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Using the representation theory of groups, we are able to give simple necessary and
sufficient conditions regarding the structure of the Galois groups of second and third
order linear differential equations. These allow us o give simple necessary and sufficient
conditions for a second order linear differential equation to have liouvillian solutions and
for a third order linear differential equation to have liouvillian solutions or be solvable

in terms of second order equations. In many cases these conditions also allow us to
determine the group.

1. Introduction

Let k be a differential field1 with algebraically closed field of constants € and L(y) = 0

a linear differential equa.t.ionti with coefficients in this field. One can form the m'"
symmetric power L&™(y) of L(y) which is the smallest order nonzero linear differential
equation satisfied by the ra*® power of any solution of L{y) = 0.1In this paper we show how
factorization properties of these symmetric powers can be used to determine structural
properties of the Galois groups of second and third order linear differential equation. This
in turn will allow us to give necessary and sufficient conditions for these linear differential
equations to have liouvillian solutions. For example we show (Corollary 4.4):

Let L{y) = y" + ry = 0 be a second order linear differential eguation with
r € k. L(y) = 0 has louvillian solutions if and only if L9%(y) is reducible.

For third order equations we have similar conditions and are also able to characterize
vhose equations that are solvable in terms of lower order eauations (Corollary 4.8):
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1 of characteristic zera as are all the fields in this paper.
Al linear differential equaticns in this paper are homogeneous
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10 M. F. Singer and F. Ulmer

Let L{y) = y"' +ry' + sy = 0 be a third order linear differential equation with
r,8 € k. L(y) = 0 is solvable in terms of lower order linear differential equations
if and only if L9*(y) has order less than 15 or is reducible.

Factorization properties can also be used to determine Galeis groups in many cases.
For example (see Section 2.2 for the definition of the Tetrahedral Group and Theorem
4.3):

Let L{y) = v + ry = 0 be a second order linear differential squation with
r € k. The Galois group of L(y) = 0 is the Tetrahedral Group AfL’ if and only
if LP%(y) is irreducible and L9%(y) is reducible.

Our results show that one can reduce many questions concerning the Galois groups
of linear differential equations to factoring associated differential equations. This under-
scores the importance of finding efficient factorization algorithms, {c.f., Grigor’ev (1990),
Schwarz (1989)).

The main tool of this paper is representation theory and the results spring from the
following facts. The first fact (due to Chevalley) is that if one is given an algebraic sub-
group H of GL(n,{) then there is a faithful representation ¢ : GL(n,C) — GL{m,{)
for some m such that ®(H) is uniquely determined by its set of invariant subspaces in
C™ (c.f., Theorem 11.2 of Humphreys (1981)). The second fact is that given a faithful
representation of an algebraic group, any other representation can be constructed from
this representation using the tools of linear algebra, i.e., tensor product, duals, direct
sums and subspaces. Furthermore, if the group is the Galois group of a linear differential
equation and the representation is the representation on the solution space of the linear
differential equation, then one can mimic this construction at the leve: of the equation to
produce an equation whose solution space corresponds to the other representation {c.f.,
Beukers, Brownawell and Heckman (1988), Deligne (1990), Katz (198%), Katz (1990} and
Singer (1991)). The final fact that we use is that the solution space of a linear differential
equation has a subspace of dirmension m invariant under the action cf the Galois group
if and only if the equation has a factor of order m, Kolchin (1948). Combining these
facts one sees that one should be able to determine the Galois group of a linear differen-
tial equation by considering the factorization properties of certain associated operators.
This philosophy has been successfully used in Beukers, Brownawell and Heckman (1988),
Deligne (1990), Katz (1982), Katz (1990) and Singer (1991). In this paper, we apply this
philosophy to the study of second and third order linear differential equations. Except
for the last fact we do not use the full theoretical power of the above facts, but rather
calculate directly for the groups involved. In particular we show that in this case it is
enough to consider just symmetric powers of small order.

The paper is organized in the following manner. Section 2 contains a description of
the groups that can appear as Galois groups of second and third order linear differential
equations as well as facts about their representation theory. Section J reviews facts from
the formal theory of linear differential equations and Galois theory. In section 4, we
present the main results. Section 5 is devoted to examples.

We wish to thank John Cannon for making available to us a copy of Cagley and the
the Institute fir Algorithmen und Kognitive Systeme of the University of Karlsruhe for
allowing us to use their computer algebra systems.
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2. Group Theory

To any homogeneous linear differential equation L(y) = 0 of order n with coefficients
in a differential field & (with algebraically closed field of constants C), one can associate a
group of n x n matrices G(L) € GL(n,C) called the differential Galois group of L(y) =0
(see Kaplansky (1957) or Singer (1990) for an exposition of this theory; for concreteness,
one may let k = Q(z) and C = Q) . Differential and algebraic properties of the equation
are mirrored by group theoretic properties of this group. This section is devoted to
studying properties of subgroups of §L{(n,C}. The reader interested oniy in the form of
the algorithms and willing to accept certain group theoretic facts, may proeeed to the
next section.

Let V denote a finite dimensional vector space of dimension n over an algebraically
closed field C.

DEFINITION 2.1. A subgroup G of GL(V) is said to act irreducibly if the only G-invariant
subspaces of V are {0} and V. The group G is completely reducible if there are minimal
G-invariant subspaces Vi, - Ve such that V=V, @ --. @ V4.

According to Maschke’s theorem, every finite subgroup of GL(V) is completely re-
ducible. We shall see (in sections 3 and 4) that L{y)} = 0 has a Galois group that acts
reducibly if and only if L(y) is reducible and that one can test directly if this occurs (A
differential equation L(y) with coefficients in & is called reducible if L(y) can be written
as L(La(y)), where Li(y) and Ly(y) are differential equations with coefficients in & of
order > 0. L{y) = 0 is irreducible if it is not reducible). We shall need finer group theo-
retic information when the equation {and therefore the Galois group) is irreducible. The
following definitions are crucial to studying this situation.

DEFINITION 2.2. Let & be a subgroup of GL(n,C) acting irreducibly, i.e. G is a linear
group acting irreducibly on the vector space V of dimension n over . Then G is called
imprimitiveif, for k > 1, there exist subspaces Vi, .-, Vi such that V = V- - -@V} and,
for each ¢ € G, the mapping Vi — ¢(V;) is a permutation of the set § = {Vi,...,Vi}. The
set S is called a system of imprimitivity of G. If all the subspaces V; are one dimensional,
then (5 is called monomial. An irreducible group G € GL(n,C) which is not imprimitive
is called primitive.

We note that since an imprimitive group & is assumed to act irreducibly on V', we
have that G acts transitively on the V;. In particular, all the V; have the same dimension.

DerFiniTioN 2.3. A group G C GL(n,C) whose elements have a common eigenvector is
called 1-reducible.

in Ulmer (1992) it is proven that, if an irreducible differential equation L{y) = 0 has a
licuvillian solution, then G(L) € GL(n,C) has a 1-reducible subgroup H of finite index
and that there is a solution z of L{y) = 0 such that the algebraic degree of u = :'/z aver
kis < [G(L): H].

In this section we will analyse unprimitive and primitive subgroups of G € GL(n, ()
and also see what consequences we can draw from assuming that such a group has a
l-reducible subgroup of finite index.
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2.1. IMPRIMITIVE GROUPS

When n is prime any system of imprimitivity for an imprimitive subgroup G C
G L(n, C) contains only subspaces of dimension one (and therefore G must be a monomial
group). The subgroup leaving one of these subspaces fixed will be a 1-reducible subgroup
of index n. We therefore have the following:

ProrosiTion 2.1. (Ulmer (1992)) Let n be a prime number and let G C GL(n,C) be an

imprimitive group. Then G is a monomial group and confains a I-reducible subgroup of
inder n.

2.2. PRIMITIVE GROUPS

The differential Galois group G(L) of a linear differentiai equation is a linear algebraic
group which, after a suitable change of variables (c¢f. Theorem 3.3), can be assumed
to be unimodular, i.e. G{L) C SL{n,(). We thus restrict ourselves to linear algebraic
subgroups of SL(n,C) (see Humphreys (1981), Kaplansky (1957) or Singer (1990) for
the appropriate definitions). We have the following general result:

Lemma 2.2, Let G C GL{n,C) be a primiiive group. If H is a normal 1-reductble sub-
group of G, then H 1s a subgroup of the group of scalar matrices.

Proor. We say a subspace W G C” is a maximal eigenspace of H if each element of
H acts by scalar multiplication on W and W is maximal with respect to this property.
Let W be the set of maximal eigenspaces of H. By hypothesis, this set is non-empty. 1f
Wi,..., Wy are elements of W such that W,y N (W, + ...+ W) # {0}, then cne
can easily show that m = | and W, = W;. This implies that W is finite and that the sum
V' of the elements of W is a direct sum. Note that H is normal in G so ¢ permutes the
elements of W and so leaves V' invariant. Since G is irreducible, we have V' = C™ and
so W is a system of imprimitivity of (7, unless W contains just one element. Therefore,
we can conclude that the elements of H are all scalar matrices. O

ProposiTiON 2.3. Let G C SL(n,C) be a primitive linear algebraic group. Then:

{i} either G is finile or G°, the connected component of the idenlity of G, is @ semisim-
ple subgroup of GL(n,C),
(it} if G alse coniains a I-reductble subgroup of fintle index, (G musi be finite,
(iii) if n =2 or 3, and G° is semisimple, then G® acis irreducibly on C".

Proor. (c.f., Beukers, Brownawell and Heckman (1988) p. 301 for a similar resuit) As-
sume that G is primitive and not finite. Let R{G°) be the radical of G°. Note that
R(G®) is normal in G. Since R(G®) is connected and soivabie, the Lie-Kolchin Theorem
(Humphreys (1981), p. 113} implies that the elements of R(G°) have a common eigen-
vector, i.e. R{G°) is 1-reducible. Therefore, we can conclude from Lemma 2.2 that the
elements of R(G?®) are all scalar matrices. Since there are only a finite number of such
matrices in SL(n,C), we must have that R(G?) is trivial and so (G is semisimple. This
proves ().

If G also contains a 1-reducible subgroup of finite index, then it contains a 1-reducible
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normal subgroup of finite index. Lemma 2.2 implies that this latter group consists only
of scalar matrices and, since G C SL(n,(C), must be finite. Therefore, GG is finite. This
proves {i)}.

If G is semisimple, then any invariant subspace has a complementary invanant sub-
space. If n = 2 or 3, and G° has a non-trivial invariant subspace, then G° must have an
invariant subspace of dimension 1. This means that ° is I-reducible and so by (%), &
1s finite, a contradiction. Therefore G acts irreducibly. O

Proposition 2.3 reduces the question of finding the primitive subgroups of SL(n,C) to
the question of finding the finite primitive subgroups and the semisimple subgroups. We
begin with the latter. A connected semisimple group is a quotient (by a finite group} of a
direct product of simple groups (Humphreys {1981), p. 167). The simple algebraic groups
and their representations are well understood. In particular, by comparing dimensions one
can see that the only semisimplesubgroup of SL(2,C) is SL(2,C). Therefore any primitive
proper subgroup of SL(2,C) is finite. For n = 3, it is shown in (Singer (1985), p. 674)
that the anly connected proper semisimple subgroup of SL(3,C) that acts irreducibly on
€3 is conjugate to the representation of SL(2,C) given by

- a? 2ab b2
p3<[c d}): ac ad+be bd
c? 2¢ed  d°
This is just the irreducible three dimensional representation of SL(2,C) (see Proposi-
tion 2.4 and the discussion after it). pa(SL(2,C)) = SL(2,C)/{£1} and we shall refer to
this group as PSLa. The normalizer of PSL, in SL(3,C) is PSL2 x C3 where Cy is the
three element subgroup of scalar matrices (Singer (1985), p. 674). Therefore any non-
finite proper primitive subgroup of SL(3, C) 1s conjugate to either PSL, or PSLy x Cs.
We now turn to the finite primitive subgroups of SL(2,C) and SL(3,C).
One knows the finite primitive subgroups of PGL(3,C) (c.f.,, Blichfeld (1917)). From
this list, one can derive the primitive subgroups of SL(3,C) (c.f., Blichfeld (1917)). Any
finite primitive group of SL(3, ) is isomorphic to one of the following groups:

(1) The Valentiner Group Ag[‘a of order 1080 generated as a transitive permutation
group of I8 letters by:
(1,2,4)(3,8,13)(5,7,9)(6,10,12)(11,15,14),
(1,33(2,6)(4,5)(7,12)(8,9)(10,13),
(1,4)(3,8)(5,8)(6,11)(10,14)(12,15),
(1.4,8,3,5,9)(2,7,13)(6,12,10)(11,16,14,17,15,18),
(1,5.8)(2,7,13)(3,4,9)(6,12,10)(11,15,14)(16,18,17}.
We have ASL7/Z(A5M) = 4,
(i1) The simple group Gigs of order 168 defined by:

(X ¥IXT=(X*VY'=(X ¥ )*=Y *=id}.

(1ii) Gies x Ca, the direct product of Gigg with the cyclic group Cy of order 3.
(iv}) As, the alternating group of five letters.
{v} As x C3, the direct product of A with a cyclic group Cy of order 3.
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(vi) The group H3k of order 648 defined by:
[UV.ST | U=V =T =8 =(UV)’=id,VS=TV
VT=5%v U V]=[US.T|=[V.5)=id [U,V?]=5}.

Note that the group Hy%>/Z(H35) is the hessian group of order 216.

(vil) T}}i group H-f;‘“ of order 216 generated by the elements S, T, V and UVU ™! of
Hatg
(viii) The group F:fsf‘a of order 108 generated by the elements S, T and V of H35>.

If G/Z(G) is a simple group, then & also is a perfect group (i.e. equals its commutator
group). In this case any representation of G belongs to SL(n,C). But for the groups
HEE and F3EP there exist irreducible representations in GL(3,C) which do not belong
to SL(3.C). Note that if ¢ € SL{3.C) has order 2, then the trace of g is —1, and if g
has order 4, then the trace cannot be [, —f or —1. Considering the character tables of
these groups, one sees that this restriction implies that there are only two irreducible
characters of degree 3 left for H75-_,L3 and Fg";[“. For the computations in the rest of the
paper we wiill only have to consider these characters.

The finite primitive subgroups of SL(2, C) are isomorphic to one of the following groups
{c.f., Blichfeld {1917), Kovacic {1986)):

(i) The icosahedral group Agl‘“ of order 120 generated as a transitive permutation
group of 24 letters by:
(1.4,2)(2,20,5)(6,13,:4)(7,22,8)(9,24,10){11,21,12){15,23,16)(17,19,18),
(1,6,5,3,15,2)(4,12,21,20,22,7}(8,19,18,11,10,9)(13,17,16,23,24,14),
11,3)(2,5)4,20)(6,15)(7,21)(8,11)($,18)(10,19)(12,22)(13,23)(14,16)(17,24),
(1,3)02,5)(4,200(6,15)(7.21 )8, 11)(9,18)( £0,19)(12,22)(13,23)(14,16)(17.24).
ii) The octahedral S3*2 of order 48 given by:
4 g
{(X¥YI1X3 =¥4=id Y X23=XY'}.

(iii) The tetrahedral group A3L? of order 24 generated by X and Y2,

We note that, the tetrahedral group has two faithfull irreducible representations in
G L(2,C) which do not belong to SL(2,C).

2.3. THE CHARACTERS OF SYMMETRIC PRODUCTS

The main idea of this paper ts that for n = 2 or 3, one can distinguish betwcen
the various primitive groups by decomposing small symmetric powers of the original
representation. We do tis calculation in this section.

The first step is to calculate the characters ym of the m'™ symmetric powers. We follow
the presentation in (Weyl {1946), p. 181). Let z be a variable and define the functions
on GL(n,C), qu,....qn, via the formula:

det(f—z29) = qo—qz+qz5° — ... £¢.2"
for g € G. Note that gy = 1 and ¢,, = det(g). The characters xm of the symmetric power
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S™(C"), then satisfy the following recursion:
xo = 1
Xt — qiXi-1 +92Xi-2 — - . £ nXt-n = 0

for {f = 1,2,... and x_,,x_2, ... are set equal to zero. If G C SL(2,C) we have that

go = 72 = 1 and q; = x, the character of the representation of G on C?, We get the
following:

x2 = x' -1
X3 = x°-2x
xa = x*-37+1
xs = x°—4x*+3x
_ 6 4 2
Y6 = X —9x +6x -1

For G C 5L(3,C), we have that g0 = q3 = 1, g1 = X, the character of the representation
of G on €3 and ¢ = ¥, where ¥(g) = y{g™!). We get the following:

X2 = X' - X

i o= Y-+l

vio= x' -3+ e+

xs = x°—4xx® +3x* +38%x - 2%

For higher dimensional representations of G the power maps (¢f. Neubiiser, Pahlings and

Plesken (1984)) are needed in the formula for x; (see e.g. Neubiiser, Pahlings and Plesken
(1984) for details and further references).

ProprosiTioN 2.4. (See Fulton and Harris (1991}, pages 150, 180) SL{n,C} acts irre-
ducibly on C* and on all symmelric powers S™(C*) of C".

In fact, any irreducible representaiion of SL(2,C) is of the form S™(C?) for n =
0,1,2,... (8%C?) is the trivial one dimensional representation). Note that PSLs is just
the image of SL(2,() in SL(S*(C*)) = SL(3,C). For m odd, these representations are
faithful representations of §L{2,C) and for m even, these have kernel {£1} (and so factor
through PSL,). Therefore the irreducible representations of PSLy are S™(C?),m =

0,2,4,.... A character of a representation of SL(2,C) is determined by its behavior on
the diagonalizable elements of SL(2,(), since these are Zariski dense in this group. If

ém is the character associated with S™{C?) and ¢ = ( 8 091 ) is a diagonal element,

then ¢m(g) =a™ +a™ 2 + ... +a~™. We use this notation in the following:

ProprosiTioN 2.5. Let v be the character of the irreducible representation of PSLq on

C® and Y. the characler of the representation on S™(C2). We then have the following
decompositions:

(i} X2 = ¢4 + g

(11) xa = $s + P2
(iit) xa = ¢g + &4 + ¢o
(iv) x5 = ¢10 + ¢ + @
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Proor. To verify these formuias, it is enough to evaluate the ., on the diagonal el-

az 0 0
ements of PSLy. Such a diagonal element is of the form 0 1 0 ) . Therefore,
0 0 a?

—

x(g) = a®+1+a~? = x(g). Using the formulas x» = x® — ¥, x3 = ¥® — 2xx + 1, etc., we
are able to verify the above formulas. O

For each finite primitive subgroup of SL(2,C) and SL{(3,C), using its character table
(computed using the group theory system Cayley, cf. Cannon (1984)) and the orthogo-
nality relations of characters, we can decompose the characters of the symmetric product
(computed using the computer algebra system AXIOM, cf. Jenks and Sutor (1992)). The
result is summarised in the following two tables, where the numbers 4, 3% in the column
As and the row 3 of Table 2 means that the 3-th symmetric product of the character of
any f{aithfull irreducible representation of 4s in SL(3, C) has an irreduzible summand of
degree 4 and two irreducible summands of degree 3.

ASEe S5t ASEa
2 K] 3 3
3 4 4 22
4 5 3,2 3,17
3 6 4,2 23
6 4,3 321 32,1
Table 1
PSL As SL Gies SLs SLs SLs
PSL, : Cs 45 xCy Fae” Gres x C3 & s Hars
2 5.1 5,1 3,3 6 6 6 6
3 7,3 4,32 12,42 7,3 10 8,2 8,2
4 9,5.1 57.4.1 38 8.6,1 9,6 65,3 643

5 11,7,3 5,4,3* 37 8.7.32 15,32 6.3% 9,6,3%

Table 2

For later use we note that in the decomposition of the third symmetric product of
F§5L3, the two one dimensional characters ¥; are of order 4, i.e. %} = 1 but ¥? # 1.
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3. Differential Equations

3.1. GaLols THEORY

In this section we first briefly review some facts about differential algebra and the
existing algorithms for computing liouvillian solutions of linear differential equations.
For a more complete exposition we refer to Kaplansky (1957), Kovacic (1986), Singer
{1981) and Singer (1990).

A differential field (k &) is a field k together with a derivation § on k. A differential
field extension of (k, &) 1s a differential field (K, A) such that K is a field extension of &
and A is an extension of the derivation § to a derivation on K. In this paper we always
assume that k is a field of characteristic 0 and that the field C = kerx(8) of constants of

— d
6 in k is algebraically closed (e.g. (Q(z), E:E))

We also write ¢ instead of 8"(y) and ¥, y", ... for é(y),5*(y), .. .. Unless otherwise
stated, a differential equation L(y) = 0 over k always means an ordinary homogeneous
linear differential equation

Liy) =y + any™ "V + -+ oy +aoy=0  (a; € k).

DEFINITION 3.1. A differential field extension (K, A) of (k, 8) is a liouvillian extension
if there is a tower of fields

k=Ko CHKiC-CKp=K,

where K4 is a simple field extension K;(n;) of K;, such that one of the following holds:

(1) m; is algebraic over Kj, or
(i1) & (m) € K; (extension by an integral), or
(i) é(n;) /m € K; (extension by the exponential of an integral).

A function contained in a liouvillian extension of k is called a liouvillian function over k.

In Kovacic {1986} J. Kovacic gives an algorithm to find a basis of the licuvillian so-
lutions of a second order linear differential equation with coefficients in kg¢(z), where kg
is a finite algebraic extension of Q. In Singer (1981) the first author gives a procedure
to find a basis of the liouvillian solutions of a linear differential equation L{y) = 0 of
arbitrary degree n with coefficients belonging to a finite algebraic extension of Q(z).

DeFINITION 3.2. Let &; and K+ be two differential extensions of k. A differential k-
1somorphism between K| and K5 is a field isomorphism that leaves k fixed and commutes
with 6. The differential Galois group G(K/k) of a differential field extension i of & is
the set of all differential k-automorphisms of K.

DeriNITION 3.3. Let L{y) = 0 be a homogeneous linear differential equation of degree
n with coefficients in a differential field £. A differential field extension K of & is called
a Picard-Vessiot extension {PVE) of k for L(y) = 0 if the following holds:

() K =k <wy,ys, . ...Un >, the differential field generated by £ and y1,¥y2...., yn,
where {y1,42,...,¥n} is a fundamental set of solutions of L(y) = 0.
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{(i1) A and k have the same field of constants.
We denote G(L) the differential Galois group of a PVE associated to L{y) = 0.

A PVE of k associated with L(y) = 0 is well defined and unique up to differential
k-isomorphisms if kery{6) is an algebraically closed field of characteristic 0. It may be
viewed as the splitting field for the equation L{y) = 0. The differential Galois group G(L)
of L{y) = 0 is a linear algebraic group, and there is a Galeis correspondence between
differential subfields of K /k and linear algebraic subgroups of G(L) (see, e.g. Kaplansky
(1957), Singer (1990)). If we choose a fundamental set of solutions {y1,y2,....yn} of
the equation L(y} = 0, then for each ¢ € G(L) we get o(y) = Y ;- cij¥; , where
¢i; € C. This gives a faithful representation of G{L) as a subgroup of GL(n,C). Different
choices of basis {y1,y2,...,yn} give equivalent representations. This equivalence class of
represcutations is fundamental to our approach. In the sequel we always consider this
representation as the representation of G(L).

The following known results show that many properties of the equation L{y) = 0 and
of its solutions are related to the structure of the group G{L):

THEoOREM 3.1. (see e.g. Kolchin (1948), §22, Singer (1990), §33) The differential equa-
tion L(y) = 0 of degree n over k faclors as a differential operator over k if and only if
G(L) € GL{n,C) is a reducible linear group. Lel V be the solution space of L(y) = 0. G(L)
leaves an m dimensional subspace of V invariant if and only if L(y) = La_m(Lm(y))
where L, _m(y) and L,(y) have coefficients in k and are of order m — n and m.

THEOREM 3.2. (see e.g. Kolchin (1948)) A differential equation L(y) = 0 with coeffi-
cienis in k has

{1} only selutions which are algebraic over k if and only if G(L) is a finite group,

(i) only Liouvillian solulions over k if and only if the component of the ideniity G(L)°
of G(L) in the Zariski topology is solvable. In this case L{y) = 0 has a solution
whose logarithmic derivative s algebraic over k.

The following theorem will enable us to always assume that the differential Galois
group G{L) C G L{n,C) of a differential equation L(y) = 0 of degree n is unimodular.

THeoreEM 3.3. (Kaplansky (1957), p. 41} The differential Galois group of an differenizal
equation of the form

Liy) =" +an_oy" P+t a1y +ay=0 (a; € k) (3.1)
is @ unimodular group (i.e. G(L) C SL(n,C)).

fan—l

n
form a given differential equation L(y) into an equation Lsg(y) of the form (3.1). For
L{y} = " + aay’ + a1y + aoy we get:

1t “22 ' ’
Lse(y) =y + (al 3 ﬂg) ¥+ (ao 3 3 37

The above form is a sufficient but not necessary condition for G(L) to be unimodular.

/
Using the variable transformation y = = - exp k— ) it 1s always possible to trans-

ajaz ay 2(123)
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3.2. LINEAR OPERATORS

We first collect some basic facts on linear differential operators. Linear differential
operators can be seen as skew polynomials which can be manipulated almost in the same
way as ordinary polynomials.

3.2.1. FACTORIZATION OF LINEAR DIFFERENTIAL EQUATIONS

Let k be 2 field and 6 be a derivation on k. In order to define the notions of irreducibility
and factorization for a linear differential equation

L(y) = anb™ (1) + an_ 16" D(y) + -+ a0y = 0
of degree n and coefficients in &£ we look at the associated differential operator:
p8) = and" + a1 8D 4 4 ag
We now replace ° by D" in p(é) and consider

(D) = auD" +an 1 D™D 4k ag

as a skew polfynomial in 0. From é(ay) = 6(a)y + ab(y) one gets the rule Da = afl + a®.
We denote k[D, 4] the set of all such skew polynomials. This is an example of what is
called an Qre ring in the litterature.

In Ore (1933) an algebraic theory of k[D, §] is given. It is shown there that the usual
polynomial addition and a multiplication defined by Da = aD + a® and distributivity
makes k[D, §] into a (non commutative) ring which has a left and right euclidean algo-
rithm. The degree of p(D) is defined to be the usual polynomial degree of p(D) in 1.
Since & is a field, the degree of a product is the sum of the degrees.

DEFINITION 3.4. A linear differeniial operator p(D) € k{D, 6] is reducible, if dq:(D),
q2(D) € k[D, 8} of degrees > 0 such that p(D) = q1(D) q2( D). If p(D) is not reducible,
then p(D) is called irreducible. A linear differential equation s called reducible {resp.
irreducible)} if the associatled differential operator 1s reductble {resp. trreducible).

Il L(y) is reducible, then L(y) can be writen as Ly(La(y)), where Li{y) and Ls(y)

are differential equations of degree > (). We point out that a factorization of differential
equation is usually not unique:

ExaMpPLE. We give two irreducible decompositions of a third order differential operator:

d? 82% - 2x — 3 d? _ 2+ 11 d 4r +5
dr3 2e(dz+ 1) dr?  4dz{dz+ 1) dr  4z(dz+ 1)

_ d3+ iz+3 d 4z +5 d |
T\dz? T 2z 4+ Ddx dx(dz+ 1) dz

_fd Aty r-iN/d 1 d |
T \dz r{dz + 1) dz? "9z dr 4z

This shows that different irreducible decompositions, where the degrees are permuted,
are possible. O

In general, although the irreducible factors are not unique, their degrees are unique
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(up to permutation) (see Loewy (1903)). By Theorem 3.1, any irreducible subspace of the
solution space of L(y) = 0 corresponds to a right factor of L{y). Therefore for a completely
reducible Galois group (for example, a finite differential Galois group) the irreducible
factors correspond to itreducible invariant subspaces. In this case, any permutation of
the degrees gives a (possibly different) factorization. Further properties of factorizations
and an algorithm computing a factorization of a reducible differential equation L(y) with
coefficients in C(z) can be found in Grigor’ev (1990), Schlesinger (1895), Schwarz (1989).

An Eisenstein criterion for linear differential equation is given in Kovacic (1972). An-
other condition for irreducibility is given in Beukers, Brownawell and Heckman {1988),
p. 293.

3.2.2. SYMMETRIC POWER OF A DIFFERENTIAL EQUATION

In this section we show how, given some linear differential equations, cne can construct
the following equations:

TureoreM 3.4. (cf. Singer (1980)) Let Li(y) = 0 and L2(y) = 0 be linear differential
equations of degree respecitvely n; and ny and fundamental sysiem respectively S; =
{a, - un,} und Sy = {vy, -+, vn,}. Then one can consiruct a differential equation:

(i) L{y) = Li(y)® L2(y) = 0 of degree ng < nyng, whose solution space is spanned by
S = {ulvl! T '\qu\vl\ T uﬂ)vﬂq}—

(i) LY(y) = 0 of degree n < n,, whose solution space is spanned by the set SUV) =
{é{ur), - & (un, )}

Proor. In order to construct L, (y)® L2(y) = 0 we take two “arbitrary” solutions » and
v of Li{y} = 0 resp. La(y) = 0 and differentiate their product:

Y = uv

§Y) = (u)v+ub(v)

6™ (Y)

1l

m
5 (n.l)éj(u)ém_j(v).
j=o M
On the right side we can always replace terms §™'(u) and 872(v) by derivatives of lower
order using Li{u) = 0 and La(v) = 0. On the right side there are then at most nyna
different terms é'(u)}é/(v) where i < n; and j < ny. This shows that for some m < nyna
the set {¥,8(Y), -+, 8™(Y)} is linear dependent over &, which gives a differential equation
for ¥ = uv.

For Ly = Y7 a;6*(y) the differential equation LU)(y) is given by:

(i) i ag = 0, then LW(y) = =M a;é'~(y).
() If ag # 0 then

n—1i ] 6 a n )
LYy} = a.8"(y) + Z(é(ai“) +a; )8 (y) - ——(aTO) (Z a,—é'"l(y)) }

i=0 i=1
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In Singer (1980} it is shown that S {resp. S(*)) spans the solution space of L;(y)® L2(y) =
0 (resp. LM(y)=0). O

An important special case of the above construction is:

DeriINITION 3.5. The linear differential equation
e i,
LO™My) = L{y)o - L(y) =0

1s called symmetric power of order m of L(y} = 0.

[n order to compute L@ ™(y), one can also differentiate v™, where u is an “arbitrary”
solution of L{y) = 0. It can be shown that the differential equation of lowest degree for
u™ is just LD ™(y} (note that u™ has to be a solution of L&™(y)}. The order of LO™
is at most ("7 *), where n is the degree of L{y) (cf. Singer (1985)).

. d?
ExamMPLE. TFor the the Airy equation L(y) = ‘Y. zy = 0 we get

dz?
d3y dy
®2 - _
L¥*(y) Jo3 43:d 2y
LOS(y) = d'y 56xﬂ - 140—— + 784z2d Y 493522 &y
dz7 dz® dz3 dz?

—4(576z% — ‘295)d—z — 345622y,

Note that (L@2)9? = [®@5(y). O

Let L{y) have order n and let L(y) = 0 have solution space V in some Picard-Vessiot
K extension of k. There is a natural map ®,, of the m'* symmetric power S™(V) (c.f..
Lang (1984), p. 586) into K given by sending 2y® ... @z, t0 23 - ... 5n. The image
of this map is the solution space of L?™(y) = 0. The following lemma summarizes the
properties of &, needed later:

LEMMA 3.5. (1) &, is a G(L) morphism of G(L)} modules.

(ii) If all representations of G(L) are completely reductble, then the solution space of
LO™(y) =0 is G(L)-isomorphic to a direct summand of S™(V).

(i) If n = 2, then ®,, is a bijection for all m. In particular, LO™(y} = 0 has order
o+ 1.

{ww) Ifn =3 and &; 15 a byection for i < m, then the dimension of the kernel of d,,
s al mest V. In this case, the order of LO™(y) = 0 is esther {(m + D(m + 1) or
Hm+2)m+1) - L. )

(v} ifn =3 and $; is a bijection fori < m~1, then lhe dimension of the kernel of &,
is at most 3. [n this case, the order of LO™(y) = 0 is af least s(m+2)(m+1) - 3.

PRoOF. (i) is obvious and (#¢) [ollows from (7) and complete reducibility. Now assume
n = 2. If &, is not injective, then there is a homogeneous polynomial F' of degree m
with coefficients in C such that F(y, y2) = 0 for some linearly independent solutions i,
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and yp of L(y) = 0. Since C is algebraically closed, F may be written as a product of
linear polynomials, so F{y;,¥2) = 0 would imply that 1 and y2 are linearly dependent,
a contradiction. This proves (7iz).

Assume n = 3 and assume ®; is a bijection for ¢ < m. Let {y;,y2,y3} be a basis of
V. We then have that if P # 0 is a homogeneous polynomial of degree 1,i < m, then
Ply vz, 3} #9. Let W = {F'| F is a homogeneous polynomial of degree m with coeffi-
cients in C such that F(y,,y2,v3) = 0)}. Each non-zero F in W must be irreducible, since
otherwise we would have P{y;, ¥z, y3) = 0 for some homogeneous P of degree less than m.
[f the kernel of &, has dimension at least 2, then there would be two relatively prime irre-
ducible homogeneous polynomials £y and Fy such that Fi(y;, vz, ¥3) = Folyi, y2, 43) = 0.
The resultant fes,, (F1, fa), of F} and F3 with respect to y3, is an homogeneous poly-
nomial F'(y;,y,) of degree m? in y; and y» which must be zero. A3 in the previous case,
a factorization of F(y,y2) yields a contradiction. This proves (iv).

Again assume n = J and assume ®; is a bijection for i < m — 1. Let {y, ¥2,y3} be a
basis of V. If ®,,_ is a bijection then by what we have just shown, the kernel of &,
has dimension at most 1. Assume 9, _, is not a bijection. This means that the kernel
of &,,_, has dimension 1. [dentifyving the symmetric powers with spaces of homogeneous
polynomials, we let P be a homogeneous polynomial of degree m — 1 that spans this
kernel. We see, as above, that P must be irreducible. Let W = {F | £ is a homogeneous
polynomial of degree m with coefficients in C such that F(y,y2,y3) = 0}. If F € W
and P does not divide F, then arguing with resultants as in the previous case, we would
have a contradiction. Therefore, P divides all the elements of W. This means that IV is
a subspace of the space of homogeneous polynomials of degree m spanned by Y| P, Y, F
and Y3 P. Therefore the dimension of W is at most 3. O

The following will give us a criteriumn to test if the Galois group is monomial. As we
have noted at the beginning of section 2.1, if n is prime, then a subgroup of GL(n,C) is
imprimitive Il and only 1l it is monomial. If n is not prime, there are always non-monomial
imprimitive subgroups of GL(n, C).

ProrosiTiON 3.6. If an irreducible linear differential equation L(y) = 0 of order n with
coeffictents in k has @ monormual differential Galows group G{L) C SL(n, (), then the n-th
symmeiric power LO™(y) = 0 of L{y) = 0 has a solution which is the square root of an
element of k.

Proor. If G(L) C SL(n.C) is a monomial group, then there is a basis {y1,---.yn} of
the solution space of L{y) = 0 such that all matrices ¢ € G(L) contain only one non zero
element in any row and any column. Such a matrix ¢ has n non zero entries a, - - -, an,
and since it is an element of a unimodular group, its determinant +ajax - -a, is 1. For
any 0 € G(L) we get

o{yiys - yn) = {ajoo--aq)nyz - Ya) = Fdet{o) - (yiy2 - um)
= Wy Un-

‘This shows that (yy2---yn)® is invariant under G(L) and thus belongs to k. Since
Yi¥2 - yn is a solution of L& (y) = 0, we get that L@"(y) = 0 has a solution which is
the square root of an element of k. O
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4, Main results

4.1. GALOIS GROUPS AND SYMMETRIC POWERS

In this section we describe the behavior of the Galois group in terms of properbies
of various symmetric powers of the differential equation. This will give necessary and
sufficient conditions for a second or third order linear differential equation to have a
liouvillian solution. We start with second order equations. In what follows k will always
be a differential field with algebraically closed field of constants C.

TueoreM 4.1. Let L(y) = 0 he @ second order homogeneous linear differential equalion
with coefficients in k and unimodular differential Galois group.

(i) L(y} is reducible if and only if L(y) = 0 has a solution y # 0 such that i /y € k.
I this case G(L) C SL{2,C) 15 reducible.

(i1) Assume L(y) s wrreducible. Then G(L) is imprimitive if and only if L2%(y) = 0
s reducible. In this case LO%y) = 0 has a solution y # 0 such that y* € k. and
G(Ly=C" x Z/?Z or the dihedral group Day,.

f1i) Assume G(L) is primitive. Then LO8(y) = 0 is reducible if and only if G(L) is a
finite group.

(iv) G(L) = SL{(2,C) if none of the above hold.

PRrROOF. Theorem 3.1 handles case {i}) Therefore assume that L(y) is irreducible. In this
case the (Galois group is either primitive or imprimitive. As we noted in the discussion
following Proposition 2.3, the only primitive subgroups of SL(2,C) are either finite or
all of SL(2,C).

Assume that L(y) is irreducible and that L®2(y) is reducible. Lemma 3.5 implies that
the solution space of L92%(y)} is G{L)-isomorphic to the second symmetric power of the
solution space of L(y) = 0. Thereflore this symmetric power must be reducible. Table
| shows that G(L} cannot be a finite primitive group. Proposition 2.4 shows that G(L)
cannot be SL(2,C). Therefore G{L) must be imprimitive. Proposition 3.6 implies that
L®%(y) has a solution y # 0 such that y* € k. Furthermore G(L) must be a monomial
group which in this case means that it is a subgroup of * x Z/2Z. Either it is the full
group or it must be a proper subgroup, in which case it is finite and must be a dihe-
dral group. Conversely, if G(L) is imprimitive, Proposition 3.6 implies that L®2(y) is
reducible.

Now assume that G(L) is primitive. We then have that G(L) is one of the finite prim-
itive groups or all of SL(2,C). Table 1 implies that L®8(y) is reducible. Conversely,
Proposition 2.4 implies that £95(y) is irreducible if G(L) = SL(2.C).

Finally, any proper subgroup of SL{2,C) is either reducible, imprimitive or a finite
prunitive group so the final statement above is true. O

In cases (2}, (122) and (iv) of the above, one can give simple criteria to determine the
Galois group. We do this in the next three propositions. Case (#¢) is more problematic
and we discuss this following these three results.

ProposiTioN 4.2, Let L{y) = () be a second order homogeneous linear differential equa-
tron with coefficients in k and wmmodular differentiel Galois group. Assume L{y) is
reducible (and so has a solution y # U such thal y/fy € k).
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(1) If L(y) = 0 has a unique (up o constant multiple) solution y # 0 such that /' /y € k.
then G(L) is conjugate {0 a subgroup of

= {(3 e

Furthermore, G(L) 1s a proper subgroup of T if and only if y™ € k for some posilive
integer m. [n this case, G{L) is conjugate to

Tm:{(g afl ) Ia,bEC,a"‘:l}

where m is the smallest positive ndeger such that y™ = 1.
(it} If L{y) = 0 has two linearly independent solutions y, and y, such that yl /y; € k.i =
1,2, then G(L} 15 conjugate {o a subgroup of

D:{(g 2 )laec,a;éo}

In this case, y1ys € k. Furthermore, G(L) 1s conjugate 1o a proper subgroup of I3 if
and only if y* € k for some positive integer m. [n this case G(L) 1s a cyclic group
of order m where m 1s the smallest positive tnleger such thal y* € k.

Proor. If L{y) = 0 has a solution y # 0 such that ¢ /y € & then y is an eigenvector for
all the elernents of G{L) so G{L) is conjugate to a subgroup of T. If L{y) = 0 has two
linearly independent solutions y # 0 such that ¥ /y € & then the elements of G(L) have
two independent common eigenvectors so G{L) is conjugate to a subgroup of D.

Assume case (i) holds and select a basis of the solution space such that G(L) C T.
a b
0 a!
of G(L) is a proper subgroup of C*, then this image is a finite cyclic group. Therelore.
G(L) = T Let y be a common eigenvector of G(L). We then have o(y™) = (ay)™ = y™
for any ¢ € G(L) since a is an m'? root of 1. Clearly, m is the smallest positive integer
such that y™ € k. This proves (i).

Assume L{y) = 0 has two linearly independent solutions y; and y, such that yi/y; €
k i =12 With respect 10 ) and y2 G(L) may be 1dentified with a subgroup of . D
is isomorphic to {* so any proper subgroup is a finite cyclic group. Furthermore, for any

e € G(L).a(y1ya) = ayra™ ya = y1y» 50 y1y2 € k. The remaining claim follows as above.
O

The map sending ¢ = ( to a is an isomorphism of G{L) to C*. If the image

When & = C(z),z' = |, one has algorithms to decide this question (see the factor-
ization algorithms mentioned above and also Kovacic (1986), Duval and Loday-Richaud
{1992)). Duval and Loday-Richaud (1992) also mentions the idea of secing how many
solutions one has of a specified {orm te determine the Galos group.

ProPosiTION 4.3, Zel L{y) = 0 be a second order homogeneous linear differential equa-
tion with coefficients in k and unimodular differential Gelois group. Assume G(L) is
primilive.

(i) L23(y) factors over k if and only if G(L) = AS™?. In this case. L9(y) = Li(La(y))
where Li{y) and La(y) have order 2.
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(i1} Assuming LO3(y) irreductble. then L®4(y) factors over k if and only if G(L) =
S3L%. In this case, L24(y) = Li(La(y)) where Ly(y) and La(y) have orders 3 and
2.

(iti) Assuming L@*(y) wrreducible, then LO%(y) factors over k if and only if G(L) =
ASY?. In this case, LOS(y) = Li(La2(y)) where Li(y) and La(y) have orders 4 and

3.
(1¢) G(L) = SL(2,C) if and only if LD 8(y) is irreducible over k.

PRrOOF. Lemma 3.5 states that the solution space of L&™(y) = 0 is isomorphic to the
m'® symmetric power of V, the solution space of L{y) = 0. Table 1 gives the decom-
positions of these spaces for small m and Proposition 3.1 gives the first three results.
Proposition 2.4 gives the final result. U

ProprosIiTION 4.4. Lel L{y) = 0 be a second order homogeneous linear differential equa-
tion with coefficients in k and unimodular differential Galois group. G{L) = SL(2,C}) if
and only if L2%(y) 1s irreducible over k. Therefore, L(y} = 0 has liouvillian solutions if
and only if L2(y) is reducible,

Proor. If G(L) = SL(2,C), then Proposition 2.4 implies L2%(y) is irreducible over k.
Conversely, if G(L) is a proper subgroup of SL(2,(), then Theorem 4.1 implies that
L{y), L9 %(y), or LOS(y) are reducible. If L(y) is reducible then the solution space V of
L(y) = 0 has a G(L) invaniant subspace W. S8(W) will be a (L) invariant subspace of
S5(V), so LD8(y) will be reducible. Similarly, if W is a proper G(L) invariant subspace
of S*(V), then S}(W) will be a proper G(L) invariant subspace of S%(V'). The final
statemnent follows from the fact that any proper subgroup of SL(2,{) has a component
of the identity that has dimension less than 3 and so is solvable. O

Proposition 4.4 can be improved if one knows a priori that L{y) = 0 has no algebraic
solutions (for example, if & = C(z) and L(y) = 0 is not fuchsian). In this case, the proof
shows that G(L) = SL(2,C) if and only if L®?*(y) is irreducible over k (in fact, if and
only if L22%(y) = 0 has a solution y # 0 such that ' /y € k). This fact is the basis of the
necessary conditions for liouvillian solutions developed by Kaplansky (1957). The above
shows that they are also sufficient in this case.

We note that it 15 not so simple to distinguish between the cases of a finite and an
infinite group when G(L) is imprimitive. This question is discussed in Baldassarri and
Dwork {1979) and depends on being able to decide : given an element u algebraic over k,
determine if there is a non-zero integer n such that ¥ /y = nu has a solution y algebraic
over k. This question is decidable when &£ = C(z),z’ = 1.

We now discuss the reiationship between our ideas and Kovacic’s algorithm and we
assume the reader is familliar with Kovacic (1986). Kovacic’s algorithm deals with four
cases. Ilis first case corresponds to the case when the equation (and therefore also the
group) is reducible. The second case corresponds to the Galois group being an imprimitive
group. Kovacic shows that in this case the linear differential equation L(y) = 0 has a
solution y # 0 such that u = y'/y satisfies an irreducible polynomial equations u® +
ayu + ag = 0. Kovacic's algorithm attempts to find this equation. The coefficient a, is
of the form a; = %;; + i: = L}%ﬂ for some solutions y,y2 of L(y) = 0. In particular,
this implies that L®%(z) = 0 has a nonzero solution z such that Z'[z is rational. By
considering the structure of the Galois group, Kovacie can in fact show that z* is rational.
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Kovacic further shows that the coefficient ag is completely determined once a; is known.
Therefore, a careful reading of Kovacic’s proof shows that he has proven parts (i) and
(1) of Theorem 4.1. Case 3 of Kovacic’s algorithm corresponds to the Galois group being
a primitive proper subgroup of SL(2,C) and therefore being finite. Kovacic shows that
in this case, L{y) = 0 has a solution y # 0 such that u = y//y satisfies an irreducible
polynomial equatton u™ + a,,_u™ ! 4+ ...+ ap = 0 for m = 4,6, or 2. The form of
@m-1 shows that for m = 4,6, or 12 L2™(z) = 0 has a nonzero solution z such that z'/z
is rational. In particular, L& ™(z) = 0 will have a factor of order 1 in one of these cases.
Kovacic again shows that the other coefficients a; are completely determined by a,.
and so, he shows that (assuming cases 1 and 2 do not hold) a necessary and sufficient
condition that L{y) = 0 has an algebraic solution is that for m = 4,6, or 12 the equation
LO™(2) = 0 has a nonzero solution z such that z’'/z is rational. Kovacic shows this using
the internal structure (e.g., existence of "large” abelian subgroups) of the finite primitive
subgroups of SL(2, (). This could also be shown just from the represenation theory in
the spirit of Theorem 4.1. When one uses the representation theory as we did, one is
naturally led to consider higher order factors of the symmetric powers. One can then
find necessary and sufficient conditions in terms of the factorization of symmetric powers
of relatively small order. This leads to our distinction of the cases of the algorithm in
Kovacic (1986) using LO@™(z) = 0 for m € {2,3,4,6} instead of m € {2,4,6,12} (sce
Kovacic (1986): p. 5 and p. 32):

CoRroLLARY 4.5. Let L(y) = 0 be a second order homogeneous linear differential equa-
tion with coefficients in k and unimodular differential Galois group. Then one of the
following holds:

{i} The equation L(y) = 0 has a solulion of the form ef"' where w € k if and only if
L{y) = 0 s reducible.
(ii) Assume that the above does not hold. The equation L(y) = 0 has a solution of the

form ef“’ where w is algebraic over k of degree 2 if and only if LO%(y) = 0 is
reducible. In this case G(L) is an imprimitive subgroup of SL(2,C).
{i1i) Assume that the above does not hold, then

{a) The eguation L{y) = 0 has an algebraic solution of the form ef“' where w is
algebraic over k of degree 4 if and only if L23(y) = 0 is reducible. In this case
G(L) = AjLs

(b) The equation L{y) =  has an algebraic solution of the form ezf“J where w
is algebraic over k of degree 6 if and only if LP*y) = 0 is reducible and
L@3(y) = 0 is irreducible. n this case G{L) = Sf‘r"

{¢) The equalion L{y) = 0 has an algebraic solution of the form ef“' where w
s algebraic over k of degrec 12 +f and only of LO%(y) = 0 is reducible and
L®4(y) = 0 is irreducible. [n this case G(L) = ASL2.

(iv} The differential equation has no liowwlian solutions. In this case G(L) = SL(2,C}.
PRrooF. The first case is trivial, so assume G(L) acts irreducibly.

If G(L) C SL(2,C) is an irreducible algebraic group which is not imprimitive and not
finite, then the lasi case holds.
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If G(L) C SL(2,C) is a finite primitive group, then G(L) = ASLa §3ka o ASLs Table
1 proves the facts about the decomposition of the symmetric powers. That the algebraic
degree 4, 6, 12 for w is best possible follows from Kovacic (1986) p. 32 (or Singer and
Ulmer (1991), Ulmer (1992)).

Since G(L) acts irreducibly (i.e. case (i) does not hold), we get from Theorem 4.1 and
Table 1 that G(L) is imprimitive il and only if L®2(y) = 0 is reducible. The fact that
the algebraic degree 2 for w is best possible follows from Kovacic (1986) p. 32 (or Singer
and Ulmer (1991), Ulmer (1992)). O

We do not make any claims that the above conditions yleld, at present, an algorithm
that is better than Kovacic’s. Kovacic analyses the situation much further and gives more
information than we do above (see Duval and Loday-Richaud (1992) for improvements of
Kovacic’s algorithm and applications and Singer and Ulmer (1991) for generalizations to
higher order equations of some of Kovacic’s other ideas and necessary conditions). We do
claim that cur results show the importance of factorization algorithms and the need for
finding more efficient ways to factor linear operators. They are also readily generalized
to higher order equations and can be used over any differential field in which there exists
an algorithm to factor differential operators.

We now turn to third order equations. We state our results first for groups that are
not primitive and then for primitive groups.

THEOREM 4.6. Let L{y) = 0 be a third order linear differential equation with coefficients

in a differential field k with algebraically closed field of constanis whose differential Galois
G(L) group is unimodular.

{i) L{y) = 0 is reducible if and only if L(y) = 0 has a solution y £ 0 such that y'/y € k
or L*(y) = 0. the adjoint of L{y) = 0, has a solution y # 0 such that v /y € k (if
Liy)=y"+py +qu=0 then L (y) =y +py - (¢ - Py =0} .

(i) Assume L{y) s wreducible. Then G(L) is imprimitive if and only if LO3(y) = 0
has a solution y # 0 such thal y* € k. In this case G(L) is isomorphic to a subgroup
of C* w 83, where Sy is the symmetric group on three letters. If G(L) is isomorphic
to a subgroup of C* x A3, where Aj is the alfernaling group on three leflers, then
the above solulion y is already in k.

(it1) Assume L{y)} is irreducible and (i1) does not hold, then G(L) is a primitive group.

Proor. L{y) = 0 is reducible if and only if L(y) = La(L(y)) or L{y) = Li(La(y))
where Li(y} and Lo(y) are of order 1 and 2 respectively with coefficients in &. If L{y) =
Ly(La{y)) then taking adjoints, we have L*(y) = L3(L](y)). Therefore (i) holds.

Now assume that G(L) is irreducible. If G(L) is imprimitive, then Proposition 2.1
implies that L@3(y) = 0 has a solution y # 0 such that y° € k. Now assume the
conditions of (#7) hold. Table 2 implies that these conditions cannot hold if G(L) is
primitive, unless G(L) = F'355L3. Since y° € k, we must have that x* = 1 where v is
the associated character of the one dimensional invariant subspace generated by y of the
third symmetric power of the solution space S of L(y) = 0. If G(L) = Fy.k*, then all
one dimensional characters in the decomposition of the third symmetric power of S have
degree 4, i.e. x2 # 1,x* = 1 (see remark after Table 2). We cannot be in this case. O
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THEOB.EM 4.7. Let L(y) = 0 be a third order linear differential equatior. with coefficients
in a differential field k with algebraically closed field of constants, whose differential Gaiots
group G(L) is unimodular. Assume that G(L) is primitive.

(1) If LO%(y) has order § or factors then G(L) is isomorphic 1o PSLy, PSLa x O3,
As, As x Cy or F356L’. In this case one of the following holds

(2) G(L) = Fs> if and only if LO2(y) has a factor of order 8, or

(b) G(L) = As or As x Cy if and only if L®3(y) has a factor of order 3 and a
factor of order 4, or

{c) G{L) = PSL,y or G(L) = PSLy x Cy if and only if the previous two cases do
not hold,

(11) If L9*(y) has order 6 and is irreducible, then one of the following holds
(8) G(L) = Giss or Gies x Cs if and only if L93(y) has a faclor of order 3.

(6) G(L) = AT% if and only if LOYy) is reducible and LD3(y) is irreducible.
(c) G(L)= HZL if and only if L®3(y) has more than 2 factors of order 3.

(d) G(L) = Hgslléa if and only if LO%(y) has exactly 2 faclors of order 3 and L *{y)
has a factor of degree 2.

(@it} The Galois group 1s SL(3,C) 1f and only if none of the above happen.

ProoF. The proof proceeds by examining Table 2. Let V' be the solution space of
L(y) = 0. If L92(y) has order 5 or factors, then S2(V) must have an invariant sub-
space. 'This can only happen if G(L) is one of the groups mentioned. Lemma 3.5 {ii1)
implies that the order of L@ ?(y) is at least 5, so G(L) = F:f,;*r" if and only if L@ 2(y) has
a factor of order 3. Lemma 3.5 (iv) implies that L&®3(y) has order at least 7. Therefore
if G(L) = As or As x C3 then L®3(y) has a factor of order 3. This does not happen in
the other cases considered, therefore (i) holds.

Assume L®2%(y) has order 6 and is irreducible, Table 2 implies that G(L) = Ges or
Gieg x Cy ot A§L3 or H-fg‘r‘:‘ or H.f]%” or SL(3,C). From Table 2 we get that G(L) = Giss
or Gies x Ca if and only if L@3(y) has a factor of order 3. If G(L) # G .68 or G1ss x Ca,
then none of the m** symmetric powers, m = 2,3, 4,5 of V have a 1 dimensional invari-
ant subspace for these groups, so the m‘® symmetric powers of L(y) have order exactly
%(_m + 2)(m + 1}. Table 2 describes how these symmetric powers factor and (i) summa-
rizes the distinguishing cases.

If the Galois gronp is SL{3. ) then all symmetric powers are irreducible, so the the-
orem follows. O

One can use Table 2 Lo state other necessary and sufficient conditions for the primitive
groups. For example, if L& %(y) has order 6 and is irreducible then G(L) = Agf" if and
only if L®3(y) is irreducible and L®4(y) factors. Since it is not clear which criteria will
be most usefull, we have just stated one set of criteria to give a taste of what can be
done. The above theorems atlow us to give criteria for a third order linear differential
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equation to be solvable in terms of lower order linear differential equations (c.f., Singer
(1988), for third order equations this concept coincides with the concept of “solving in
terms of second order equations® or “eulerian” Singer (1985), Singer (1990)).

COROLLARY 4.8. A third order lincar differential equation L{y) = 0 with coefficients
in a differential field k with algebraically closed field of constants and whose differential
Galois group G(L) is unimodular, is solvable in terms of lower order linear differential
equations if and only if LP(y) has order less than 15 or factors.

PRoOF. We first note that L(y) = 0 is solvable in terms of lower order linear differential
equations if and only if G(L) is a proper subgroup of SL(3,C). To see this we use the
criterion of Singer (1988), Theorem 1 {c.f., Singer (1990) Theorem 5.1, p. 48): L(y) =0
cannot be solved in terms of lower order linear differential equations if and only if G(L) has
a lie algebra g that is simple and such that if p: g — gl(m, C) with m < n, then p = 0.
The simple lie subalgebras of s1(3,C) are s1(3,C) and s1(2,C) (c.f., Singer (1988)).
Since 81(2,C) has a representation of smaller degree, the only simple lie algebra having
no nontrivial representations of lower order is 51(3,C). Therefore L(y) = 0 cannot be
solved in terms of lower order linear differential equations if and only if G(L) = SL(3, C).
Therefore if L?*(y) has order less than 15 or factors, then G(L) # SL(3,C),s0 L(y) =0
is solvable in terms of lower order linear differential equations.

Now we note that G(L) is a proper subgroup of SL(3,C) if and only if G(L) acts
reducibly or is imprimitive or is a primitive proper subgroup of SL(3,C). If G(L) acts
reducibly, then the solution space V of L{y) = 0 has an invariant cne or two dimensional
subspace W. S*(W) will be a proper invariant subspace of $*(V), so L®4(y) has order
less than 15 or factors. If G(L) is imprimitive, then Theorem 4.6 implies that L&3(y) has
a factor of order 1. Therefore the solution space Z of L&3(y) = 0 has a one dimensional
invariant subspace. Let p span this space and yy, y2, y3 be a basis of V. Then y1p, y2p, y3p
spans an invariant subspace of the solution space of L&%(y) = 0 and so LD *(y) must
factor or have order at most 3. Finally, if G{L) is a primitive proper subgroup of SL(3, C),
then Table 2 shows that L®4%(y) has order less than 15 or factors. O

Ome also can give necessary and sufficient conditions for the existence of liouvillian
solutions:

CoroLLaRY 4.9. Let L(y) = 0 be an irreducible third order linear differential equation
with coeffictents i a differential field k with algebraically closed field of constants whose
differentzal Galows G(L) group is unrmodular. L(y) = O has a liouvillian solution if and
only f

(i) L9%y) has order less than 15 or factors, and
(12) one of the follounng holds:

(e} LD2(y) has order 6 and is irreducible, or
(b) LD3(y) has a factor of order 4.

Proor. L(y) = 0 has a liouvillian solution if and only if it is solvable in terms of lower
order linear differential equations and its Galois group 1s not PSLs or PSLy x Cy. The
result now follows from Theorem 4.6 and Table 2. O
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We now show how our approach can be used to distinguish the different cases for the
algebraic degree of the logarithmic derivative of a liouvillian solution in the algorithm

given in Singer (1981) using the bounds given in Ulmer (1992) Thesrem 5.2 and the
improvement of this bounds given in Singer and Ulmer (1991).

COROLLARY 4.10. Let L(y) = 0 be an irreducible third order linear differential equation
with coefficients in ¢ differential field k with algebraically closed field of constanis whose
differential Galots G(L) group is untmodular.

(1) L(y) has a solution whose logarithmic derivative is algebraic of degree 3 if and only
if L93(y) hes a solution y # 0 such that y® € k. In this case G(L) is an imprimitive
subgroup of SL(3,C).

(ii) If the above does not hold, then

{a} L(y) has an algebraic solution whose logarithmic dertvative is algebraic of degree
6 if and only if LO3(y) has an irreducible factor of order 4. In this case G(L) =
As, A5 X Ca or FéSGLS.

(b} L{y) has an algebraic solution whose logarithmic derivative is algebraic of degree
9 if and only if LO3(y) has an irreducible factor of order 2. In this case G{L) =
H3L or HEL

216 72

(c) L{y) has an algebraic solution whose logarithmic derivative is algebraic of degree
21 if and only if L®3(y) has an irreducible factor of order 3 and LP2(y) is
srreducible of degree 6. In this case G{L) = Gies or Gies x Cs.

(d} L{y)has an algebraic solution whose logarithmic derivative is algebraic of degree
36 if and only if LO3(y) is irreducible of degree 10 and LD *(y) is reducible. In
this case G(L) = Ag‘r".

(it} If none of the above holds, then L{y) = (0 has no liouvillian solutions.

Proor. If L93(y) has a solution y # 0 such that y* € k, then G(L) is an imprimitive
subgroup of SL(3,C) (Theorem 4.8). In this case L(y) = ¢ has a soluticn whose logarith-
mic derivative is algebraic of degree 3 {Theorem 5.2 of Ulmer {1992)) The only if part
follows from the fact that the finite primitive group the bounds given in the Theorem
are best possible (cf. Singer and Ulmer (1991}, Theorem 4.4).

If the first case does not hold, then G{L) is a primitive subgroup of SL{3,C). If L23(y)
has a factor of order 4, or LP2(y) is irreducible of degree 6 or L9%(y) is irreducible
of degree 10, then G(L) ¥ PSLy or PSLy x C3. If L@3(y) or LO%(y) is reducible,
then G(L) # SL(3,C) (cf. Proposition 2.4). Thus G(L) is a finite primitive subgroup of
SL(3,C). The conditions of the symmetric powers of L{y) = 0 now follow from Table 2
and the algebraic degree of the logarithmic derivative from Theorem 4.4 of Singer and
Ulmer (1991). This proves (ii).

If G(L) is not an imprimitive group and not a finite primitive subgroup of SL(3.C),
then the irreducible equation L{y) = ( has no liouvillian solutions (cf. Singer and Ulmer
(1991), Corollary 3.7). U

The above result shows that with the necessary and sufficient conditions given in this
paper, one has to look for at most one possible degree of logarithmic derivative of the
solution of L(y) = 0. This gives a substantial simplification of the algorithm given in
Singer (1981) for third order differential equations.
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5. Examples

Using our results, we want to decide if the differential equation

By 3227 - 927z 4+ 27 dy  642% — 81x? + 135z — 54
Ly) = ——m+—m—T5 7.~ 3 3 y=0
dz 36z2(z - 1)? dz T223(x - 1)

has a liouvillian solution.

The equation L(y) = 0 is reducible if and only if L(y) = 0 or its adjoint L*(y) = 0 has
a right factor of order 1. This is equivalent to saying that either L(y) =0 or L*(y) = 0
has a solution whose logarithmic derivative is rational (cf. Singer (1985)). Since no such
solution exists (this could be computed for example using an algorithm implemented by
Manuel Bronstein in the computer algebra system AXIOM, cf. Jenks and Sutor {1992)),
we get that L(y) = 0 is irreducible.

We now test if the differential Galois group is an imprimitive subgroup of SL(3,C).
This is the case (cf. Theorem 4.6) if and only if L@3(y) =

d'y  224z® - 189z + 189 d®y  —2240z° + 2835z% — 4725z + 1890 d*y

dz’ * 18z%(x — 1)*  dzb + 36z3(z - 1)° dzt
+340480z4 — 57456022 4 126346522 — 969570z 4 280665 dy
1296z%(z — 1)4 dz3
_l_——358400:.r:5 + 756000z - 20364752 + 227556022 — 12842552 + 289170 d%y
432z5(z — 1)8 dx?

4 (10035201:6 — 2540160z + 8042895z — 1171107023
576z%(z — 1)®

972373522 — 4309200 + 793800 dy
576z%(z — 1)8 dz

. (- 157696027 + 465696025 — 168758102° + 30150225z
864z7(z — 1)7

+—3286332023 + 2156584522 — 7858620z + 1224720)
864z7(z — 1)7 v
has a solution y such that y? € Q(z).
Since z%(z — 1)? is a solution of L&3(y) = 0, we get that G(L) is an imprimitive
subgroup of SL(3,C). Thus L{y) = 0 has a solution whose logarithmic derivative is
algebraic of degree 3 (cf., Corollary 4.10).

We note that our approach does not determine the group G{L) in the inpriinitive case.
But since in this example L{y) = 0 is the second symmetric power of the equation

d’y 3 2 3
a2t (16::2 + Yz —1)2 16:::(:1:—1)) y = 0

whose differential Galois group is A3 (Kovacic (1986), p. 23), we get by construction
that G(L) = A4 (from Table 1 it now also follow that L{y) = 0 is irreducible).
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For third order differential equations very few examples can be found in the literature! .
We shall show how one can construct such examples for the primitive groups. Assume,
we are given a finite group G and a differential equation of arbitrary order with ¢ as
its Galois group. Let us also assume we know that G has an irreducible representation
of degree n. We shall show how to construct a differential equation of order = having
the image of G in GL(n) as its Galois group. The idea behind this construction is that
such a differential equation will occur as a factor of some other equation that we can
construct. This will also allow us to construct a differential equation fer a group G from
the knowledge of an irreducible polynomial P(Y) € Q(z){Y] whose Galois group is .

The validity of our construction depends on the following resuit of Burnside which
shows that if V is a faithful G-module, then any irreducible G-module is a G-summand
of V¥ =V ®...®V for some n > 1:

n times

THEOREM 5.1. ( Burnside (1911), Fulton and Harris (1991) p. 25) Let V be a finile
dimensional vector space and G C GL(V) a finite group. [f W is ¢ finite dimensional

veclor space on which G acts trreducibly, then for some n > 1, W appears as a direct
summand of V®",

We shall also need the following result which shows that one can construct a linear
differential equation whose solution space is isomorphic to the tensor product of the
solution spaces of two given linear differential equations.

PRoOPOSITION 5.2. Let Li(y) = 0 and La(y) = 0 be linear differential equations with
coeffictents in Q(x) of orders n and m respectively. One can effectively consiruct a linear
differential equation Ly @ Lo(y) = 0 with coefficients in Q(z) having the following prop-
erty: if K is a Picard-Vesstol eztension ofﬁ(a:) such that Li(y) = 0 (resp. L2(y) = 0) has
n (resp. m) linearly independent solutions in I, then the solution space of L1 @ La(y) =0
in K s G(K/Q(;n)) wsomorphic {o Vi @ Vo where Vi {resp. Vo) is the solution space of
Lily} =0 (resp. La(y) =0} in K.

ProoF. Let L(zi)(y) = 0 be the differential equation whose solution space is {y() | y €
2} and let & be a nonsingular point of L.@Lgi)(y) fori=0,...,m~ 1. Such a point
exists and can be effectively found since each L(;)(y) = 0 and so, each I, ® L(Qi)(y) can
be effectively constructed. For notational convenience, we assume « = (. Let { be any
integer greater than or equal to the orders of the L@ L(;)(y). Note that if » is a solution
of LieLY (y) = 0 and 2(0) = #(0) = ... = 29(0) = 0, then z = 0.

Let K be a Picard-Vessiot extension of Q(z) and let wi,...,w,, be a basis of the

m—1

soluticn space Vo of La(y) = 0 in K. Let u; = ZJ»:: ::j"wg"). One can show that the 1;
are linearly independent (since det(w}”) # 0) and that they form a basis of a G{(K/Q(z))
module isornorphic to Vo, Let vy, ..., 3, be a basis of V] in K and consider the elements
{viuj} in K. We claim that these are hnearly independent over the constants. To see this,

t Added in Proof: The authors have recently become aware of an example {(Hurwitz (1886)) of a third
order linear differential equation whose Galois group is Gigg. See Singer and Ulmer (1993) for further
references to the classical literature and an exposition of how our techniques apply to this equation.
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let 3, . jCivin = 0 for some constants ¢;;. This implies that S ores Lk D jCimw ( ) =
0. Note that each z; = Z'.J i Y w (k) is a solution of Ll@L(k)(y) = (} and so has a zero
of order at most £ — 1 at 2 = 0 if z; :,r‘: 0. Therefore each term z** 2 L Cij Yiw ( ) is either
zero or has a zero of order between k-t and k-f 4 — 1. Since these terms sum to zero,
each of them must equal zero. Therefore, for each k,0 < k <m — 1,3, . cijpiw (k) =
Since det(w(k)) # 0, we have for each j,1 < j < m,Y._, cijyi = 0. Since the y; are
linearly |ndependent. we have all ¢;; = 0. Therefore the elements {yiu;} are linearly
independent over the constants. One now sees that they form the basis of a G K/Q(.t

module isomorphic to V; ® V5. Proceeding as in Theorem 3.4, one sees that these form the
basis of the solution space of a linear differential equation Ly ® L2(y) = 0 with coefficients

in Q(m) and that this operator can be constructed just knowing L,(y), L2(y) and the
integer ¢. O

COROLLARY 5.3. Let L(y) = 0 be a linear differential equation of order n with coeffi-
cients in Q(z). For any m, one can effectively construct a linear differential equation
L?m(y) = 0 with cogﬁicienis in Q(z) having the following property: if K is a Picard-
Vessiot extension of Q(z) such that Li(y) = 0 has n linearly independent solutions in

K, then the solution space of L™ (y) =0 in K s G(K/Q(:c)) tsomorphic to VO™ where
V is the solution space of L(y) = 0.

Combining Theorem 5.1 and Corollary 5.3, we see that the desired differential equation
will eventually occur as a factor of some L®™(y} = 0. The orders of these equations grow

very quickly. Sometimes one can find the desired differential equation by looking at only
symmetric powers:

ExampLE. The differential equation

d%y 21 z2 -z +1

& T0E oy T 0

is irreducible and G(L) = AZ"“* (see Pépin (1881), p. 342). According to Table 1, the
third symmetric power of this differential equation

Ly = ey 2P -4+ D’y 21(-22° 4+ 327 - 52 4 2)
VS 3T ez 1) da? 502%(z — 1)3

1s irreducible and has Galois group As. In order to prove that G(L) = Aj; using factor-

ization of differential operators over over Q ), it is enough (cf., Theorem 4.6 and 4.7)
to show that:

(i) L(y) is irreducible,

(ii) L®3 has no solution y such that y* € Q(x).
(iii) L2? has order 5 or factors.
(iv) L3 has a factor of order 3.

We note that, since LP? is the fourth symmetric power of the above second order equa-
tion, L®2 will be of order 5 in this case (cf., Lemma 3.5). In this case, the fact that L@3
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has no solution y such that y* € Q(z) will follow from a factorization of L@3, which (if
G(L) = As) will have no factor of order 1. O

Assume we are given an irreducible polynomial P(Y) € Q(z) such that the Galois
group of P(Y) =0 is G and an irreducible representation of G € GL(V). Assume P(Y)
has degree n. Differentiating P(Y) = 0, and successively solving for the derivatives of
Y and reducing mod P(Y). we get for i = 0,...,n expressions of the form Y{) =
giog+ai1Y + ... +a;nY™!, with the a;; € Q(z). These n + 1 =xpressions in the
n terms Y7 must be linearly dependent over Q(z), so we can find a linear differential
equation L(y) = 4" +.. .+ apy = 0 with n’ < n and coefficients in Q(.’C) whose solution
space is spanned by the roots of P(Y) = 0. Note that G(L) is G. For some value of m,
L®™(y) = 0 has a solution space having a subspace G(L) isomorphic to W. Therefore
some factor of L®™(y) = 0 will have a solution space G(L) isomorphic to W.

There are two problems in using the above method. The first is that one needs to
determine the representation (or at least its character) of G(L) on the solution space of
L{y) = 0 in order to be able to predict for which value of m L#™(y) == 0 has a solution
space having a subspace isomorphic to W. The second problem is that L®™(y) = 0 may
have many factors of the same order whose solution spaces are different G-modules. One
is faced with the problem of determining which factor gives the desired representation.
Nonetheless, the above argument shows that such an operator always exists. We now
give an example, where some of these problems can be avoided.

EXAMPLE. We will show how a third order differential equation with differential Galois
group (Ties can be constructed using the polynomial

ZT - 562°% + 609Z° + 11902* +63562° + 453627 — 680427 — xZ°(Z + 1) — 5832,
which is irreducible over Q(z) and has Galois group Ges = PSLy(T) (se e.g. Matzat

(1980), p. 188).
Using the variable transformation Z = Y + 8 we get the irreducible polynomial

YT —735Y° — (z +10290) Y* ~ (332 — 4116} Y — (408z — 979608) Y*
—(2240x — 7020524) Y — (4608z — 15731352),

which we denote P(Y'), whose Galois group over Q(z‘) is also Giaa- \i{c: denote ¥y, ..., y7
the solutions of P(Y) = 0 and K the splitting field of P(Y) = 0 over Q(z). The functions
Y1, -- -, ¥7, whose derivatives all belong to K, will satisfy a differential equation L{y) = 0

of order at most 7 with coefficients in Q(z). If L(y) = 0 is of degree 7, then G(L)
is equivalent to a permutation representation of degree 7 of Giss. Such a permutation
representation has an invariant subspace generated by i +.. .+ y7. Since sy +. . .+yr =0
by construction, the functions yy, ..., y» must satisfy a differential equation L(y) = 0 of
degree at most 6, and computation shows that L(y) = 0 is in fact of degree 6. This
differential equation is not of the form given in Theorern 3.3, but since Gigs is a perfect
group, the corresponding differential Galois group will be unimodulaz. The group Giss
has 6 irreducible characters: the trivial charcater x;, two characters xs, and xa2 of
degree 3 and the characters xs, x7, xs of degree 6, 7 and 8. According to these characters,
if L(y) = 0 is reducible, then it either has an irreducible factor ol order 3 or only
irreducible factors of order 1. The last case clearly can not happen. Thus, if a factorization
of L(y) = 0 does not produce an irreducible third order equation (one can show that this
is not possible), then L{y) = 0 is an irreducible equation of order 6 with G(L) = G'y4s.
Using the above Corrolary 5.3 we can construct an equation L®™(y) = 0 whose solution
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space is isomorphic to V®™ where V is the solution space of L(y) = 0. From Theorem
5.1 we get that for some m the character of G(L®™) contains a character of degree 3 of
(G1ss. Decomposing powers of xs we get:

(x6)) = x1+2xs+x7+2xs
(x6)®> = 2x1+3xa1+3x32+ 10x6+ 8x7+ 10xz

Thus by factoring L®3(y) = 0 one will get an irreducible third order differential equation
with Galois group Ggs. O

The above example shows that working with tensor products instead of symmetric
products leads to differential equations of very large order containing a large amount of
redundancy. This is the reason why we have stated our main results using symmetric
powers instead of tensor powers.
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