26, there exists a gauge transformation
y = H(x)z H(x) € GL,(K), that changes (37) into

2(a?) = A(z)z(x), 2(a) = B(x)z(x), (1)

where A(z) = d I with some d € C or A(zx), B(x) are both lower block triangular with
blocks of the same size, i.e. there existm € {1,...,n—1} and Ay (x), By1(z) € GL,(K),
AQQ(I), BQQ(ZE) € GLn_m(K), Agl (l‘), Bgl(l') € f(nfm,m such that

~ An (2 0 ~ B (x 0
Alw) = (A;Exi Agg(x)> » Blz) = (B;Ex; BQQ(x)> ' (52)

Recall from the beginning of section 3 that gauge transformations preserve the consis-
tency condition. Hence it also holds for A(z) and B(z).

We now prove the Proposition by induction. In case n = 1, it has been shown in
Proposition 23 of [39] that y(2?) = A(x)y(x) is always regular singular. Indeed, if
A(x) = az®b(x), where a € C*, s € Q and b(z) € C[[z]] with b(0) = 1, then there
is a formal series c¢(z) € C[[z]] with ¢(0) = 1 satisfying c(a?) = b(x)c(x) as a power
series expansion readily shows. Thus y(z?) = A(z)y(x) is equivalent to z(zP) = ax®z(z)
and by z = 27T, this is equivalent to v(z?) = a v(z).

So suppose that the statement has been proved for all dimensions smaller than n. Given
A(z), B(z) as in the hypothesis, we now invoke Lemma 27. When A(z) = dI, there is
nothing to do. Otherwise, we observe that the couples Ay;(z), Byi(x) and Ay (), Bao(x)
also satisfy the consistency condition and therefore by the induction hypothesis, z = 0
is a regular singular point of u(z?) = Aj;(x)u(x), j = 1,2. Thus there exists gauge
transformations u = F};(x)v with entries in K that transform the systems to constant
ones v(z?) = Aju(x), j = 1,2. Performing the same gauge transformations on the
systems u(z?) = Bj;(z)u(z), j = 1,2 yields systems v(z?) = Bj;(x)v(x) with Bj;(x)
having coefficients in K. As we still have the consistency condition, we have

Aj;;Bjj(z) = Bj;(a")Ay;, j=1,2.
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As used before, this implies that the B;;(z) are also constant and commute with A;;.
Hence using the block diagonal matrix F'(z) = diag(Fi1(x), Faa(z)), the system (51) is
reduced to one, where additionally A;;, B;; are constant and commute.

It remains to show that for a system (51), (52) with constant commuting A;;, Bj;
satisfying the consistency condition, the point z = 0 is a regular singular point of the first
equation of (51). Observe that the consistency condition reduces to an equation for the
lower left block

Aoy (1) By + A Boy(x) = By (2P) A1 + Bag Aoy (z). (53)

This suggests splitting Ay (), By () into their polar parts A5, (z), By, (x) and their reg-
ular parts A, (z), By, (x) containing the terms with negative or non-negative exponents,
respectively. Then (53) splits into two equations

Ag:l(l‘q)Bn + A22B§|:1 (x) = B;:l (ZL’p)AH + BQQAg:l(x). (54)

We are interested in the polar parts that have to be removed. They are polynomial in /"
for some positive integer . So we replace x = £~ " and consider the matrices

A(g) = ( . Aom), B(€) = (Bf(lg_r) 3022>. (55)

These matrices are polynomial in ¢ and satisfy the consistency condition because of (54).
Here Corollary 25 applies and yields a polynomial matrix G(&) with G(0) = I such that

AT(EG(E) = G(E")A(0). (56)

. _ (Gu(§) Gu(§)) . : _
Writing G(§) = ( G (€) Gon(€) with blocks of the same size as those of A~, we find

A11G12(§) = G12(£P) Ags from the (1,2)-blocks in (56). Expanding G12(&) in powers of
¢ and using G12(0) = 0, we find that G12(&) vanishes. Similar, the diagonal blocks in
(56) now show that G'11(§) = I, G92(§) = Ip,—p,. Finally, its (2, 1)-blocks show that
A5 (E677) + ApGa(€) = Ga1(€P) Apy. Then the transformation z = G(z~Y/")w changes
2(2P) = A(x)z(z) into w(a?) = A(x)w(z), where G(xzP/")A(z) = A(x)G(zV/7).

Using the block structure of A(z) and G(€), this implies that A(z) = ( AAI&) AO )
21 22

where
Ay () = A (2) + AGor (a7 7)) — Gy (x7P/M) Ay = A (2) — Ay (2) = AF (2).

Thus we have shown that y(2?) = A(x)y(x) is equivalent over K to w(2?) = A(z)w(z)
where all entries of the coefficient matrix A(z) have positive valuation. As shown in the
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beginning of the proof of Corollary 25 and stated in Proposition 34 of [39], this implies
that z = 0 is a regular singular point of the latter system and hence also of the given
system y(zP) = A(x)y(x). This completes the proof of Proposition 26. ]

Proof of Lemma 27. By Theorem 24 of [39], there exists a gauge transformation y =
T(z)z, T(z) € GL,(K) that changes y(2?) = A(z)y(z) into z(z?) = AW (z)z(x) where
AW (z) € GL,(K) is lower triangular and has constant diagonal entries. Performing the
same gauge transformation on the second equation y(x?) = B(x)y(x), we can assume
without loss of generality that the given matrix A(x) additionally has this property. In the
sequel, we denote the entries of A(x) by a;i(x), those of B(z) by bji(x), j,k =1,...,n,
and, without mentioning it again, do the same for other matrices. We omit the argument
“(z)” if an entry is constant.

If the diagonal entries a;;, j = 1,...,n, were distinct, it could be shown from the
consistency condition that B(x) is also lower triangular thus proving the Lemma — in fact,
this would first be done for by, (x) as the consistency condition implies that a11b1,,(z) =
b1, (2P)ay, and thus by, (z) = 0 if a;; # au,; then the same follows successively for
the other entries of B(x) above the diagonal in a similar way. Unfortunately, we have no
information about these diagonal entry.

Dividing A(z) by ay,, we can assume that a,,, = 1. Let m > 1 be the maximal length
of a block I,,, in the lower right corner of A(x), i.e. we start with

Alz) = An(z) 0 , A11(z) lower triangular with constant diagonal.
AQl(I') ]m

If all entries bj;(x) vanish for j = 1,..n —m, k =n —m+1,...,n, then B(x) is lower
block triangular with blocks of the same size as A(z) and the lemma is proved. Otherwise
there is an entry b,o(z) # O with 1 <7 <n —m,n —m < ¢ < n. By going over to the
uppermost nonzero entry in the /-th column of B(x), we can assume that b;,(z) = 0 for
j=1..,r—1ifr>1.

We express the element p,.¢(x) of P(z) = A(z?)B(z) = B(aP)A(x) in two ways and
find p,¢(x) = appbre(x) = bro(2P)age. This yields that b,¢(x) is constant and a,., = ag = 1.
We denote d = b,4(x).

Consider now the following matrix S(z): Its r-th column is 4 By(z'/), where By(x)
denotes the ¢-th column of B(x); the other columns of S(z) are the unit vectors ey, ..., €,_1
and €,41, ..., ,. Observe that S(x) is lower triangular. We now perform the gauge trans-
formation yy = S(z)z on our system and obtain A®? (z) = S(2?) "' A(x)S(z) and B? (z) =
S(29)~1 B(x)S(x) which still satisfy the consistency condition. A (z) is still lower trian-
gular and has unchanged diagonal entries and lower right block. The right multiplication
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B(z)S(z) adds multiples of columns r + 1, ..., n to the r-th column of B(z) — this is not
really interesting. The left multiplication by S(z) ™! substracts 2b;,(z) times row r from
row j of the resulting matrix for j = r + 1, ..., n. This means in particular that the /-th
column of B®)(x) is a multiple of the r-th unit vector.

We consider now the entries pﬁ)(x) j = r+1,..,n, of the product P?(z) =
A (3B (1) = B@(27) A®(z). As the ¢-th columns of B? (z) and A®(z) are mul-

tiples of unit vectors, we find that

py7 (@) = a5 (@)d = b (1) age = 0
and hence aﬁ)(:c) = 0 for j = r 4 1,...,n. Thus the r-th column of A®(z) equals the
r-th unit vector.

If » < n — m then we can exchange the r-th and (r + 1)-th rows and columns of
A®) (1) and B®@(z) and obtain A®)(z), B® () which still satisfy the consistency con-
dition, A® (x) is lower triangular with constant diagonal and lower right block 1,,, but
now the additional column that is a unit vector is the (7 + 1)-th column. If r +1 < n—m
then we repeat the modification. In this way, we obtain a system v(z?) = AW (z)v(x),
v(z9) = B®W(z)v(x) equivalent to (37) over K, where A® (z) is still lower triangular
with constant diagonal but now has a lower right block 7,,,,1, i.e. its size has increased.
Thus we can start all over and, after a finite number of steps, we either reach a situation
(51), (52) proving the lemma or we stop with A(x) = [,. This proves the Lemma and
completes the proof of Theorem 13 in case 2M. ]
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