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ALGEBRAIC RELATIONS AMONG SOLUTIONS OF LINEAR
DIFFERENTIAL EQUATIONS: FANO’S THEOREM

By MicHAEL F. SINGER*

1. Introduction. In [3] Fano considered special cases of the follow-
ing statement:

Let L(y) = 0 be an n'" order homogeneous linear differen-
tial equation with coefficients that are rational functions with
complex coefficients. Let yy, . . ., y, be linearly independent so-
lutions of (1) L(y) = 0 and assume that there is a nonzero homo-
geneous polynomial P with complex coefficients such that
P(yy, ..., y,) = 0. Then all solutions of L(y) = 0 can be ex-
pressed as algebraic combinations of solutions of linear differen-
tial equations of order less than n.

(1)

Fano showed that (1) is true for » < S and gave partial results forn =
6. This evidence led several people (e.g. [2] p. 45-46 and the present au-
thor) to suspect that (1) was true for all z. In this paper, we shall reprove
this statement for n < 5, prove that it remains true for » = 6 and show
that it is false for all » = 7. In fact we shall show that, for all » = 7, there is
an n'h order homogeneous linear differential equation L(y) = 0 having the
property that a set of linearly independent solutions satisfies yi+ o+
y2 = 0 although the solutions of L(y) = 0 cannot be expressed in terms of
solutions of lower order linear differential equations.

Fano used a combination of group theoretic and geometric techniques
to determine the possible algebraic relations that solutions of a linear dif-
ferential equation of order <35 could satisfy. Using the determined form of
these relations, Fano proceeded with a case-by-case study to determine the
effects such relations would have on these equations. He was able to explic-
itly describe, in these cases, how the Solutions could be expressed in terms
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116 MICHAEL F. SINGER

of solutions of lower order equations. For n = 6, Fano showed that if one
assumes that the polynomial relation is of a specific form or that there are
enough relations, then the linear differential equation could be solved in
terms of linear equations of lower order. We take a different approach. We
first formalize the notion of solving a linear differential equation in terms
of linear differential equations of lower order. We then derive necessary
and sufficient conditions (in terms of the lie algebra of the galois group) for
the solutions of a homogeneous linear differential equation to be expressed
in terms of linear differential equations of lower order. This allows us to
characterize those equations that are not solvable in terms of linear equa-
tions of lower order. We can then show that for n < 6, the homogeneous
linear differential equations of order n that are not solvable in terms of
linear differential equations of lower order have the property that any set of
linearly independent solutions satisfy no nonzero homogeneous polyno-
mial equation. Our characterization also allows us to construct the coun-
terexamples mentioned above. This method of proving the theorem does
not yield the explicit results of Fano, but does show the extent to which his
theorem generalizes. Yet Fano’s results are too pretty to be swept under
the rug in this manner. We therefore have included one of Fano’s more
explicit results with the hope of enticing the reader to delve further into
Fano’s paper.

The rest of the paper is organized as follows. Section 2 contains the
formalization of the notion of solvability in terms of lower order linear dif-
ferential equations and the characterization of homogeneous linear differ-
ential equations that can be solved in terms of lower order linear differen-
tial equations. Section 3 contains the proof of (1) for n < 6, and the
counterexamples for n = 7. In Section 4, we prove the following result of
Fano: If L(y) = 0 has solutions (y, . . ., y,) that liec on an algebraic curve
in P"~!, then either all solutions of L(y) = 0 are liouvillian or can be ex-
pressed in terms solutions of a second order homogeneous linear differen-
tial equation. We have included an appendix containing an elementary
proof of the fact (crucial to our considerations) that if K is a Picard-Vessiot
extension of k with connected galois group G, then K is the function field
of a principal homogeneous space for G.

2. Solving homogeneous linear differential equations in terms of lin-
ear equations of lower order. The results of this section are based on the
galois theory of linear differential equations (see [11] or [12]). Let k be a
differential field of characteristic 0 with derivation denoted by ’. Assume
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that the subfield of constants C = {c € k|c’ = 0} is algebraically closed.
If L(y) = 0 is a homogeneous linear differential equation with coefficients
in k, we may form a differential extension K of k where K is generated (as
a differential field) by a fundamental set of solutions of L(y) = 0 (i.e. n
solutions linearly independent over C) and where the constant subfield of
K is C. Such an extension is unique up to differential isomorphism and is
called a Picard-Vessiot extension of k associated with L(y) = 0. The group
of differential automorphisms of K that leave each element of k fixed is a
linear algebraic group G(K/k) defined over C. If y,, . . ., y, is a funda-
mental set of solutions and ¢ € G(K/k), then o(y,) = L c;Y, fori = 1,

. .,nand some c; € C. Identifying each such ¢ with the matrix (c;) gives a
faithful representation of G into GL(n, C).

Definition. Let k and K be as above. L(y) = 0 is said to be solvable
in terms of linear differential equations of lower order if there exists a
tower of fields k = Ky C -+ C K, such that:

1) the Picard-Vessiot extension K of k associated with L(y) = 0 lies
in K,.
2) Foreachi =1, .. ., r, either
a) K is a finite algebraic extension of K;_{, or
b) K, is a Picard-Vessiot extension of K,;_; associated with an
equation L;(y) = 0 with coefficients in K;_; and of order less than n.

LemMa 1. Let L(y) = 0 and k be as above and assume that n = 3.
L(y) = 0 is solvable in terms of linear differential equations of smaller
order if and only if the Picard-Vessiot extension of k associated with
L(y) = 0 lies in a tower of fields k = Fy C -+ C F, where each F; is
algebraic over F;_, or each F;is generated over F;_, by a solution of a (not
necessarily homogeneous) linear differential equation of order less than n
with coefficients in F;_,.

Proof. Necessity is obvious. To prove sufficiency, we shall show, by
induction, that each F; lies in a tower of the type described in the above
definition. Assume that F;_; liesink = K, C -+ C K,_;. If F;is alge-
braic over F,_,, let K, = K,_,(F;). Otherwise, assume that F; is gener-
ated, over F;_;, by a solution of L(y;) = b,. Let K, be the Picard-Vessiot
extension of K, associated with L;(y) = 0. Using variation of parameters
we see that any solution of L;(y) = b; lies in a differential extension of K,
generated by certain integrals { b; of elements b; in K,. Each of these inte-
grals satisfies a second order homogeneous equationy” — (b//b;)y’ = 0
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over K,. Since n > 2, we can form a tower of the desired type by succes-
sively forming Picard-Vessiot extensions associated with these equations.
This tower will then contain F;.

Remark. Lemma 1 implies that if » > 2 and if L(y) = 0 can be
solved in terms of liouvillian functions (i.e. the associated Picard-Vessiot
extension lies in a tower of differential field where each field in the tower is
generated over the preceeding field by an algebraic element, an integral or
an exponential of an element in the preceeding field), then L(y) = 0 can
be solved in terms of lower order linear equations. Therefore, this notion
generalizes the notion of solvability in terms of liouvillian functions when
n > 2. This is not necessarily true when n = 2, since one can show that
y” — 2xy’ — 2y = 0 has liouvillian solutions exp (x?) and { (exp(x?)) while
§ (exp(x?)) cannot lie in a field generated by successively adjoining solu-
tions of first order homogeneous linear differential equations (i.e. expo-
nentials). Since we shall be mainly interested in equations of order larger
than 2, this point will not concern us here.

The following theorem is the main result of this section. Given a linear
differential equation L(y) = y™ + a,_;y®"~ Y + -+ + agy = 0 we can
use the substitution z =y exp(—1/n { a,—;) to form a new equation whose
coefficient of z~1 is zero. This new equation is solvable in terms of lower
order linear equations if and only if the original equation is. It is known
([11], p. 41) that this implies, using the representation described above,
that G(K/k) C SL(n, C). Finally, we denote the lie algebra of the galois
group of K over k by g(K/k). In general, an algebraic group will be re-
ferred to using capital letters and its lie algebra will be referred to using
lower case letters (e.g. sl(n, C) is the lie algebra of SL(n, C)).

THEOREM 1. Let k be a differential field of characteristic zero with
algebraically closed field of constants C. Let L(y) = 0 be a homogeneous
linear differential equation of order n, n = 3 with coefficients in k and let
K be the associated Picard-Vessiot extension. Assume that G(K/k) C
SL(n, C). L(y) = 0 can be solved in terms of linear differential equations
of lower order if and only if one of the following holds:

a) g(K/k) C sl(n, C) leaves a nontrivial subspace of C" invariant.

b) g(k/k) is semisimple but not simple.

¢) g(K/k) is simple and there exists a nonzero lie algebra homomor-
phism p : g(K/k) — gl(m, C) for some m < n.

Furthermore, if a) holds then there exist homogeneous linear differ-
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ential polynomials L,_; and L; of orders n — i and i (i > 0) with coeffi-
cients in the algebraic closure k* of k in K such that L(y) = L,_.(L(y)).
If b) or c) holds, then there exist linear homogeneous differential polyno-
mials L(y), 1 < i < m (with m = 1if ¢) holds), each having order less
than n and coefficients in an algebraic extension kg of k such that K lies in
an algebraic extension of M- . . . - M,,, where M, is the Picard-Vessiot
extension of k associated with L;(y) = 0.

COROLLARY. Using the notation of Theorem 1, L(y) = 0 cannot be
solved in terms of linear differential equations of lower order if and only if
g(K/k) is simple and has no nonzero representation of degree less than n.

Proof of the Corollary. Any lie subalgebra of sl(n,C) either leaves a
nontrivial subspace of C” invariant or is semisimple ([7], p. 102). Condi-
tion a) of Theorem 1 rules out the former and condition b) implies that
g(K/k) must be simple. Condition c¢) implies that g(K/k) has no nonzero
representation of degree less than n.

The proof of Theorem 1, depends on the following lemma. We shall
use some facts about linear algebraic groups, for which the general refer-
ences are [8] and [9]. If G is a connected linear algebraic group defined
over an algebraically closed field C, we denote by C[G] the coordinate ring
of G and by C(G) the function field of G. If k is a field containing C, we
denote by k(G) the field C(G) Q¢ k. When necessary, we denote by G¢ and
G the C-valued and k-valued points of G. For any g in G, g acts on G¢
by right multiplication p,(k) = hg. This induces an automorphism p} of
C[G] and therefore of C(G) (similarly for g € Gy, p¥ is an automorphism
of k[G] and k(G)). If H is a normal subgroup of G defined over C (resp.
over k) then the fixed field of {pjf |k € H} is C(G/H) (resp. k(G/H)). Fi-
nally if £ is a differential field of characteristic zero with algebraically
closed field of constants and K is a Picard-Vessiot extension of K, we say
that K is a G(K/k)—primitive extension of k ([12], p. 418) if there is an
isomorphism ¢ : K — k(G(K/k)) such that, for any 0 € G(K/k), and any
x € K, ¢(o(x)) = p*(¢(x)), i.e. the action of G(K/k) on K is the same as
the action of G(K/k)¢c on k(G(K/k)).

LEMMA 2. Let k be a field of characteristic 0 with algebraically
closed subfield of constants. Let K be a Picard-Vessiot extension of k. As-
sume that the galois group G(K/k) of K is a connected simple algebraic
group and let V be a finite dimensional C-space. For any irreducible faith-
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ful, representation ¥* : g(K/k) — gl(V), there exists a Picard-Vessiot ex-
tension M of k, a finite algebraic extension of k, associated with a linear
differential equation L*(y) = 0 such that:

a) g(M/ko) = g(K/k)

b) If V*is the C-space of solutions of L*(y) = 0in M, then the action
of G(M/ky) on V¥ induces a representation T* : g(M/k) — gl(V*) that is
isomorphic to ¥*. In particular, the order of L* equals the dimension
of V*.

¢) K lies in an algebraic extension of M.

Furthermore, if K is a G(K/k)-primitive extension of k, then we may
choose kg to be k. In particular, this is the case if k is an algebraic exten-
sion of C(x), x’ = 1.

Proof. Since G(K/k) is a connected simple algebraic group, its lie
algebra G(K/k) is simple. Therefore, there exists a simply connected alge-
braic group G with lie algebra isomorphic to g(K/k) ([9], p. 260). Further-
more, G(K/k) is isomorphic to G/H, where H is a normal algebraic sub-
group of G. Since G and G/H have the same lie algebra, H must be finite.
Since G is connected, H must be central and therefore abelian.

It is known ([12], p. 430 or see the Corollary to Theorem 5 in the ap-
pendix for an elementary proof of this fact) that there exists a finite normal
algebraic extension k of k such that:

i) ko @y K is a Picard-Vessiot extension of k, with galois group iso-
morphic to G(K/k)
ii) ko Qx K is a G(ko Qy K/ko)-primitive extension of k.

Note that if K is already a G(K/k)-primitive extension then we may
let ko = k. That this is always the case when k is an algebraic extension of
C(x), x’ = 1, is explained in the appendix.

Therefore, we may write kg ®, K = ko(G/H). There is a canonical
embedding of k((G/H) into ko(G) induced by the projection 7 : G —
G/H. Therefore we may identify k) @ K = ko(G/H) with a subfield of
ko(G). Since H is a finite normal subgroup of G, k(G) is a finite algebraic
extension of ko(G/H). This implies that the derivation on k(G/H) ex-
tends uniquely to a derivation on k(G), which we continue to write as ’.
Note that the field of constant remains unchanged since any constant of
ko(G) is algebraic over C and therefore in C.

We now claim that for any g € G and any z € ko(G), we have
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(0F(z))" = pF(z'), that s, for each g € G, p} acts as a differential auto-
morphism of ko(G). To see this, first note that C (and therefore ko(G/H))
contains all roots of unity. Furthermore, k((G) is an algebraic extension of
koG/H) with abelian galois group H. Therefore £ko(G) =
ko(G/H)(z4, . . ., z,) for some z; € ko(G) where for each i there is a non-
zero integer n; such that z% € ko(G/H). Since (p§(z))’ = pF(z)’ forallz €
ko(G/H) and all g € G, we have, for each i:

nipFi NpE(z!) = pF((21)) = (p¥(z!))’ = nipF(z)" " (p¥(z)’ .

Therefore, p¥(z;") = (p¥(z,;))’. This proves the claim.

We now claim that k(G) contains a field M, satisfying conclusion b)
of Lemma 2, such that k(G) is an algebraic extension of M (which implies
that c) is also satisfied). To verify this we proceed as follows. Since G is
simply connected, any representation of its lie algebra induces a represen-
tation of the group itself. Let ¥ : G — GL(V) be the irreducible represen-
tation induced by ¥*. It is known ([4], p. 65), that C[G¢] C ko(G) con-
tains a vector space V* such that the representation I' : G = GL(V*)
induced by the action p* of G¢ on C[G] is isomorphic to ¥. I" induces a
representation I'* : g(K/k) — gl(V*) isomorphic to ¥* (note that the lie
algebra of G ¢ is isomorphic to g(K/k)). Let yy, . . ., y,, be a C-basis of V*
and let

W"(y, yl, o v ey ym)

L¥(y) =
Y Wr(yis -« o5 Ym)
where Wr denotes the wronskian determinant. Let M = ko{yy1, . . s Ym?)
(= the differential field generated by y;, . . ., y,, over ko). G¢ leaves the

coefficients of L*(y) fixed. Since G is dense in Gy, these coefficients lie
in k. Therefore M is a Picard-Vessiot extension of k(. Furthermore, if g €
G leaves all the elements of M fixed, it must lie in the kernel of I" and vice
versa. Since this kernel is finite, the set of all g € G such that g leaves each
element of M fixed is a finite normal subgroup N of G. Therefore M is
isomorphic to k(G/N) and k((G) is a finite algebraic extension of M.
Finally, we show that (G/N) is the galois group of M and so g(M/k)
is isomorphic to g(K/k). Since N is a finite normal subgroup of G, it is
abelian and therefore diagonalizable. In particular this implies that N is
defined over C and so G/N is defined over C. The only elements of ko(G/
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N) left fixed by all of G/N are the elements of k(. (G/N) is dense in G/N
and acts as a group of differential automorphisms of ko(G/N). Therefore
(G/N)c is a subgroup of the galois group of M whose fixed field is k. The
galois theory implies that (G/N)¢ must be the galois group.

Remarks.

1) In general, we do not know if k, may be replaced by k in the con-
clusion of Lemma 2.

2) The hypotheses that G(K/k) is simple can be replaced by the as-
sumption that G(K/k) is connected and has a lie algebra with nilpotent
radical. We only needed the original assumption to guarantee that there is
a simply connected algebraic group with lie algebra g(K/k) and the former
assumption guarantees this as well ([9], p. 260).

Examples. The next two examples illustrate Lemma 2.

1) Let £k = C(x), C = the complex numbers and x’ = 1. Let G =
SL(2, C). There exists a Picard-Vessiot extension M = k{y;, y,> of k
corresponding to a second order equation L*(y) = 0, whose galois group
is G ([22]). Consider the C-vector space spanned by y?, y,y,, y3. This
space is left invariant by the action of G. Therefore,

_ Wr(y, ¥, y1y2 ¥3)
L(y) - ) 2
Wr(y1, y1y2 y3)

has coefficients in k. Let K = k{y?, y,y,, y3). This is a Picard-Vessiot
extension of k corresponding to L(y) = 0. Note that [M : F] = 2 and that
G(K/k) = G/H where H = { & 1}. Note that G(K/k) = PSL(2, C) and
that this latter group has no nontrivial representation of degree smaller
than 3. Of course, g(K/k) = g(M/k) = sl(2, C). The action of g(K/k) on
the solution space V of L(y) = 0 corresponds to the irreducible represen-
tation of degree 3 of s/(2, C) and the action of g(M/k) on V* corresponds
to the irreducible representation of s/(2, C) of degree 2. This example
shows that the question of solvability in terms of lower order equations
depends on the representations of the lie algebra of the galois group rather
than on the representations of the galois group itself. This example might
lead one to suspect that the M guaranteed by Lemma 2 can always be cho-
sen to be an algebraic extension of K. The next example shows that this is
not always the case.

2) Let G = SPIN(7, C). The smallest faithful representation of G
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occurs in GL(8, C). The results of [22] again show that there is a Picard-
Vessiot extension K of k corresponding to an eighth order equation
L(y) = 0 such that the action of G on the solution space V of L(y) = 0
corresponds to this representation. On the other hand, G/{+1} = SO(7,
C) and this latter group obviously has an irreducible representation of de-
gree seven.

Let ¥* : 50(7, C) = gl(7, C) correspond to this representation. Let
H ={%£1} C G andlet M = the fixed field of H in K. As in the proof of
Lemma 2, one can show that M is the Picard-Vessiot extension of k corre-
sponding to a seventh order equation L*(y) = 0 and that [K : M] = 2.

Proof of Theorem 1. We start by proving sufficiency. Let G° be the
connected component of the identity of G(K/k) and let V be the solution
space of L(y) = 0 in K. First assume that a) holds. Since g(K/k) leaves a
nonzero proper subspace W of V invariant, G° leaves W invariant ([8],

p. 88). If yy, . . ., y; is a basis for W, the coefficients of
Wr( ’ EEECEEE) i)
Liy) = Vs Vi y
Wr(yi, .« o i)

are left fixed by the action of G° and therefore in k*. If we formally divide
L,(y) into L(y) (in the noncommutative ring of linear differential opera-
tors over k*) we may write L(y) = L,—,(L;(y)) + R(y) where R is a linear
operator of order less than i and L,,_, is a linear operator of order n — i.
Since R(y;) = Oforj =1, .. ., i, we must have R(y) = 0. To see that
L(y) = 0 is solvable in terms of linear equations of lower order, note that
K lies in the tower gotten by first forming the Picard-Vessiot extension K,
of k* corresponding to L,(y) = 0, then the Picard-Vessiot extension K, of
K| corresponding to L,_;(y) = 0 and then forming the Picard-Vessiot ex-
tensions of K, corresponding to certain second order homogeneous linear
differential equations whose solutions are the integrals needed to solve
L(y) = 0 using variation of parameters.

Now assume that a) does not hold but that b) holds. Write g(K/k) =
81® -+ @ g, where each g, is a simple ideal and m = 2. In this case
g(K/k) acts irreducibly on V and we can conclude that V=V, ® -+ ®
V.. where each V; is an irreducible g; module ([16], p. 109). In particular
each g; has an irreducible representation ¥¥: g; = gl(V,) of degree less
than n. We can write G* = G;- . .. - G,, where each G; is a minimal
normal simple algebraic subgroup of G ([8], p. 167). Let H;, = G- . .
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. G; - ..G,,. H;is a normal subgroup of G and G/H, has lie algebra iso-
morphic to g;. Let K be the fixed field of H;. Since g(K;/k*) = g; we can
apply Lemma 2 to conclude that the exist algebraic extensions k; of k and
Picard-Vessiot extensions M; of k; corresponding to linear equations of
order less than n such that each K; lies in an algebraic extension of M;.
Therefore, K* =K,- ... K, lies in an algebraic extension of M- . . .
-M,,. If 6 € G(K/k) leaves all the elements of K* fixed, then 0 € H;fori =
1, .. ., m. Since the intersection of the H; is finite, G(K/K*) is finite and
so K is an algebraic extension of K*. Therefore, K lies in an algebraic
extension of M;- . . . - M,,. This shows that L(y) = 0 is solvable in terms
of lower order equations. If case ¢) holds, then we can let m = 1 in the
above argument and the conclusions follow.

We now deal with necessity. First note that for a lie algebra g C sl(n),
either g leaves a proper nonzero subspace invariant or g is semisimple ([7],
p. 102). Cases a) or b) will automatically hold unless g(K/k) is simple.
Therefore, we can assume g(K/k) is simple and by replacing k by its alge-
braic closure in K, we can assume that G(K/k) is connected. Now assume
that L(y) = 0 is solvable in terms of equations of lower order. This implies
that there is a tower k = Ky C K; C --- C K, such that either
G(K;/K,_;) is finite or has a faithful representation of degree less than .
We proceed by induction on r. The galois theory implies that
G(K|K/K,) = G(K/K N K) which is a normal subgroup of G(K/k) (see
Figure 1). Since this latter group is simple, we are confronted with two
cases:

Kr:Fr—l

|

/ :

|

KIK K2:F1

/ N\ I

K K, =F,
N /

K N K,

Figure 1
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i) G(K/K N K;) = G(K/k), or
ii) G(K/K N K) is finite.

In the first case, since KK is the Picard-Vessiot extension of Fy =
K associated with L(y) = 0 and lies in a tower of smaller height, g(K K/
K ) = g(K/k) satisfies c) by induction. If ii) holds then G(K N K/k) =
G(K/k)/G(K/K N K,) so g(K N K,/k) = g(K/k). We therefore have
that K N K, C K are Picard-Vessiot extensions of k, g(K N K/k) is
simple and g(K/k) has a faithful representation of degree less than n.
The galois theory implies that G(K N K /k) = G(K/k)/G(K /K N K ).
Therefore we have a surjective homomorphism 7 : g(K,/k) = g(K N K,/
k). Since this latter lie algebra is simple, there exists a homomorphism A :
g(K N K/k) = g(K,/k) such that 7 - \ is the identity on g(K N K,/k)
([9], p. 101). Composing N\ with the representation of g(K/k) gives a
faithful representation of g(K N K,/k) of degree smaller than r. There-
fore, ¢) is satisfied.

In light of Theorem 1, one could ask: Is there a procedure to decide if
an n' order homogeneous linear differential equation with coefficients in
Q(x), Q the rational numbers, can be solved in terms of linear differential
equations of lower order. We have given a procedure when » = 3 ([20])
and have also given a procedure to decide if such an equation can be solved
in terms of liouvillian functions ([19]). The general problem remains open.

3. Fano’s Theorem.

THEOREM 2. Let k be a differential field of characteristic zero with
algebraically closed field of constants C. Let L(y) = 0 be a homogeneous
linear differential equation of order n, n < 6, with coefficients in k and K
the associated Picard-Vessiot extension of k. If P(x 1, . . ., x,)is a homoge-
neous nonzero polynomial with coefficients in C and P(yi, . . ., y,) = 0
for some fundamental set of solutions y, . . ., y,of L(y) = 0in K, then
L(y) = 01s solvable in terms of lower order linear differential equations.

Proof. First note that for » = 1 or 2 this theorem is trivial since
P(y;) = 0implies y; = 0 and P(y;, y,) = 0 implies y; = cy, for somec €
C, ¢ # 0. Therefore we may assume that n =.3. Also note that if L(y) =
y®+a, y®=D 4 ... + ayy = 0 has a fundamental set of solutions y;,

. s Ynsuchthat P(y,,. . .,y,) = Othen,if z;, = y,exp(—1/n{a,—,), we
have P(zy, . . ., z,) = 0. Therefore we may also assume thata,_; = 0 and
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that G(K/k) C SL(n, C). We now prove the contrapositive of the Theo-
rem 2.

We consider G(K/k) as acting on the projective space P(V) where V
is the solution space of L(y) = 0in K. If there exists a nonzero homogene-
ous polynomial P such that P(y,, . . ., y,) = 0 for some fundamental set
of solutions of L(y) = 0, then G(K/k) leaves a proper algebraic subset of
P(V) invariant. We shall show that if L(y) = 0 cannot be solved in terms
of linear equations of lower order and 3 < n < 6 then G(K/k) acts transi-
tively on P(V) and so no such P exists.

The Corollary to Theorem 1 states that g(K/k) is a simple lie algebra
that has no nontrivial representation of lower degree. Therefore we must
examine those simple lie algebras g whose lowest dimensional nontrivial
representation is of dimension n for 3 < n < 6. We use the standard nota-
tion A,(n = 1), B,(n = 2), C,(n = 3), D,(n = 4), for the infinite famil-
lies of simple lie algebras and refer to [7] for standard facts about their
representations. We also use the fact that SL(n, C) and SP(n, C) act tran-
sitively on P(C") ([10], p. 360 and p. 374).

n = 3: g = A, and the representation of A, = sl(3, C) is the canoni-
cal one as 3 X 3 matrices. The component G° of the identity in G(K/k)
must then be the group SL(3, C).

n=4: g = Ajor B, (= Cy). Gis either SL(4, C) or SP(4, C).

n=25 g=A,and G%is SL{4, C).

n =06: g = Asor C;. Gis either SL(6, C) or SP(6, C).

For 3 = n =< 6, any L(y) = 0 that is not solvable in terms of linear
equations of lower order will have one of these groups as the connected
component of the identity of its galois group. These groups leave no proper
subvariety of P(C”) invariant. Therefore, no fundamental set of solutions
will satisfy a nonzero homogeneous polynomial equation.

We now show that, whenn = 7and k = C(x),x’ = 1, Theorem 2 is
false.

TueoreM 3. Foralln = 7, there exists a homogeneous linear differ-
ential equation L,(y) = 0 of order n with coefficients in C(x) such that:

i) there is a fundamental set of solutions of L,(y) = 0 satisfying
yi+ - +yi=0,and
ii) L,(y) = 0is not solvable in terms of lower order linear equations.
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Proof. Consider the special orthogonal group SO(n, C). The results
of [22] imply that for each n, there exists a linear differential equation
L¥(y) = 0 with coefficients in C(x) whose galois group is SO(n, C). Let
zy, . . ., z, be a fundamental set of solutions of L¥(y) = 0in K, the asso-
ciated Picard-Vessiot extension of k. Fori = 1, ..., n, lety; = apz; +
a,z; + ayz;” where ay, a,, and a, are elements of C(x) to be determined.
yi+ o+ +y2= Q(ag, ay, a,) where Q is a homogeneous quadratic poly-
nomial in the a; whose coefficients are polynomialsin yy, . . ., y,, Pise oo
Yns V1 s+« ¥u . An easy calculation shows that these coefficients are left
invariant under the action on SO(n, C) and so lie in C(x). Since Q(ay, a;,
a,) is a homogeneous polynomial of degree 2 in three variables, there exist
ag, ai, a, in C(x), not all zero, such that Q(ay, a,, a;) = 0 ([S], p. 22).

We now claim that y,, . . ., y, form a fundamental system of solu-
tions of a linear differential equation L¥(y) = 0 of order r with coeffi-
cients in C(x). First of all, y,, . . ., y, are linearly independent over C. To
see this, assume thatc,y, + -+ + ¢, y, = 0 for some constants c;. Then
aglcizy + - +c,z,) Facizy + -0 ez +oaxeiz + o0+
¢,z,)" = 0. Therefore, L,(y) = O and ayy” + a;y’ + apy = 0 have a
common solution. The space of all such common solutions is a proper sub-
space of the solution space of L,(y) = 0 that is invariant under SO(n, C)
and therefore must be (0). This implies that ¢;z; + --+ + ¢,z, = 0 so
each ¢; = 0. From the form of the y; we see that the C-space spanned by
them is invariant under the action of SO(n, C), so the coefficients of

W"(y, y1) o e ey yn)
Wr(yl, o vy yn)

L,(y) =

are left invariant under SO(n, C) and so must lie in C(x). Clearly, C(x) (y,
. . ¥»» C K. To see the opposite inclusion, differentiate the relations
Yi = apz; + az; + ayzn times to get

_ _ - -1
R e I TR o I R ’.]
Yi° " Ya by . by, Zy1 "t Zy

for some b; in C(x). Since the matrices | y}")] and [z}”] are invertible, the
matrix [b;] is invertible. Therefore each z; € C(x){y, . . ., y,). This fur-
thermore implies that the galois group of L,(y) = 0is SO(n, C). Forn =
7, so(n, C) is a simple lie algebra with no nontrivial representations of di-
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mension less than n. Therefore L,(y) = 0 is not solvable in terms of linear
equations of smaller order.

Note that for n < 6, so(n, C) either is not simple or has a nontrivial
representation of degree <n. Therefore the equations L,(y) = 0 con-
structed in the above proof are solvable in terms of equations of lower or-
der when n =< 6.

4. Linear differential equations whose solutions lie on curves. In
this section we discuss some of Fano’s results relating to the title. Using
these we characterize those homogeneous linear differential equations of
order 3 having a fundamental set of solutions satisfying a nonzero homoge-
neous polynomial equation.

Let k be a differential field of characteristic 0 with algebraically
closed constant subfield C and let L(y) = 0 be a homogeneous linear dif-
ferential equation with coefficients in k. We say that L(y) = 0 has a fun-
damental set of solutions lying on an algebraic curve if there exists a funda-
mental set of solutions {y;, . . ., y,} such that the zero set of I = {P|Pisa
homogeneous polynomial with coefficients in C and P(y,, . . ., y,) = 0}
inP"~!(C) is a curve (i.e. a one dimensional projective variety). I generates
a prime ideal so the zero set € of I is irreducible. All of this is equivalent to
saying that Proj(C[yy, . . ., y,]) = C has dimension 1. The main result
(Theorem 4) is that if L(y) = 0 has a fundamental set of solutions lying on
an algebraic curve then either all solutions of L(y) = 0 can be expressed in
terms of liouvillian functions or can be expressed in terms of solutions of a
second order homogeneous linear differential equation.

Before we prove the theorem, we need some facts about symmetric
powers of linear differential operators. Given homogeneous linear differ-
ential equations L(y) = 0 and Lx(y) = 0 with coefficients in k, there
exists ([20], p. 671) a unique linear differential equation L3(y) = 0 with
coefficients in k such that:

(i) If y,is a solution of L,(y) = 0 (i = 1, 2) then y, y, is a solution of
Li(y) = 0.

(ii) L;(y) has leading coefficient 1 and has the smallest order of all
homogeneous linear differential equations satisfying (i).

Lj(y) is called the symmetric product of L,(y) and L,(y) and is de-
noted by L; ® L,(y). Given a homogeneous linear differential equation
L(y) = 0, we can inductively define LO™(y) by LO(y) = L(y)
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and L®"’(y) = LOm~1(y) ® L(y). If L(y) has order n, then L®’"(y) has

order at most
m—+n—1
n—1 .

If n = 2, then L®"(y) has order precisely m + 1 ([20], p. 673). Lemma 4
characterizes those homogeneous linear differential equations that are
symmetric powers of second order equations as those equations having a
fundamental set of solutions lying on the rational normal curve ®,_; of
degree n in P"~!. Recall that the rational normal curve ®, in P" is the
image of P! under the map (s, t) = (s*, s" " !t, . . ., t") ([6], p. 315).
Finally, recall some facts about the representation theory of SL(2, C).
SL(2, C) acts as a group of linear substitutions on the polynomial ring
CI[X, Y]. If H, is the space of homogeneous polynomials of degree n, then
H, is an irreducible SL(2, C) module and, up to isomorphism, these are
the only irreducible SL(2, C) modules. We denote the representation of
SL(2,C)in SL(H,) = SL(n + 1, C) by p,. In the following Z, will denote
the center of SL(n, C), that is the finite group of constant matrices in
SL(n, C).

LeMMA 3. Let G C SL(n, C) be a group leaving the variety defined
by .

2 ViYisr — Yie1 =0 i=1,...,n— 2

invariant. Then G C p,—(SL22,C))-Z,.

Proof. Equations (2) define the rational normal curve ®,,—; in P*~1,
Let ¢:P! — P"~! be the regular birational map (s, t) = (s"!,
s"72t, . . ., t""!) mapping P’ to ®,_;. The automorphism group of P! is
SL(2, C)/{£1} and G acts as automorphisms of & ,—;. Therefore, for any
o € G, there exists a r € SL(2, C) such that o(s" ™!, s"72¢t,. . ., t"" 1) = {(s,
t)-o(r(s, 1)) = (s, t) p,—y(s” 1, 572, .. ., t" V) forall (s,1) € C* —
{(0, 0)}, where for each (s, t), {(s, t) is a constant matrix. Since { is a
rational map from P! to Z, and P! is connected, {(s, t) is constant on P!,
Therefore, 0 = p,—;(7) - { for some 7in SL(2, C) and { € Z,,.

LEmMA 4. Let k and L(y) be as above. L(y) = L?"_l(y) for
some second order homogeneous linear differential polynomial L,(y) with
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coefficients in k if and only if there exists a fundamental set of solutions
{¥i, .. o, yu}of L(y) = O such that equations (2) hold.

Proof. If L(y) = L(ZD"_I(y), let {u, v} be a fundamental set of solu-
tions of Ly(y) = 0. Then y; = u"~#vi~1, i =1, ..., nis a basis for the
solution space of L(y) = 0 and eqﬁations (2) hold. Now assume that (2)
hold for some fundamental set { y,, . . ., y,} of solutions of L(y) = 0 and
let K be the Picard-Vessiot extension of k corresponding to L(y) = 0. Let
u =y Dandv = y,/u""2. Equations (2) imply that y;, = u"~/vi~! for
i =1,..., n If K¥is auniversal differential field extension of K and o :
K{u, v) = K* then o(u""') = t(au + bv)"~! and o(v"~ 1) = {(cu +
dv)"~! for some a, b, c, d in the constant subfield C* of K* with ad —
bc =1 and some { with {* = 1. This follows from Lemma 3. Therefore any
such ¢ acts linearly on the C*-span of  and v. So o leaves the coefficients of

Wr(y, u, v)

Lay) = Wr(u, v)

invariant. L,(y) therefore has coefficients in k and L(y) = L2®"_'( ).

THEOREM 4. Let k be a differential field of characteristic zero with
algebraically closed field of constants C and let L(y) = 0 be a homogene-
ous linear differential equation with coefficients in k. If L(y) = 0 has a
Sfundamental set of solutions lying on an irreducible algebraic curve C,
then one of the following holds:

a) There exists a v € k such that if y is a solution of L(y) = 0, then
yel is algebraic over k.

b) There exist a second order homogeneous linear differential equa-
tion Ly(y) = 0 with coefficients in k such that L(y) = L?”_l(y).

¢) There exist v, and v, that are the two roots of a quadratic polyno-
mial over k, and nonnegative integers N > nandi, < *++ < i, < Nsuch
that {wiiwd =1, . ., wiw) ~'n} forms a fundamental set of solutions of
L(y) = 0, where w; = exp(f v,) and w, = exp(] v,).

Before we give the proof, we will make some comments and give some
examples.

First note that we can make a further deduction from conclusion c).
{w1, w,} is a fundamental set of solutions of the second order homogene-
ous linear differential equation
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’

b ab’
—4 r 2 2 ’ =
Lyy)=y -<2a+ 2b>y <3a + b2+ a’ + B >y 0

where a = (v{ + vy)/2 and b = [(v; + v,)? — 4v,v,]/4 are in k. There-
fore L?N( y) = Ly_,(L(y)) for some homogeneous linear differential
polynomial L y_,(y) with coefficients in k.

Secondly, conclusions b) and c) of the theorem are sufficient condi-
tions as well. To see this assume that b) holds and let {v;, v,} be a funda-
mental set of solutions of L,(y) = 0.{y; =wi !, ..., y, = w3~ !} forms
a fundamental set of solutions of L(y) = 0 and satisfies (2). Therefore,
L(y) = 0 has a fundamental set of solutions lying on a rational normal
curve. If ¢) holds, then y, = v¥, . . ., yy+; = v¥ lies on a rational normal
curve Ry in P, {y;, . . ., y; } form a fundamental set of solutions of
L(y) = 0 that lie on a projection of ®Ry.

Finally, conclusion a) is, in general, not sufficient. For example, let
k= C(ty, ..., t,) where ty, .. .,t, are differentially algebraically inde-
pendent. {z, . . ., ¢, } form a fundamental set of solutions of some homo-
geneous linear differential equation L(y) = 0 with coefficients in k. If
{y1,- - ., yn}is afundamental set of solutions of L(y) = 0, then {¢4, . . .,
t,} C C(y1,- .., yu)sotr.deg.cC(yy, . . ., y,) = n. Therefore, yy, . . .,
vy, could not lie on a curve defined over C. On the other hand, if £k = C(x),
x’ =1, (or more generally, if tr.deg.ck = 1) then a) is a sufficient condi-
tion. To see this, let {y;, . . ., y,} be a fundamental set of solutions of
L(y) = 0 and assume that each y; is algebraic over k. We then have that
the tr.deg.cC(yy/y1, - - ., yo/y1) < 1. This transcendence degree cannot
equal 0, otherwise each y;/y; € C contradicting the fact that the y; are
linearly independent over C. This implies that (y,/yy, . . ., ¥y,/y1) is the
generic point of an affine curve, so (y4, . . ., y,) lies on an algebraic curve.

We shall now give examples to show that each of a), b) and c) can
occur. Let £ = C(x), x’ = 1.

a) Let y,, y,, and y; be the three solutions of
3 2 L. 6 —
y—xyr+ =3 —x*=0.
x
This equation is irreducible over C(x). Furthermore,

3) (1 +y2 +y3)° = (1y2 T y2y3 + y193) (¥1y2y3)
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since x> = (1/x)x°. Therefore, (y1, ¥, y3) lies on the curve defined by (3).
One can check that this is a nonsingular curve of degree d = S and so has
genus (d — 1)(d — 2)/2 = 6. yi, y,, y; are linearly independent over C.
To see this assume that ay; + by, + cy; = 0 for some a, b, c € C, not all
zero. The galois group of C(x)(y;, y2, y3) over C(x) contains a 3-cycle, so
ay, + by; + cy; = ay; + by, + cy, = 0. Since

Y Y2 Y3
— 2 ys oy =ity 3yyys=x—1%0
Y3 Vi Y2
we get a contradiction. The C-space spanned by y, y,, y; is left invariant

by the galois group so {y;, y», y3} is a fundamental set of solutions for the
third order linear differential equation

Wr(y, y1, ¥2, ¥3)

L(y) =
Y Wr(y1, ¥2, 3)

In this example v = 0.

b) Let Ly(y) = y” — xy and L(y) = LYXy) = y” — 4xy’ —
2y. Clearly, if { y1, y,} is a fundamental set of solutions of L,(y) = 0, then
{y1, ¥y1y2 »3}} is a fundamental set of solutions of L(y) = 0 with
(»1y2)? —yiyi =0.

¢) Letv; = x!?2 and v, = x~ /2. We then have that w, = e and
wy = e!=*"?, These satisfy a second order linear differential equation
Ly(y) = 0 whose Picard-Vessiot extension is K = C(x)(x!’?, y|, y,). The
galois group of K over C(x, x!/?) is

a + 0}

a0

0 a
and the galois group of C(x, x!?) over C(x) is the two element cyclic group.
Using this one sees that G(K/C(x)) leaves the space spanned by z; = y$,
zy = y?yz, z3 = y?y%, z4 =y yg, zs = yg invariant. Therefore, {z,, . . .,

zs} is a fundamental set of solutions of a fifth order homogeneous linear
differential equation L(y) = 0. This fundamental set lies on a curve in P*

[x172
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parameterized by (s®, s5¢, s3¢3, st>, ¢°). This is a curve of degree 6 and so is
not a rational normal curve. Therefore, L(y) is not the symmetric power of
a second order homogeneous linear differential equation.

Proof of Theorem 4. Let{y,. . ., y,}be afundamental set of solu-
tions of L(y) = 0 that lie on the curve C in P*~! and let K be the Picard-
Vessiot extension of k corresponding to L(y) = 0. The galois group
G(K/k) acts on the C-span of {yi, . . ., y,} and therefore give a faithful
representation p of G(K/k) into GL(n, C).

We shall first show how to reduce the problem to the case where
p(G(K/k)) C SL(n, C). If L(y) = y™ + a,_;y*Y + -+ + ayy, then
letting z; = exp(—1/n §{ a,—,)y;, we see that {z,, . . ., z,} form a funda-
mental set of solutions of a new homogeneous linear differential equation
L¥(y) =y™ + b,_,y"=P + - -+ + b,y with the b, € k. Furthermore if P
is a homogeneous polynomial with coefficients in C, then P(yy, . . ., ¥,) =
0 if and only if P(zy, . . ., z,) = 0. Therefore, (zy, . . ., z,) lies on C. If
either a), b), or c) hold for L*(y) then the corresponding conclusion will
hold for L(y). Therefore, we shall assume that o(G(K/k)) C SL(n, C).

We first deal with the case of genus(C) = 1. If V is the C-span of
{yi, - . -, yn}, then G(K/k) acts on P(V), giving a representation ¢ of
G(K/k) into PGL(V) with finite kernel. We shall show that the image of ¢
is finite as well. ¢(G(K/k)) acts as a group of automorphisms of C. Since
C spans P(V), this action is faithful. If genus(C) = 2, the automorphism
group of C is finite ([6], p. 348) so the image of ¢ is finite. If genus(C) = 1,
the automorphism group of € is a projective variety ([6], p. 321). The im-
age of G(K/k) in this group is closed and affine so it must be finite ([8],
p. 45). Therefore, if genus(C) = 1, G(K/k) is finite, so all solutions of
L(y) = 0 are algebraic.

If genus(C) = 0, then the degree of € = n — 1 ([6], p. 315). If the
degree of € = n — 1 then, after making a linear change of coordinates, we
may assume that C is the rational normal curve ® ,,—;. Lemma 4 allows us
to conclude that b) holds.

Now assume that genus(C) = 0 and C has degree N > rn — 1. There
exists a regular birational map n : P! = € given by (s, t) = (51(s,2), . . .,
7,(s, t)) where the n; are homogeneous polynomials of degree N. n allows
us to identify ¢(G(K/k)) with a subgroup of SL(2, C)/{£1}, the auto-
morphism group of P!, Therefore there is a subgroup G of SL(2, C) such
that G/{x1} = ¢(G(K/k)). As in the proof of Lemma 3, for any o €
G(K/k) there is a 7 € SL(2, C) and { € C, {* = 1, such that
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4) n(7(s, 1)) = pn(r)(n(s, t)) = ¢ o(n(s, 1))

for all (s, ¢) € P!. This further implies that the space spanned by 74, . . .,
1, in Hy, the space of homogeneous polynomials of degree N in s and ¢, is
left invariant by G under the representation py of SL(2, C) on Hy.

We claim that the only unipotent element of G is the identity. To see
this, one easily checks that for a # 0,

Ao 3)

has a unique nontrivial invariant subspace and that this subspace has di-

mension 1. Therefore
1 a
PN
0 1

cannot leave a proper n dimensional subspace (n > 1) invariant. We can
conclude that G consists of semisimple elements ([8], p. 99). The only such
subgroups of SL(2, C) are finite or have connected component of the iden-
tity, G, conjugate to the diagonal group

a# 0}.

= {i )

If G is finite, then G(K/k) is finite and so all solutions of L(y) = 0 are
algebraic over k. We may therefore assume that G° is conjugate to D. In
this case [G : G°] = 1 or 2, since every element of G permutes the two one
dimensional eigenspaces of D.

We identify V with a subspace of Hy. Hy is the sum of one dimen-
sional py(D) invariant subspaces V;, where V; is spanned by s’t¥~/ and

a O
(5) sz(( >>(sitN—i) = g2i—NgigN—i,
0 a!

Therefore, there is a basis of V of the form z; = sit¥N"i1, ., . ., z, =
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sintN=in j < -+ < i,. Notice that for all s and ¢, the point (zy, . . ., z,)
satisfies
(6) Zp TR = g k=2, n—1

These equations define a curve C* and the automorphism of V taking y, to
z; takes C to C*. Therefore we may assume that L( y) = 0 has a fundamen-
tal set of solutions z, . . ., z, such that equations (6) hold.

Let w; and w; be elements of an algebraic extension of K such that

[ N—ij —

wiltwy ' =z,
(7)

W'"Wz =z,
that is,

w1 =) = ZN=inz i1 =N
8)
wlzv(’n*’l) = z’lnzn_'1

Equations (6) and (7) imply that z, = {,wkw) ', for some root of unity ¢,
andk =1, . . ., n. Therefore, L(y) = 0 has a fundamental set of solutions
of the form {wilw5 ™, . . ., whw) ™}, We now deal with the two cases
[G:G% =1and [G: G = 2.

If G = G° = D, then for any o € G(K/k) (4) and (8) imply that

o(wi 17y = g Wi
9)

g(wjzv(’.nf'.l) = dzwlzv(in_il)

for some d,, d, € C. Therefore, w{/w, = v, and w4 /w, = v, are left fixed
by G(K/k) and so lie in k. {w,, w,} is a fundamental set of solutions of a
second order homogeneous linear differential equation with coefficients in
k and satisfy c).

If [G : G = 2, we may assume that G is generated by D and

0 1
T= ,
-1 0
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so any element of G is of the form
a O 0 a!
' or .
0 a! —a 0
a!
PN 0
—a

maps V;to Vy_;. Since this element leaves V =V, ® : - - @V, invariant,
we must have i, = N — i,. Therefore,

0 a!

PN (Z]) = C1zZ,
—a 0

PN >>(Z,,) = €2z,
—a 0

for some ¢, ¢, € C. This implies that for any 0 € G(K/k), either (9) holds
or we have

(10)

a(w1™) = d 2 "inz 17N
(11)

oWy = d,yzipz, 71
(9), (11) and iy = N — i, imply that

’ 14 ’ ’
wi w2 wi w3
+ == and — - —

wi w» wi w3

(12)

are left fixed by all elements of G(K/k). Therefore, wi/w; = v, and
w3 /w, = v, are conjugate roots of some quadratic equation over k, and
{w,, w,} satisfies c).

The following is an immediate consequence of Theorem 4.

CoRrOLLARY. Let k be as above and let L(y) = 0 be a third order
homogeneous linear equation with coefficients in k. If there exists a non-
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zero homogeneous polynomial P with constant coefficients and a funda-
mental set of solutions {y1, ¥3, y3} of L(y) = O such that P(y1, y,, y3) =
0, then either all solutions of L(y) = 0 are liouvillian over k or L(y) is the
second symmetric power of a second order homogeneous linear differential
equation with coefficients in k.

Theorem 4 and this corollary appear in ([3], p. 495 and p. 579-580),
although Fano only states them when ¥ = C(x) and omits many details.
His statement of conclusion c¢) of Theorem 4 (op. cit., bottom of p. 580) is
particularly vague. A similar result appears in ([17], p. 226] with a proof
based on the theory of differential invariants. Fano also considers the situ-
ation when a fundamental set of solutions of L(y) = 0 lies on an algebraic
surface or on a 3-fold, as well as classifying those n™" order homogeneous
linear differential equations (n < 5) having a fundamental set of solutions
satisfying some homogeneous polynomial equation.

Appendix. We shall explain the connection between Picard-Vessiot
extensions with galois group G and principal homogeneous G-spaces. This
connection is well known and has been described in the more general situa-
tion of strongly normal extensions and principal homogeneous spaces for
arbitrary algebraic groups by Kolchin and Lang [13], Biaynicki-Birula [1],
and Kolchin [12]. The two former presentations rely heavily on criteria of
Weil for a variety to be birationally equivalent to either an algebraic group
or a principal homogeneous space. The latter makes the connection in a
more natural way but at the expense of having to develop the theory of
algebraic groups and homogeneous spaces in a way that is far from the
standard approaches. Our aim here is to rely only on the most elementary
aspects of the galois theory of linear differential equations (as presented in
[11]) and the standard presentation of the theory of linear algebraic groups
(e.g. [8]) to give an elementary exposition of the relationship between
Picard-Vessiot extensions and principal homogeneous spaces. Part of our
proof has already appeared in [21]. We will need the following special case
of a theorem of Rosenlicht [15]:

LeMMA 5. Let k C K be differential fields of characteristic 0 with
the same field of constants and assnme that K = k(xy, . . ., x,) where
x//x;€kfori=1,...,n.IfyeKandy’'/y €k, then thereexistsad ek
and integers n; such that y = d Il x .

Proof. We first show that if z,, . . ., z,, are nonzero elements of K
withz;'/z;€ek andz;/z, ¢ k fori + j, then L z; # 0. Assume that this is not
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true and let N be the smallest integer for which there are such elements
withz; + -+ + zy = 0. Wethenhavez,” + --- +zy' = 0so

N zi, Zl,
E - ) z; =
=2\ z; Z1

Therefore, we have a smaller counterexample unless

fori = 2, ..., N. This would imply

<i> =0 or ﬁek,

21 21

a contradiction.

Now let y € K satisfy y’/y € k. We may choose a k-basis {u;} of
klxy, . . ., x,] over k in such a way that each u; is a monomial in x4, . . .,
x,. We may then write

_ E a;u;
Y E bjuj

witha;, b;ek,soZa;yu; — L b;u; = 0. Note that fori # j, a;,yu;/a;yu; =
a;u;/aju; & k since the u; are linearly independent over k. Similarly,
b;u;/bju; ¢ k. Therefore, for some i and j, we must have a;yu,;/b;u; € k so
y = dIl x,~"i.

CoroLLARY. Let k C K be differential fields of characteristic zero
with the same field of constants. Let E = {y e K|y’ /y €k} and k™ be the
nonzero elements of k. If k is finitely generated (as a field) over k, then
E/k* is a finitely generated abelian group.

Proof. k(E) is a subfield of K and so it is finitely generated over k.
We may therefore write k(E) = k(xy, . . ., x,,) for some x; € E. Lemma S
implies that E/k* is generated by x4, . . ., x,.

Let C be an algebraically closed field of characteristic zero and let G
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be a connected C-group, that is a group defined over C. If k is a field con-
taining C, then k[G] = C[G] ®c k. G¢ (resp. G) will denote the C-points
(resp. k-points) of G. When no subscript is used we are referring to points
in some large algebraically closed field U containing all fields under dis-
cussion. Let X be an affine variety defined over k. We say that X is a prin-
cipal homogeneous G-space over k if there is a morphism, defined over k,
¢ : X X G — X, where ¢(x, g) is denoted by x * g, such that:

a) (x'g)-h=x-(gh)forallxeXand g,heG
b) x-e =xforallxeX
c) for all x, y € X there is a unique g € y such thatx-g = y.

For example G itself is a principal homogeneous G-space over any k
with C C k, where G acts on G by right multiplication. Note that ¢ induces
a k-algebra homomorphism ¢* : k[X] = K[X] ®; K[G] and that for any
g € G we have an isomorphism g* : k[X] — k[X] given by g*(f)(x) =
f(x:g). In this way G, acts as a group of k-automorphisms of k(X) such
that the fixed field of G is k. Let K, K, be two fields containing k and k,
a field with C C k; C k (we shall only be concerned with the cases of k; =
Cork, = k). If Gy, acts as a group of k-automorphisms of K and K, we
say that K, and K, are Gy,-isomorphic if there is a k-isomorphism * :
K| — K, such that g - y*(f) = J*(g-f) for all f € K, and all g € G¢,. If
X and X, are two principal homogeneous G-spaces defined over k, we say
that X, and X, are G, -isomorphic if there is an isomorphism ¢ : X; —
X, defined over k, such that (Y(x)) g = Y(x-g) forallx € X, and g €
G,. One can easily show that two principal homogeneous G-spaces are
G -isomorphic if and only if k(X ) and k(X,) are G,-isomorphic. If X isa
principal homogeneous G-space over k and D is a derivation of k(X), we
say that D is a G c-derivation if D(g*(f)) = g*(D(f)) for all f € k(X) and
g € G¢. The following is a special case of Theorem 9 in ([12], p. 430).

THEOREM 5. Let k be a differential field of characteristic zero with
algebraically closed field of constant C and let G be a connected C-group.

a) If K is a Picard- Vessiot extension of k with galois group Gc, then
there exists a principal homogeneous G-space X, defined over k, such that
K is G¢-isomorphic to k(X). Furthermore, X is unique up to Gy-isomor-
phism.

b) Let X be a principal homogeneous G-space defined over k such
that the derivation of k extends to a G c-derivation of k(X) without intro-
ducing any new constants. Then k(X) is a Picard-Vessiot extension of k
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with galois group G ¢ where the galois action of G¢on k(X) is that induced
by the action of G¢on X.

Proof.

a) Write K = k<y1, . ., ) = k1y oo oy Yy - - 00, 0,
y V). Let E={yeK|y'/yek}. The above corollary implies that there
exist xy, . . ., x, € E that generate E/k™. Let R = k[y1, . . ., Yy - + -
P Ly L xxi - xR isa finitely generated

integral k-algebra, so R = k[X] for some variety X defined over k. Fur-
thermore, G(K/k) acts as a group of k-algebra isomorphisms of R (note
that for any o0 € G(K/k), ox; = c¢,x; for some c, € C). Since G(K/k) =
G, there exists a k-morphism ¢ : X X G — X (denoted by Y/(x,g) =x - g)
such that (x-g)-h = x-(gh)andx-e = eforallx e Xand g, h € G.

We now need to show that for any x, y € X, there is a unique g € G
such that x - g = y. If we can show that the Zariski closure (with respect to
our large algebraically closed field U) of the orbit of any element x in X is
all of X, then, since orbits of minimal dimension are closed, we will have
shown the existence part of this statement. Since G is connected, the galois
theory allows us to conclude that k is algebraically closed in K. Therefore,
the variety X is irreducible in the (U-) Zariski topology. We shall show that
the k-Zariski closure ¢/, (x - G) = X. The Zariski closure of x * G will be an
irreducible component of c/,(x - G). Since X is irreducible, we can then
conclude that the Zariski closure of x - G = X. To show that c/,(x - G) =
X, we must show that the only G-invariant ideals of R are (0) and R. Let
I # (0) be a G invariant ideal of R. Since any f in R satisfies a homogene-
ous linear differential equation over k, the G orbit of f lies in a finite
dimensional Gc-invariant subspace of R. Let vy, . . ., v, € I be a basis of
such a subspace. For any 0 € G(K/k) and w = Wr(vy, . . ., v,), we have
o(w) = c,w for some ¢, € C. This implies that w’ /w € k and w € E. There-
fore, w and 1/w are in R. We also have that w € I, as can be seen by
expanding Wr(vy, . . ., v,) by minors. Therefore 1 € I.

We shall now show uniqueness of the element g such thatx -g = h.
To do this it is enough to show that foranyz e X and h € G, if z-h =z
thenh =e.Letz =(z(,z12,. . ., Zpny . . .) and let Z be the n X n matrix
(z;). The action of G on z induces an action of G on Z, given by matrix
multiplication. For 2 € G there is an n X n matrix H such that the first 2
entries of z - & are gotten from the entries of Z - H. Therefore, Z = Z - H.
Since 1/Wr(yy, . . ., y.) €R, det Z # 0. Therefore, H is the identity ma-
trix. Since H determines the action of 2 on X, we have & = e. This com-
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pletes the proof that X is a principal homogeneous G-space. If X* is an-
other principal homogeneous G-space satisfying a), then k(X) and k(X*)
are G ¢ isomorphic. Since G is dense in G, these two fields are G iso-
morphic. Therefore X and X* are G isomorphic.

b) Let k[X] = kl[yy, . . ., y,]. Wefirst show that each y e k[X] lies in
afinite dimensional G ¢-invariant C-space. For y e k[X], let o*(y) = L uv;
where u; € k[X] an v; € k[G]. Since k[G] = k ®¢ C[G], we may assume
that the v; € C[G]. Therefore, for any x € X and g € G, we have
g¥(f)(x) = L u,(x)vi(g). Since v;(g) € C, we have that, for all g € G,
g*(f) lies in the C-span of the u,. Therefore the space spanned by
{&*(f)|g € G¢} is finite dimensional and G c-invariant.

We may therefore assume that {y,, . . ., y,} are linearly independent
over C and span a G c-invariant C-subspace V of k[X]. This implies that we
have a representation of G¢ into GL(V) and, since X is a principal homo-
geneous space, this representation is faithful. Furthermore, each element
of G¢ leaves the coefficients of

Wr(y, Yis o o oy yn)
Wr(yl’ o e ey yn)

L(y) =

fixed. Since G is dense in G and the only G -invariant functions on V are
the k, L(y) has coefficients in k. Clearly K is a Picard-Vessiot extension of
k corresponding to L(y) = 0 and G C G(K/k). Since the fixed field of
G is k, we have that G = G(K /k).

In the above proof, we used the corollary of Lemma 5 to produce a
finitely generated ring R, which turned out to be the coordinate ring of the
principal homogeneous space. We could have avoided this corollary com-
pletely by letting R be the ring of all elements in K that satisfy homogene-
ous linear differential equations over k. The same proof shows that this
ring has no G-invariant ideals other than R and (0). A result of Magid
([14]. Theorem 4.5) allows us to conclude that R is the coordinate ring of a
G-homogeneous space. We then can show, as above, that this homogene-
ous space is principal.

For the next corollary, recall that a Picard-Vessiot extension K of k is
said to be a G(K/k) primitive extension of k if there is an isomorphism ¢ :
K — k(G(K/k)) such that, for any 0 € G(K/k), and any x € K, ¢(a(x)) =
¢ ¥(p(x)), where p,, is the action of o on G(K/k) by right multiplication. In
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light of Theorem 4, this is equivalent to saying that the principal homoge-
neous G-space associated to K as in part a) is just G itself with the action of
G on G given by right multiplication.

CoROLLARY. Let k be a differential field of characteristic zero with
algebraically closed fields of constants und let K be a Picard- Vessiot exten-
sion of k with connected galois group G(K/k). There exists a finite alge-
braic extension kg of k such that:

i) ko Qy K is a Picard-Vessiot extension of ko with galois group iso-
morphic to G(K/k).
i) ko Qi K is a G(ko Qi K/k)-primitive extension of k.

Furthermore, if k has transcendence degree one over its field of constants,
then we may choose ko = k.

Proof. Theorem 4a) implies that K is the function field of a princi-
pal homogeneous G-space X over k. X will have a point x rational over
some finite algebraic extension k of k. Therefore, X is ko-isomorphic (via
the map g — xg) to the principal homogeneous G-space G. Since G(K/k)
is connected and the galois group of k& K is isomorphic to a subgroup
of G(K/k) of finite index, we have that G(ko ®, K/k,) = G(K/k). This
proves i) and ii).

If the transcendence degree of k over its field of constantsis 1, then for
any connected group G, H\(G, k) = 0 ([18], I1.10 and III.10-14). This
implies that all principal homogeneous G-spaces are G-isomorphic over k
to G and so K is already the function field of the homogeneous G-space G.

NORTH CAROLINA STATE UNIVERSITY
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