On the Infinitesimal Geometry of Integrable Systems by A. Baider, R. C. Churchill, D. L. Rod^1 and M. F. Singer^2

Consider a complex analytic symplectic manifold M, a holomorphic Hamiltonian vector field X_H on M and a non-equilibrium integral curve Γ ⊂ M of X_H . At the infinitesimal level the position of Γ relative to nearby orbits can be measured by means of a flat connection on a holomorphic symplectic vector bundle over Γ, with rank depending on the number of known independent holomorphic integrals. Obstructions to the existence of additional independent meromorphic integrals are then reflected in the monodromy group of this connection. This fact has been used extensively in the past decade for establishing the nonintegrability of many specific systems (e.g. see [B-C, B-C-R, F-I, I, K-S, M-S, N, Y1, Zi] and references therein).

The key idea is that r independent meromorphic integrals of X_H (which may be dependent along Γ) must induce r independent rational invariants for the monodromy group Mon (see §1); one then attempts to understand what restrictions this imposes on the group (see §2). The program was initiated by S.L. Ziglin in the paper [Zi], which introduces the relevant connection (in different language), constructs the induced Mon-invariants, and concentrates on the case in which Mon possesses both n independent rational invariants and a “non-resonant” element.

The purpose of this work is twofold: to present a more detailed version of Ziglin theory than appears in the original paper [Zi], so as to make the methods available to a wider audience; and to recast the ideas in group theoretic and geometric terms. The latter program has significant conceptual advantages; e.g., when formulated in terms of linear algebraic groups the number of independent rational Mon-invariants can be seen in terms of maximal orbit dimension of the Zariski closure Mon (Theorem 2.10), and the existence of a non-resonant element of Mon becomes equivalent to Mon having maximal rank (Theorem 2.14). Indeed, one can now understand Ziglin’s ‘Theorem

1Research supported in part by Natural Sciences and Engineering Research Council of Canada Grant OGP0008507.

2Research supported in part by NSF Grant 90-24624.

2’ [Zi, p. 182] in terms of maximal tori and permutations of weight spaces thereof (Theorem 2.15 and Proposition 2.17). The linear algebraic group approach first appears in [C-R, M-S], but the development here is in greater depth. In particular, at points where we do not add detail to [Zi] we offer alternate proofs in terms of these objects. The necessary background for understanding linear algebraic groups is included in §2.

Although Ziglin formulated his results in terms of monodromy groups, it became clear quite recently (see [C-R] and [M-S]) that much more could be achieved, under mild restrictions, by replacing these with differential galois groups. Indeed, in this framework the problem of deciding which groups are “Ziglin”, in the case of two degrees of freedom, is decidable [C-R]. In fact, a good deal of this program has now been extended to three degrees of freedom (see [C-R-S]) but is not discussed here. An outline of differential galois theory is presented in §3.

In §4 we offer a class of examples amenable to Ziglin analysis. Indeed, every example encountered by the authors in the literature has either been in this form, or could easily be cast in this form. A specific example involving two degrees of freedom is worked out in detail. This is intended to serve as a model for readers interested in applying the techniques. We note that this example can also be treated using the methods of [Y2]. Those readers interested in other examples that arise in a biological context and which use the full power of the galois group/Kovacic algorithm approach as given in §4 are referred to [R-S].

References for the Introduction.

[B-C] A. Baider and R. C. Churchill, On monodromy groups of second order Fuchsian equations, SIAM J. Math. Anal., 21 (1990), pp. 1642 - 1654.

[B-C-R] A. Baider, R. C. Churchill and D.L. Rod, Monodromy and nonintegrability in Hamiltonian systems, J. Dynamics Differential Equations 2 (1990), pp. 451-481.

[C-R] R. C. Churchill and D. L. Rod, On the determination of Ziglin monodromy groups, SIAM J. Math. Anal., 22 (1991), pp. 1790-1802.

[C-R-S] R. C. Churchill, D. L. Rod and M. Singer, On group theoretic obstructions to integrability, to appear.

[F-I] J. P. Franco̧ise and M. Irigoyeu, Systèmes hamiltonian non intégrables et instabilité des solutions d’équations de Hill, C. R. Acad. Sci. Paris, Series I, 311 (1990), pp. 165-167.

[I] H. Ito, A criterion for non-integrability of Hamiltonian systems with nonhomogeneous potentials, Z. Angew. Math. Phys., 38 (1987), pp. 459- 476.

[K-S] M. Kummer and A. W. Sáenz, Non-integrability of the classical Zeeman- Hamiltonian, preprint, University of Toledo, 1992.

[M-S] J. J. Morales and C. Simó, Picard-Vessiot theory and Ziglin’s theorem, J. Diff. Eqns. to appear.

[N] W. Nelson, Ph.D. thesis, University of Calgary, 1991.

[R-S] D. L. Rod and B. D. Sleeman, Complexity of Spatio-Temporal Dynamics, preprint, University of Dundee, Dundee, Scotland, December, 1993.

[Y1] H. Yoshida, Ziglin analysis for proving non-integrability of Hamiltonian systems, in Proc. of the Workshop on Finite Dimensional Integrable Nonlinear Dynamical Systems, P.G.L. Leach and W. H. Steeb, eds., World Scientific, Singapore, 1988, pp. 74-93.

[Y2] H. Yoshida, Non-existence of an additional analytic integral in Hamiltonian system with an n-dimensional homogeneous potential,in Bifurcation phenomena in nonlinear systems and theory of dynamical systems, World Sci. Adv. Ser. Dyn. Syst. 8, World Sci. Publishing, Teaneck, NJ, 1990, pp. 69-102.

[Zi] S. L. Ziglin, Branching of solutions and non-existence of first integrals in Hamiltonian mechanics I, Functional Anal. Appl. 16 (1982), pp. 181-189.

x1 Integrals for the Monodromy of the Reduced Variational Equa-

tions

This chapter is an expanded version of a part of Ziglin’s elegant theory

on non-integrability of Hamiltonian systems, that first appeared in [Zi]. It

is hoped that a balanced compromise between added detail and length of

exposition has been attained.

x1.1 Invariant Subbundles Let X = ⟨v(x),^∂_{∂x} ⟩ be a holomorphic vector field on a complex d-dimensional manifold M, and let t → Φ_t(p) be its associated flow, namely the solution of the system of differential equations

ẋ = v(x) (1.1)

passing through p at time t = 0. As is well known, the map (t, p) → Φ_t(p) is always defined on some neighborhood U × V of (0, p) in C × M. This leads to the concept of the (complete) orbit through p, namely the component Γ of p in the topology on M having for basis the sets {Φ_t(p) | t ∈ U}. It is easy to verify that if p is not a point of equilibrium, then Γ is a Riemann surface maximal relative to the property: for each q ∈ Γ there is an arc γ : [0, 1] → C along which the map t → Φ_t(p) can be analytically continued so that Φ_{γ(1)}(p) = q. Note that the natural inclusion i : Γ → M, though an immersion, is generally not a proper map, so that it is necessary to distinguish between Γ as defined above and the subset i(Γ) of M.

For the rest of the chapter we deal with a (general but) fixed nonequilibrium orbit Γ. In this case X can be thought of as a section of the tangent bundle T Γ. Its dual is the closed form dt whose integral defines t as a multivalued function on Γ. Clearly t is a local inverse to t → Φ_t(p) and thus a local parameter for Γ up to an additive constant. For an arbitrary function f on Γ one has ḟ =^{df}_{dt} = X(f).

Let T_ΓM be the restriction (strictly speaking the pull-back i^∗T M) of the tangent bundle of M to Γ. The Lie derivative L_X is a derivation on the space of sections of T M which induces a well defined derivation D on the sections of T_ΓM by extension and restriction. The relation D(fu) = ḟu + fDu (1.2) holds for all holomorphic functions f and sections u. The null sections of D coincide with those of the flat connection ∇ := D ⊗ dt and are also the solutions to the variational equations ξ̇ = v_x(x(t))ξ of X along Γ.

A subbundle E of T_ΓM is invariant if D “preserves” the sheaf O(E) of holomorphic sections of E in the obvious sense. In this case D defines uniquely a derivation on E, as well as one on the quotient bundle N := T_ΓM/E (still called D), which commutes with the projection T_ΓM → N. A section of any of these bundles in the kernel of D is called parallel. For any local frame {e_j} one has

De_j(t) = ΣA_{ij} (t)e_i(t)

for an appropriate matrix valued function A(t) on Γ. In terms of A a section Σy^ie_i is parallel if and only if the coordinate vector y satisfies the linear differential equation ẏ + A(t)y = 0. (1.3) x1.2 Hamiltonian Reduction We now specialize to the case where M is a symplectic manifold with canonical form Ω and X = X_{h1} is symplectic with Hamiltonian h_1. The sign convention we are using here is such that

♭(X_{h1} ) = dh_1,

where ♭ : T M → T^∗M is the “musical ” isomorphism obtained by contraction of Ω with its first variable: ⟨♭(v), w⟩ = Ω(v, w) for all v, w, in the same fiber of T M. A basic well known property of Hamiltonian flows is the invariance of the symplectic product, whose infinitesimal version is L_{Xh1} Ω = 0. This, coupled with the identity

L_X (Ω(Y, Z)) = L_X (Ω)(Y, Z) + Ω(L_X Y, Z) + Ω(Y, L_X Z), valid for arbitrary vector fields X, Y, Z, yields the fundamental formula

L_{Xh1} (Ω(Y, Z)) = Ω(L_{Xh1} Y, Z) + Ω(Y, L_{Xh1} Z). (1.4)

To use this we need the following straightforward result from symplectic linear algebra, whose proof will be left as an exercise to the reader.

Lemma 1.5. Let E be a subspace of a symplectic vector space V , and let E^⊥ be its (symplectic) orthogonal. Then the quotient N = E/(E ∩ E^⊥) carries a unique symplectic structure such that the canonical map E → N is a symplectic morphism.

A vector bundle version of the lemma would require constancy of the fiber dimension of E ∩ E^⊥. Here we will only need the particular case where E^⊥ := ∪{(E_p)^⊥ | p ∈ Γ} is a subset of E. In what follows we let the notation u · v represent the symplectic product Ω(u, v) on any vector space or bundle.

Proposition 1.6. Let E^⊥ ⊂ E, where the latter is an invariant sub-bundle of T_ΓM. Then E^⊥ is also such, and the quotient N = E/E^⊥ is a symplectic bundle whose natural symplectic form is invariant under D: for any sections u, v of N one has d dt (u · v) = Du · v + u · Dv (1.7) Proof: Since p → dim(E_p)^⊥ = codim(E_p) is constant on Γ, E^⊥ is clearly smooth. Also note that for the particular case E = N = T_ΓM, (1.7) is simply a reformulation of (1.4). This allows us to establish invariance of E^⊥ as follows: if u, v, are sections of E^⊥ and E respectively, then Du · v = d dt (u · v) − u · Dv = 0 by orthogonality and invariance of E. Thus Du is orthogonal to all sections of E, i.e., a section of E^⊥. Finally, the formula (1.7) follows from the fact that both D and the symplectic form on N are defined by passage to the quotient from the corresponding objects in T_ΓM, where, as already mentioned, (1.7) does hold. 2 The vector bundles T_ΓM and N are examples of what one might call a symplectic differential bundle, that is, a quintuple (N, Γ, X, D, Ω), where N → Γ is a symplectic bundle over a Riemann surface endowed with a nowhere vanishing vector field X, and a derivation D on the sections of N such that the identities (1.2) and (1.7) hold. Of interest to us is that such a situation gives rise to the so called monodromy representation ρ = ρ^N : π_1(Γ, p) → Sp(N_p) defined as follows: for [γ] ∈ π_1(Γ, p) and v ∈ N_p let ρ([γ])v be the value obtained by analytically continuing along γ^{−1} the germ of the parallel section with initial value v. That ρ is well defined follows from the principle of analytic continuation and the fact that solutions to linear equations can always be continued along arbitrary paths on Γ. The linearity of ρ([γ]) follows from the fact that γ can be covered by a finite number of coordinate patches with local parameter t, on which the equations have the form (1.3). That ρ([γ]) is symplectic follows locally from (1.7) applied to parallel sections u, v, and globally by a finite cover argument as above.

Remark 1.8. The subgroup ρ(π_1(Γ, p)) of Sp(N_p) is called the monodromy group of N: it only depends trivially on the base point p, in the sense that if c is an arc joining p to q then the standard isomorphism [γ] → [c]^{−1}[γ][c] from π_1(Γ, p) to π_1(Γ, q) induces an isomorphism of monodromy groups and any two such differ by an inner automorphism of Sp(N_p).

In what follows we will assume that a number of holomorphic independent integrals h_1, h_2, . . . , h_k in involution are known in a full neighborhood of Γ, so that dh_1 ∧ . . . ∧ dh_k ≠ 0. (1.9) More specifically, we will demand that the dh_i be linearly independent at each point of Γ.

Remark 1.10. The closed set where the k-form αh on the left hand side of (1.9) vanishes is clearly a union of orbits. Thus it suffices to assume αh ≠ 0 at a single point of Γ for this to be true at each point in a full neighborhood of it. Since these integrals will be kept fixed throughout our discussion, we may assume them to be globally defined — by discarding the complement of their domain of definition, if necessary. Similarly, we will assume (1.9) to hold everywhere on M.

To make use of the last proposition in the following context, let Mc = h^{−1}(c) be the level surface of the map h = (h_1, . . . , h_k) : M → C^k through some point of Γ. Since the h_i Poisson commute, h is constant on Γ so that Γ ⊂ Mc. Let E = T_ΓMc = i^∗T Mc be its tangent bundle along Γ. We will abuse – and thereby simplify the notation, by viewing the X_{hi} as sections of T_ΓM.

Proposition 1.11. The following hold:

(1) E^⊥ is the distribution spanned by the X_{hi} .

(2) E^⊥ ⊂ E.

(3) The X_{hi} are parallel.

(4) E and E^⊥ are invariant.

Proof: For each p ∈ Γ the first three items are established by symplectic linear algebra involving T_pM. We suppress the label p from all pertinent objects.

(1) We clearly have E = {v ∈ T_ΓM | ⟨dh_i, v⟩ = 0, i = 1, . . . , k}, so that the annihilator E^0 of E in T^∗M is spanned by the dh_i. Under the isomorphism ♭ : T M → T^∗M the spaces E^⊥ and E^0 correspond to one another, and ♭(X_{hi} ) = dh_i by definition. This establishes (1).

(2) We have X_{hi} · X_{hj} = Ω(X_{hi} , X_{hj} ) = ⟨♭(X_{hi} ), X_{hj} ⟩ = ⟨dh_i, X_{hj} ⟩ = X_{hj} (h_i) = {h_i, h_j} = 0. Thus E^⊥ is self-orthogonal (involutive), and therefore a subspace of its own annihilator (E^⊥)^⊥ = E.

(3) We have DX_{hi} = L_{Xh1} X_{hi} = [X_{h1} , X_{hi} ] = −X_{{h1,hi}} = 0. (4) By (1) and (3) E^⊥ is spanned by parallel sections and is therefore invariant in view of (1.2). Finally the invariance of E = (E^⊥)^⊥ follows from that of E^⊥ as in the proof of Proposition 1.6. 2 For easy reference we summarize the results of the last two propositions in Proposition 1.12. Let h_1, . . . , h_k be global holomorphic functions such that αh = dh_1 ∧ . . . ∧ dh_k vanishes nowhere on M. Let E = T_ΓMc where Γ ⊂ Mc = h^{−1}(c). Then E is the annihilator of {dh_1, . . . , dh_k}, E^⊥ ⊂ E is the vector bundle spanned by X_{h1} , . . . , X_{hk} , and the quotient N = E/E^⊥ is a symplectic differential bundle of dimension dim(M) − 2k.

We call the quotient N the totally reduced normal bundle. Its parallel sections are solutions to the so called NVE (normal variational equations), a terminology that we shall follow here too. We remark that the case k = 1 has been extensively studied in the literature.

x1.3 Ziglin’s Lemma

Let O be the ring of germs of holomorphic functions at 0 ∈ C^d , and let M be its quotient field. For any coordinate system x = (x_1, . . . , x_d), O can and will be identified with the ring of convergent power series Σc_αx^α.

A d-tuple of non-negative integers s = (s_1, . . . , s_d) determines an order function ν = ν^s : O → Z ∪ {+∞} by declaring the ν-order of a non-zero monomial cx^α to be ⟨s, α⟩, and extending it to all functions f = Σc_αx^α by setting ν(f) = min{ν(x^α) | c_α ≠ 0} if f ≠ 0, and ν(0) = +∞. The map ν : (O_∗, ×) → (Z, +) is clearly a morphism of semigroups, and for that reason it extends uniquely to a map ν : M → Z ∪ {+∞} which is a group homomorphism from (M_∗, ×) to (Z, +). It has the additional property: ν(f + g) ≥ min {ν(f), ν(g)}. For later use it will be useful to observe that any monomial x^α is a ν(x^α)- eigenvector of the (weighted) Euler field E := Σs_ix_i ∂/∂x_i. E is semisimple on the polynomial ring C [x], and its kernel is the C -algebra generated by the x_i of order 0. An element f ∈ M_∗ is (quasi-)homogeneous of degree m iff E(f) = mf. A moment’s thought will convince the reader that every holomorphic function can be written as a (convergent) series f = f_m + h.o.t. of homogeneous components where m = ν(f), and “h.o.t.” refers to higher ν − order terms. Following Ziglin we call f_m the junior term of f and denote it f^0. The relation fg = (f_m + h.o.t.)(g_k + h.o.t.) = f_mg_k + h.o.t. implies that the map f → f^0 is a semigroup endomorphism of (O_∗, ×), and for that reason, again, it extends uniquely to an endomorphism of (M_∗, ×), with the property that f = f^0 + h.o.t. If f = u/v ∈ M_∗ then one has f^0 = u^0/v^0.

Remark 1.13. When the s_i are all positive then f^0 is rational for any f ∈ M. The converse also holds.

Using the Euler operator we can now extend both ν and the “junior term” map to the space of germs of meromorphic differential forms

M(Λ^∗) = d⨁ p=0 M(Λ^p).

We first extend to the eigenspaces of L_E by declaring a form α ≠ 0 to be homogeneous of order ν(α) if L_E(α) = ν(α)α. From L_E(α ∧ β) = L_E(α) ∧ β + α ∧ L_E(β) it follows that the wedge product of homogeneous forms is homogeneous of order the sum of orders of the factors, unless the product vanishes, in which case the order is declared to be +∞. Since L_E commutes with d, one has L_E(dα) = ν(α)dα so that ν(dα) = ν(α) (unless α is closed). In particular L_E(dx_i) = s_idx_i so that L_E is semisimple on the subalgebra of forms with polynomial coefficients spanned by the dx_i. As before, any holomorphic form can be written as a convergent series of homogeneous tems. If α = α_m +h.o.t. with α_m ≠ 0 we define the order and junior term as ν(α) = m and α^0 = α_m respectively. The obvious multiplicative properties ν(fα) = ν(f) + ν(α) and (fα)^0 = f^0α^0 for holomorphic non-zero f, α, permit the extension of both maps to M(Λ^∗). We leave it to the reader to work out the details. The essential facts are summarized in

Proposition 1.14. Let f ∈ M and α, β ∈ M(Λ^∗). Then the following hold: 1. ν(α + β) ≥ min {ν(α), ν(β)}. 2. If α, β, are non-vanishing then α ∧ β = α^0 ∧ β^0 + γ, where ν(γ) > ν(α) + ν(β) so that

(α ∧ β)^0 = α^0 ∧ β^0 if α^0 ∧ β^0 ≠ 0 γ^0 otherwise.

3. (fα)^0 = f^0α^0, and ν(fα) = ν(f) + ν(α).

4. If α_1 := dα − dα^0 then ν(α_1) > ν(α). Thus (dα)^0 = dα^0 unless α^0 is closed. In all cases ν(dα) ≥ ν(α).

2 The following is a standard result in the elementary theory of fields. For details on derivation extensions see [ La, Ch. 10, §7].

Proposition 1.15. Let L ⊂ K be a field extension of 0-characteristic fields. Then any derivation on L extends to a derivation on K.

Proof: By the maximal principle it clearly suffices to show that for t ∈ K, any derivation D on L extends to some derivation D̃ on L(t). When t is transcendental over L the extension can be done by assigning an arbitrary value q ∈ L(t) to D̃(t). One simply uses the standard rules of differentiation and checks that the result is a well defined derivation.

On the other hand if t is algebraic over L the extension is unique: the value of D̃(t) is determined by the minimal equation p(t) = 0. That this value yields a derivation is a matter of computation. (Characteristic zero is needed only here.) 2

Proposition 1.16. In C (x) functional and algebraic independence are equivalent.

Proof: That P (u_1, . . . , u_n) = 0 implies dependence of the {du_i} is immediate from Σ^∂_{∂ui} P (u_1, . . . , u_n)du_i = d(P (u_1, . . . , u_n)) = 0. Conversely, if the u_i are algebraically independent then the operators ∂/∂u_k are well defined on C (u) and by the last proposition they extend to derivations D_k on C (x) such that D_k(u_j) = δ_{kj}. It is now straightforward that the vector fields X_k := ΣD_k(x_i)∂/∂x_i satisfy ⟨df, X_k⟩ = D_kf for any f ∈ C (x). Thus contraction with X_k of any relation of the form Σf_j du_j = 0 gives f_k = 0. 2

Remark 1.17. The identification of vector fields with derivations on C (x) is false in M. Indeed in this case the space of derivations is infinite dimensional over M. (Use Proposition 1.15 to extend arbitrarily from C (x) to M). Yet the space of germs of meromorphic fields is spanned by {∂/∂x_i}. What makes vector fields special is that the derivations they define are local.

Let K be a subfield of M containing C . As is standard in analytic geometry, we write dim (K) = dim_M span {df | f ∈ K}. Note that 0 = dim (C ) ≤ dim (K) ≤ d = dim (M).

Theorem 1.18 (Ziglin’s Lemma). Let (s_1, . . . , s_d) be a fixed d-tuple of non-negative integers. For a field K as above let K^0 be the field spanned by {f^0 | f ∈ K}. If K^0 ⊂ C (x) then trans degCK^0 ≥ dim (K). In fact for {f_1, . . . , f_n} ⊂ K independent there exist polynomials {P_i(z_1, . . . , z_i) | i = 1, . . . , n} such that if g_i := P_i(f_1, . . . , f_i) then g^0_1 , . . . , g^0_n are algebraically independent.

Proof: (After [Zi, Ku]). Suppose f is such that df ≠ 0 but f^0 = c ∈ C . Then P_1(z_1) = z_1 − c takes care of the case n = 1. We may therefore assume f^0_1 , . . . , f^0_{n−1} to be independent by replacing {f_i}^{n−1}_{i=1} by {P_i(f_1, . . . , f_i)}^{n−1}_{i=1} . For any n-tuple g = (g_1, . . . , g_n) of functions define the form

ω(g) := dg_1 g_1 ∧ . . . ∧ dg_n g_n , and the integer μ(g) := ν(ω(g)), and observe that the n-tuple g^0 := (g^0_1 , . . . , g^0_n) is independent iff μ(g) = 0. Indeed one clearly has

ω(g) = dg^0_1 g^0_1 ∧ . . . ∧ dg^0_n g^0_n

+ ω_1 = ω(g^0) + ω_1,

with ν(ω_1) ≥ 1, so that

μ(g) = μ(g^0) if ω(g^0) ≠ 0 ν(ω_1) otherwise , from which the stated property follows.

Now suppose that μ(f) > 0, i.e. that the f^0_i are dependent. Since K^0 ⊂

C (x), they are also algebraically dependent by Prop. 1.16. Let P (z1, . . . , zn)

be the minimal polynomial of f^0_n in C [z_1 , . . . , z_{n−1}][z_n] = C [z_1 , . . . , z_n]. We endow this ring with the (unique) order function ν̃ such that the order of monomials are preserved when pulled back by f^0. Thus ν̃(z_i) = ν(f^0_i ). It is crucial to observe that the orders of (ν̃-)homogeneous polynomials are also preserved, unless pulled back to zero. It follows that each homogeneous component of P annhiliates f^0 as well, so that we may and will assume P to be homogeneous. Let g_i = f_i for i ≠ n, and g_n = P (f_1, . . . , f_n) = f^∗P . For any monomial c_αz^α appearing in the expansion of P one has c_αf^α = c_α(f^0)^α + φ_α with ν(φ_α) > ν((f^0)^α) = ν̃(z^α) = ν̃(P ). Thus P (f^0) = 0 ⇒ g_n = Σφ_α so that ν(g_n) > ν̃(P ). (1.19) On the other hand the ν̃-homogeneity of P and the fact that ∂P/∂z_n cannot vanish (otherwise f^0_1 , . . . , f^0_{n−1} would be dependent) implies ν̃(P ) = ν̃(z_n∂P/∂z_n). Since P is the minimal polynomial of f^0_n one must have (∂P/∂z_n)(f^0) ≠ 0. As a result we obtain

ν(f^0_n(∂P/∂z_n)(f^0)) = ν̃(P ). (1.20)

Now simple calculation gives

ω(g) = ω(f) f_n(∂P/∂z_n)(f) g_n , so that μ(g) = μ(f) + ν(f_n(∂P/∂z_n)(f)) − ν(g_n) = μ(f) + ν(f^0_n(∂P/∂z_n)(f^0)) − ν(g_n)

< μ(f) (by (1.19) and (1.20)).

Replacing f by g we iterate this procedure until μ(g) = 0, in which case we are done. 2

An important application is

Proposition 1.21. Let G be a group acting linearly on a vector space F , and assume there is a linear function 0 ≠ ξ ∈ F^∗ which belongs to the field K_F of G-invariant rational functions. Then S := {ξ}^0 = {v ∈ F | ⟨ξ, v⟩ = 0} is G-invariant and trans degCK_S ≥ trans degCK_F − 1.

Proof: The invariance of S is obvious. Now extend ξ to a system of (linear) coordinates (ξ, y) and consider the order function associated with s = (1, 0, . . . , 0). Note that in these coordinates S = {(0, y)}. Let ξ, f_1, f_2, . . . , f_n be an independent subset of K_F . By Ziglin’s Lemma we may assume that ξ, f^0_1 , . . . , f^0_n are independent. Replacing f_j by ξ^{kj} f_j does not destroy independence, so that by picking k_j = −ν(f_j) we may further assume ν^s(f_j) = 0. Thus f_j is of the form f_j = a_j(y) + ξb_j (ξ, y) c_j(y) + ξd_j (ξ, y) with a_j, b_j, c_j, d_j polynomials, and f^0_j = a_j(y)/c_j(y) in the rational field of S. (Cautionary note: there is generally no natural inclusion of the rational field of a linear subspace into the field of an ambient space containing it. In this situation, however, the inclusion C (y) ⊂ C (ξ, y) is “geometric”: it does not arise from the coordinates, but from the pull-back action of the projection F ∋ v → v − ⟨ξ, v⟩w ∈ S where ⟨ξ, w⟩ = 1.) To finish the proof we need to show that the f^0_j are G-invariant under the induced action on S. For g ∈ G let g̃ denote its representative matrix relative to the y coordinates on S. With some fixed v_g we have g·(ξ, y) = (ξ, g̃y+ξv_g). Thus a_j(y) + ξb_j(ξ, y) c_j(y) + ξd_j (ξ, y) = g^∗f_j = a_j(g̃y + ξv_g) + ξb_j (ξ, g̃y + ξv_g) c_j (g̃y + ξv_g) + ξd_j (ξ, g̃y + ξv_g)

= a_j(g̃y) + ξ(. . .) c_j (g̃y) + ξ(. . .) . It follows that a_j(y)/c_j (y) = a_j(g̃y)/c_j(g̃y) so that f^0_j = (g̃)^∗f^0_j . 2

We shall give an alternate group-theoretic proof of the above result in Chapter 2 following Theorem 2.10. A straightforward induction gives the following generalization.

Corollary 1.22. Let E ⊂ F be the annihilator of a set ξ_1, . . . , ξ_k of independent linear G-invariant functions on F . Then E is G-invariant and trans degCK_E ≥ trans degCK_F − k.

x1.4 Integrals of the NVE We now pass to a manifold M and give an invariant definition of the order and junior term of f ∈ M_p. Let J_p be the maximal ideal {f ∈ O_p | f(p) = 0}. For f ∈ O_∗ write ν_p(f) for its vanishing order at p, namely the unique m ∈ Z_+ such that f ∈ J^m_p \J^{m+1}_p , and ν_p(0) = +∞. We remark that for a system of coordinates x centered at p, ν_p is nothing but the order ν^s of the last section with s = (1, . . . , 1). As usual, the notation will not distinguish between f ∈ M_p and its representative in M.

We define the (invariant) junior term of f as a symmetric homogeneous form f^0 = f^0_p of degree ν_p(f) on T_pM by the two step procedure:

1. Pick a coordinate system x = (x_1, . . . , x_d) centered at p and write f = f_m + h.o.t., where m = ν_p(f) and f_m is homogeneous of degree m in the variables x.

2. For v ∈ T_pM, set f^0(v) = f_m(ξ) where ξ = ⟨v, dx⟩ is the coordinate vector of v.

For a second coordinate system y we have x = φ(y) = φ′(0)y + h.o.t., and f(φ(y)) = f_m(φ′(0)y) + h.o.t. so that the new homogeneous lowest order component is f_m ∘ φ′(0). If v is represented in the new coordinates by the vector η we clearly have ξ = φ′(0)η, so that f_m(ξ) = f_m(φ′(0)η) = f_m ∘ φ′(0)(η). This shows that f^0 is well defined by the above prescription.

Example 1.23. Recall our standing assumption (1.9) – see Remark 1.10 for notation – that αh(p) ≠ 0. We have

h^0_i = c_i if h_i(p) = c_i ≠ 0 dh_i if h_i(p) = 0.

The example shows that a simple normalization of the h_i will insure that the (linear) functions h^0_i are independent on T_pM. Note that this is a very special case of Ziglin’s Lemma. For convenience we will add to our assumptions concerning the h_i the requirement that they vanish on Γ – by subtracting appropriate constants, if necessary.

The map f → f^0 extends to a group homomorphism (M_∗, ×) → (R_∗, ×), where R = R_p is the rational function field of T_pM. This follows by passage to the quotient fields from the relation (fg)^0 = f^0g^0, itself a consequence of the identity fg = (f_m + · · ·)(g_k + · · ·) = f_mg_k + · · · .

Remark 1.24. Note that for global meromorphic f the map p → ν_p(f) is generically zero and therefore discontinuous – unless identically zero. Similar consideration apply to the family of rational functions {f^0_p | p ∈ M}.

For the next result recall the subbundle E^⊥ of T_ΓM spanned by the fields X_j := X_{hj} . The bundle F := T_ΓM/E^⊥ contains the reduced bundle N as a subbundle and will be a useful intermediary for its study. We shall see below that N can be obtained from F in the same way E was obtained from T_ΓM.

Proposition 1.25. Let f ≠ 0 be a common integral for the fields X_j and let Γ be an orbit of X_1. Then p → v_p(f) is constant on Γ, and (p, v) → f^0_p (v) is a meromorphic function on T_ΓM and an integral for the variational flow. For fixed p ∈ Γ the function f^0_p belongs to the rational field R_p(F ) –canonically embedded in R_p(T M) by pull-back along the projection T_pM → F_p. Moreover f^0_p is invariant under the action of the monodromy group ρ(π_1(Γ, p)) (of either bundle).

Proof: Since the h_i are in involution they extend by the Darboux Theorem to a set of canonical coordinates (τ, h, u, v) so that Ω = dτ ∧ dh + du ∧ dv. In such coordinates (which we shall center at p),^{∂f}_{∂τi} = X_i(f) = 0. We claim that near (τ, h, u, v) = 0, f = φ/ψ, with φ, ψ, holomorphic functions in the variables (h, u, v) alone. Indeed this is clear if f is holomorphic. Otherwise write f = φ̃(τ, h, u, v) ψ̃(τ, h, u, v) in a rectangular connected neighborhood U ×V of 0 with τ ∈ U and (h, u, v) ∈ V . Since ψ̃ ≠ 0, f is holomorphic on some open set U_1 × V_1 ⊂ U × V and independent of τ there. Therefore f(τ, h, u, v) = φ̃(a, h, u, v) ψ̃(a, h, u, v) for some fixed a ∈ U_1 and (h, u, v) ∈ V_1. The desired conclusion holds on U_1 × V_1 with φ(h, u, v) = φ̃(a, h, u, v) and ψ(h, u, v) = ψ̃(a, h, u, v), and by analytic continuation also on U × V .

Let us now write x = (τ, h, u, v) and ξ = (ξ_τ , ξ_h, ξ_u, ξ_v) for the associated coordinates on T M. The flow equations for X_1 are ẋ_j = δ_{1j}, and the variational flow on T M is described by the additional equations ξ̇ = 0, so that sections of the form ξ(t) = const. are parallel. Note that the time variable associated with X_1 is t = x_1 = τ_1, a local parameter for Γ, and that coordinates for T_ΓM are (t, ξ). The system (τ, h, u, v) is a simultaneous flow box for all the X_j . Thus E^⊥ = span {X_1, . . . X_k} = {(ξ_τ , 0, 0, 0)}, so that {(ξ_h, ξ_u, ξ_v)} constitutes an appropriate coordinate representation for the fibers of the quotient F , and R_pF is the subfield C (ξ_h , ξ_u, ξ_v) of rational functions independent of ξ_τ in R_p(T_ΓM) = C (ξ_τ , ξ_h, ξ_u, ξ_v). Writing f = φ_m(h, u, v) + h.o.t. ψ_n(h, u, v) + h.o.t. we have according to our two step prescription f^0_p (ξ) = φ_m(ξ_h, ξ_u, ξ_v) ψ_n(ξ_h, ξ_u, ξ_v) . (1.26) Since the right hand side is constant under the variational flow, and only depends on the variables of F , all the assertions of the proposition are immediate consequences of this equation. 2 Our next task is to show that the existence of additional integrals imposes severe restrictions on the monodromy. Specifically, we assume the existence of meromorphic functions f_j, j = k + 1, . . . , k + r, satisfying the following conditions:

1. They Poisson commute with the h_i: {f_j , h_i} = 0, i = 1, . . . , k, j = k + 1, . . . , k + r. 2. The h_i and the f_j are (jointly) functionally independent: dh_1 ∧ . . . ∧ dh_k ∧ df_{k+1} ∧ . . . ∧ df_{k+r} ≠ 0. (1.27) 3. They are globally defined. (By previous convention this means: in a full neighborhood of Γ.)

Note that our standing assumption concerning the holomorphic integrals in involution h_1, . . . , h_k, is still in force. A few comments will clarify the situation:

• We do not require the f_j to be in involution among themselves.

• The pole divisor D_j of f_j is a codimension 1 analytic variety invariant under the X_{h1} flow, so that D_j ∩ Γ ≠ ∅ ⇒ Γ ⊂ D_j . We allow D_j ∩ Γ ≠ ∅. In other words, we allow the f_j to blow up along Γ.

• Even if f_{j0} is holomorphic, it may still not qualify as one of the h_i for the particular orbit in consideration. For that we need df_{j0} ∧ dh_1 ∧ . . . ∧ dh_k(p) ≠ 0 at some point p ∈ Γ. Note however that due to (1.27), this inequality will hold for most other orbits. It is well known that integrable systems will generally contain degenerate orbits along which the integrals are dependent.

An additional distinction between the h_i and f_j is – one might say – “subjective”: it has to do with our state of knowledge, particularly in applications of the theory. Whereas the h_i represent known objects that can be used to perform Hamiltonian reduction, compute monodromy and the like, the f_j play the role of putative integrals whose existence will be used to derive special properties of the monodromy representation. For the next result however, the holomorphic character of the h_i plays no special role, so we lump them together with the f_j by setting f_i := h_i, i = 1, . . . , k and n := k + r, the total number of functionally independent integrals available.

Proposition 1.28. Let p be an arbitrary but fixed point of Γ. The monodromies of the differential bundles T_ΓM and F based at p have fixed (rational) fields of transcendence degree at least n over C . In fact one can find n polynomials P_i(z_1, . . . , z_i) such that the junior terms of the functions g_i = P_i(f_1, . . . f_i) are algebraically independent on T_pM.

Proof: For any p the global field M(M) is a subfield of M_p. A coordinate system x centered at p identifies the latter with M. Likewise the integrals of X_1 are mapped onto a field K ⊂ M, and R(T_pM) onto C (x). The result follows from Prop.1.25 and Prop.1.18 with s = (1, . . . , 1) (cf. Remark 1.13). 2

Theorem 1.29. The monodromy at any point p ∈ Γ of the totally reduced normal bundle N = E/E^⊥ has a fixed field of transcendence degree at least r, the number of meromorphic “unreduced” integrals f_{k+1}, . . . , f_{k+r}.

Proof: E_p is clearly the annihilator of ξ_h = (dh_1, . . . , dh_k) = (h^0_1, . . . , h^0_k) in F_p. Since we may assume that the set of functions {h^0_i , f^0_j } is algebraically independent on F_p, the result follows from Cor. 1.22. 2

References for x1.

[Ku] M. Kummer, private communication.

[La] S. Lang, Algebra (second edition), Addison-Wesley, Menlo Park, California, 1984.

[Zi] S.L. Ziglin, Branching of solutions and non-existence of first integrals in Hamiltonian mechanics I, Functional Anal. Appl. 16 (1982) 181-189.

x2 Group-Invariant Rational Functions x2.1 Ziglin Groups

Let V be a complex vector space of dimension m ≥ 1. We denote by S = S(V ) the C -algebra of polynomial functions on V (i.e., the subalgebra of all functions f : V → C generated by the constant functions and the elements in the dual space V^∗), and let L = L(V ) be the associated field of rational functions on V (i.e., the quotient field of S). By choosing a basis we can identify V with C^m , S with the polynomial algebra C [x_1 , . . . , x_m] in m-variables, and L with the field C (x_1 , . . . , x_m) of rational functions on C^m .

For a subgroup G ⊂ Gl(V ) and g ∈ G, the assignment (g, f) → g · f := f ∘ g^{−1} defines a left action of G on elements f in S or L. Letting P = S, L, we denote by P^G ⊂ P the C -algebra of G-invariant elements in P (i.e. those f ∈ P satisfying g·f = f for all g ∈ G). We identify the constant polynomials with the complex field C and thereby regard C ⊂ L^G as a field extension. Our study of this situation is motivated by Theorem 1.29 on taking V = N_p and G = ρ(π_1(Γ, p)) (see Remark 1.8).

For r ≥ 1 we say a group G is r-Ziglin if trans degC(L^G) ≥ r, and exactly r-Ziglin when equality holds. If trans degC (L^G) = 0, then G is declared to be not Ziglin .

Proposition 2.1.

(a) trans degC (L^G) ≤ m = dim(V ).

(b) G is r-Ziglin iff all subgroups of G are r-Ziglin.

(c) The field extension L^G ⊂ L^H is algebraic whenever H is a subgroup of G of finite index. In this case G is (exactly) r-Ziglin iff H is (exactly) r-Ziglin.

Proof: (a) This follows from the equivalence of algebraic and functional independence over C for subsets of L as stated in Proposition 1.16. (b) If H is a subgroup of G, then L^G ⊂ L^H, hence trans degC(L^H) ≥ trans degC (L^G), and the result follows. (Note that by definition the transcendence degrees are equal iff the field extension L^G ⊂ L^H is algebraic.) (c) Let g_1 = id, g_2, . . . , g_n be a complete set of n distinct coset representatives of G/H, choose f ∈ L^H , and consider the polynomial p(y) = ∏n j=1(y − g_j · f). For each g ∈ G let the action of G on the coefficients of p(y) be denoted p_g(y) = ∏n j=1(y − (gg_j ) · f). The {gg_j } is again a complete set of coset representatives, so there is a permutation σ of {1, . . . , n} and elements h_j ∈ H so that gg_j = g_{σ(j)}h_j . Since h_j · f = f, we have p_g(y) = p(y), hence the coefficients of p(y) are in L^G. As g_1 = id , f is a root of p(y) and is thus algebraic over L^G. 2

Examples 2.2. (a) Any finite group G is m-Ziglin. Indeed, the subgroup consisting of the identity alone has this property, and the result then follows from Proposition 2.1(c).

(b) Any subgroup of Gl(V ) that admits V \{0} as an orbit is not Ziglin. Hence Gl(V ), Sl(V ), and, when V is symplectic, Sp(V ) are not Ziglin. (c) The group {( λ 0 0 λ^{−1} ) | λ ∈ C \{0} } preserves x_1x_2, hence is 1-Ziglin.

x2.2 Linear Algebraic Groups Ziglin groups are best studied in the context of linear algebraic groups.

In this section we collect some background results necessary for the later sections. For more detailed introductions to both algebraic geometry and algebraic groups see [S, pp. 1-11], [ Ca, Chapter 1], [KAP] , and [R, 2].

Let V and W respectively be m and n-dimensional complex vector spaces (we could replace C by any algebraically closed field of characteristic zero). For a set of polynomials P ⊂ S(V ) the zero set V(P ) = {v ∈ V | p(v) = 0 for all p ∈ P } is called an affine (algebraic) variety. The map f : V → W is said to be polynomial if for some basis {e_j} of W we have f(v) = ∑n j=1 f_j (v)e_j with f_j ∈ S(V ). It is easy to check that this definition is independent of the basis chosen for W . More generally, for an affine variety X ⊂ V the map f : V \X → W is rational if for some basis {e_j} of W we have f(v) = ∑n j=1 f_j(v)e_j with f_j = (p_j /q_j) ∈ L(V ) for polynomials p_j, q_j, such that the zero sets satisfy ⋃n j=1 V({q_j}) ⊂ X. Again, independence of the basis of W is readily checked. The composition of polynomial maps is polynomial, and using the following proposition it is easy to show that the composition of rational maps is rational (see the references cited above). This result is adapted from [KAP, p. 27].

Proposition 2.3. Let X ⊂ V and Z ⊂ W be affine varieties and f : V \X → W a rational map. Then f^{−1}(Z) ⊂ V \X is an affine subvariety of V \X , i.e., the intersection of V \X with an affine variety in V .

Proof: Z = V(P ) for some collection of polynomials P ⊂ S(W ). Define P^∗ to be the numerators of the rational maps in the set f^∗P = {p ∘ f|p ∈ P }.

Then f^{−1}(Z) = (V \X) ∩ V(P^∗). 2

If Y ⊂ V and Z ⊂ W are affine varieties and f : V → W is a polynomial mapping such that f(Y ) ⊂ Z, then f | Y : Y → Z is said to be a polynomial mapping between these affine varieties. When X ⊂ V is an affine variety and f : V \X → W is rational with f((V \X) ∩ Y ) ⊂ Z, then f | (V \X) ∩ Y is said to be a rational map from Y to Z. Note that any polynomial map is rational.

We say an affine variety X ⊂ V is reducible if X = X_1 ∪ X_2, where X_1 and X_2 are non-empty affine varieties, neither containing the other, and irreducible otherwise.

We now define the dimension of an affine variety. The motivation comes from thinking of X as a d-dimensional submanifold of V wherein the coordinate functions of a chart provide d independent C -valued functions. To give the precise definition first assume X is irreducible. Then the ring

C [X] = S(V )/J(X) is an integral domain since J(X) = {p ∈ S(V ) | p(x) = 0

for all x ∈ X} can be shown to be a prime ideal in S(V ) (see [H, Proposition C, p. 8]). C [X] is called the coordinate ring of X and is easily identified with the ring of polynomial functions p : X → C . The quotient field C (X) of

C [X] can in turn be identified with the rational functions f : X → C (where

it is understood that for f = p/q in lowest terms the function is defined only on X\V({q})). By viewing C as constant functions on X the function field

C (X) of X can be regarded as a field extension of C . The dimension of X,

denoted dim(X), is defined to be the transcendence degree of this extension. For example, the dimension of a point is 0, and dim(V ) = m. When X is not irreducible dim(X) is defined as the maximal dimension of the irreducible components of X.

Proposition 2.4. Let X_1 ⊂ X_2 be irreducible affine varieties in V with X_1 properly contained in X_2. Then dim(X_1) < dim(X_2).

Proof: See [H, p. 25].

For sets of polynomials P ⊂ S(V ) the zero sets V(P ) ⊂ V form a basis of closed sets for the Zariski topology on V . The Zariski topology on an affine variety X ⊂ V is the corresponding relative topology.

Proposition 2.5. A rational map f : Y → Z of affine varieties Y ⊂ V and Z ⊂ W is continuous in the induced Zariski topologies on these sets.

Proof: This follows from Proposition 2.3. 2

For a subset A ⊂ X of an affine variety X ⊂ V we denote the closure in the Zariski topology by A. A locally closed subset of a topological space is one which is the intersection of an open set with a closed set. All open and closed subsets of V are locally closed since V itself is both open and closed. If X ⊂ V is an affine variety and A ⊂ X is locally closed we define the dimension of A to be that of A ⊂ X.

Theorem 2.6. Let the affine variety X ⊂ V have the relativized Zariski topology. Then:

(a) X is T_1, i.e., singleton subsets of V are closed.

(b) X is Noetherian, i.e., any sequence X_1 ⊃ X_2 ⊃ X_3 ⊃ . . . of distinct closed subsets of X must be finite.

(c) If X is irreducible, then any non-empty (relatively) open set U ⊂ X is Zariski dense, i.e., U = X, hence dim(U) = dim(X).

(d) When X is irreducible any two non-empty open subsets of X have nonempty intersection. In particular, X is not Hausdorff.

(e) Gl(V ) is a Zariski open subset of L(V, V ), the space of linear transformations of V into V , of dimension m^2.

Proof: See [ S, pp. 3-4] for (a)-(d). (e) is obvious. 2

Assuming the relative Zariski topology on Gl(V ), a closed subgroup G ⊂ Gl(V ) is called a linear algebraic group. For linear algebraic groups G ⊂ Gl(V ) and G^′ ⊂ Gl(W ) we define a morphism (isomorphism) φ : G → G^′ to be a rational map that is also a group homomorphism (isomorphism). In more concrete terms, for dim(V ) = m and dim(W ) = n, φ is given by n^2 rational functions φ_{ij} = p_{ij} (x_{11}, . . . , x_{mm})/q(x_{11}, . . . , x_{mm}) where the p_{ij} and q are polynomials and q vanishes nowhere on G, and φ(g_1 · g_2) = φ(g_1) · φ(g_2), φ(id_m) = id_n. For example, the map φ(g) = (g^{−1})^t, where t denotes transpose, is a morphism of Gl(V ) to Gl(V ) as can be seen from the usual way of writing the entries of the inverse of a matrix as quotients of cofactor and determinants.

Note that a closed subgroup of a linear algebraic group is again a linear algebraic group. We refer to arbitrary subgroups (not necessarily closed) of Gl(V ) as abstract groups. Some examples of linear algebraic groups are Sl(n, C), SO(n, C ), Sp(n, C ), the group T (n, C ) of upper triangular matrices, and any finite subgroup of Gl(n, C ).

We remark that any linear algebraic group over C can be retopologized so as to become a complex Lie group of the same dimension (see [O-V, p. 100]). This suggests a strong parallel between the structure of these two types of groups. In particular, every linear algebraic group has an associated Lie algebra which reflects properties of the group.

Proposition 2.7. For any linear algebraic group G ⊂ Gl(V ) the following assertions hold:

(a) The mappings g → g^{−1}, g → gh, and g → hg for fixed h ∈ G are rational.

(b) There is a unique irreducible component G^0 of the identity e ∈ G.

(c) G^0 is a normal subgroup of finite index in G. The cosets of G^0 are connected as well as irreducible components of G, hence are all distinct.

(d) Each closed subgroup of finite index in G contains G^0. Proof: (a) is clear. For (b) - (d) see [ H, p. 53]. 2 Proposition 2.8. For any abstract subgroup G ⊂ Gl(V ) we have: (a) G is a linear algebraic subgroup of Gl(V ).

(b) For S = S(V ) and L = L(V ) we have S^G = S^G and L^G = L^G. Proof: For (a) see [ H, p. 54]. For (b) take f = p/q ∈ L^G (with q = 1 when f ∈ S) and v ∈ V . Then the polynomial P_v(g) = (g·p)(v)q(v)−(g·q)(v)p(v) vanishes on G and hence on G. Since v was arbitrary the result follows. 2 x2.3 Linear Algebraic Ziglin Groups We continue with the notation of the previous section.

Proposition 2.9. For an abstract subgroup G ⊂ Gl(V ) and any integer 1 ≤ r ≤ m =dim(V ) the following statements are equivalent. (a) G is (exactly) r-Ziglin; (b) G is (exactly) r-Ziglin; (c) (G)^0 is (exactly) r-Ziglin.

Proof: (a) and (b) are equivalent by Proposition 2.8, and (b) and (c) are equivalent by Proposition 2.1 (c) and Proposition 2.7 (c). 2 Since (G)^0 is connected Proposition 2.9 reduces the study of Ziglin groups to that of connected linear algebraic Ziglin groups.

Theorem 2.10. Let G ⊂ Gl(V ) be a connected linear algebraic group and 1 ≤ r ≤ m = dim(V ). Then the following assertions hold.

(a) G is r-Ziglin iff the maximal orbit dimension (of the action of G on V ) is at most (m − r).

(b) G is exactly r-Ziglin iff the maximal orbit dimension in (a) is (m − r) iff all orbits within some Zariski dense open subset of V have dimension (m − r). (c) If G admits an orbit of dimension (m − r), and if {f_j }^r_{j=1} ⊂ L^G is a functionally independent set, then this set must be a transcendence basis for the field extension C ⊂ L^G.

(d) L^G is algebraically closed in L, i.e., α ∈ L is algebraic over L^G iff α ∈ L^G. (e) For any abstract subgroup H ⊂ G the field extension L^G ⊂ L^H (of Proposition 2.1 (c)) is algebraic iff L^G = L^H . In particular, G and H are both exactly r-Ziglin for some r iff L^G = L^H .

With regard to (a) and (b) we note that the orbits of G are locally closed (see [ H, p. 60]), hence the dimension of these sets can be defined (see the discussion in Section 2.2 between Proposition 2.5 and Theorem 2.6).

Proof: We first note that a result of Rosenlicht [R,1] implies

(1) trans degC(L^G) = m − r, where r is the maximal dimension of an orbit of G in V , and

(2) the union of orbits of maximal dimension contains a Zariski open set.

(a) Recall from Proposition 1.16 the equivalence of algebraic independence over C and functional independence for subsets of L(V ). Thus, when G is r-Ziglin the G-orbit of any p ∈ V is contained in the intersection of the level sets of at least r independent rational functions, hence the dimension of this orbit is at most (m − r) (e.g. see [O-V, p. 90]). The converse follows from the above cited result of Rosenlicht.

(b) The two forward implications follow from Rosenlicht’s result with density of the open set coming from Theorem 2.6 (c). Conversely, when there is such an open set the level set argument used in establishing (a) shows that G is at most r-Ziglin. Now, if G is exactly (r − ℓ)-Ziglin for some ℓ ≥ 1, then the forward implication gives a second dense open set in which all G-orbits have dimension (m − r) + ℓ, which gives a contradiction by Theorem 2.6(d). Thus G is exactly r-Ziglin.

(c) If G is exactly (r + ℓ)-Ziglin with ℓ ≥ 1, then by (a) the maximal orbit dimension is m − (r + ℓ) < (m − r), a contradiction.

(d) (The proof is courtesy of M. Putcha.) Let α = α_1, α_2, . . . , α_s be the roots in L of the minimal polynomial p(x) ∈ L^G[x] of α ∈ L^H . For j = 1, . . . s set G_j = {g ∈ G | g · α = α_j }. Each G_j is closed and G is the disjoint union of the G_j . Since G is connected and G_1 ≠ ∅, we have G = G_1 so g · α = α for all g ∈ G. Therefore α ∈ L^G.

(e) The forward implication follows from (d); the reverse is obvious. 2 As an immediate application of Theorem 2.10 we have the following alternate proof of Proposition 1.21: Let F have dimension n and let r = trans degC(K_F ). Theorem 2.10 implies that the maximal orbit dimension in F is (n − r). Therefore the maximal orbit dimension in S is at most (n − r). Theorem 2.10 now implies that S is (n − 1) − (n − r) = (r − 1) Ziglin and so trans degC(K_S ) ≥ (r − 1).

Examples 2.11.

(a) Any linear algebraic group G ⊂ Gl(V ) of dimension at most (m − r), where m=dim(V ), is r-Ziglin. Indeed, G^0 is r-Ziglin by Theorem 2.10 (a), whence G is r-Ziglin by the equivalences given in Proposition 2.9.

(b) The connected 1-Ziglin subgroups of Sl(2, C ) = Sp(1, C ) consist of the identity subgroup and all conjugates of {( 1 0 a 1 ) | a ∈ C } and {( λ 0 0 λ^{−1} ) | λ ∈ C \{0} } . These are precisely the connected subgroups of Sl(2, C) of dimension at most 1. The identity subgroup has dimension 0, and the other two subgroups have dimension 1, hence are 1-Ziglin by (a) above. To see that this covers all cases note that Sl(2, C ) is not 1-Ziglin by Example 2.2 (b). Any proper subgroup of Sl(2, C ) has dimension ≤ 2 and so is solvable (see [ H, Ex. 4, p. 137]). The Lie-Kolchin Theorem (see §3.3) implies that such a group is conjugate to a subgroup of G = {( λ 0 μ λ^{−1} ) | λ ∈ C \{0}, μ ∈ C } . If v = (1, 0), G · v has dimension 2 so G itself is not a 1-Ziglin group by Theorem 2.10(a). Any proper connected subgroup of G can be seen to be of the above form.

(c) The 1-Ziglin subgroups of Gl(2, C ) are those than can be conjugated to a subgroup of one of the following groups:

(1) T (n) = {( α 0 δ β ) | α^n = 1 } (preserves x^n).

(2) T (m, n) = {( α 0 0 β ) | α^mβ^n = 1 } (preserves x^my^n).

(3) DP (n) = {( α 0 0 β ) | (αβ)^n = 1 } ∪ {( 0 γ δ 0 ) | (δγ)^n = 1 } (preserves (xy)^n).

(4) the projectively finite groups Z (preserves Πg^∗x Πg^∗(x − λy) for suitable

λ ∈ C \{0}, where the products are taken over g ∈ Z/(Z ∩ K0)

with K_0 = {c · id | c ∈ C \{0}).

A proof can be constructed from (b) above using arguments as in [KAP, p. 32]. For details see [C-R].

x2.4 Symplectic Ziglin Groups In this section V denotes a complex symplectic vector space of dimension (2n) ≥ 2, ω is the symplectic form, and G ⊂ Sp(V ) is a linear algebraic group.

A torus is a connected diagonalizable linear algebraic subgroup of Gl(V ). A torus T ⊂ G is maximal if dim(T ) ≥ dim(T^′) for any torus T^′ ⊂ G, and all such tori are conjugate [ H, p. 135]. The rank of G, denoted rank (G), is defined as the dimension of any maximal torus. (These definitions do not depend on V being symplectic.) We need the following facts concerning tori in Sp(V ).

Proposition 2.12.

(a) Any torus T ⊂ Sp(V ) can be diagonalized with a symplectic basis. More precisely, there is a symplectic basis of V relative to which each t ∈ T has matrix representation diag(λ_1, . . . , λ_n, λ^{−1}_1 , . . . , λ^{−1}_n ).

(b) The diagonal subgroup D = { diag (λ_1, . . . , λ_n, λ^{−1}_1 , . . . , λ^{−1}_n )} ⊂ Sp(n, C ) has rank(D) = n.

(c) D is exactly n-Ziglin, and if x_i, i = 1, . . . , 2n, denote the standard coordinate functions on C^{2n} , then the n functions z_j = x_jx_{n+j}, j = 1, . . . , n, constitute a transcendence basis for (L(C^{2n} ))^D.

(d) Any linear algebraic subgroup G ⊂ Sp(V ) satisfies rank (G) ≤ n = rank (Sp(V )).

(e) Any torus T ⊂ Sp(V ) contains a Zariski dense cyclic subgroup.

Proof:

(a) Given any basis {e_j}^{2n}_{j=1} diagonalizing T , the nondegeneracy of ω guarantees a j ≥ 2 such that ω(e_1, e_j) ≠ 0, and by rescaling, if necessary, we can assume ω(e_1, e_j) = 1. But then span{e_1, e_j} = E ⊂ V is T - invariant and T | E is diagonalized by the symplectic basis {e_1, e_j}. For t ∈ T we have 1 = ω(e_1, e_j) = (t^∗ω)(e_1, e_j) = λ_1λ_j, hence the matrix representation of t | E is diag (λ_1, λ^{−1}_1 ).

By standard symplectic algebra we can write V = E ⊕ E^⊥ where E^⊥ is also T -invariant. But T also acts on E^⊥ as a torus (to verify this see [H, Exercise 2, p. 137] and use the fact that restrictions of semisimple operators are again semisimple). Thus the desired basis can be constructed inductively.

(b) Obvious.

(c) The maximal orbit dimension is n, and the n indicated invariants are independent by the equivalence given in Proposition 1.16. The result then follows from Theorem 2.10(c).

(d) Follows from (a) and (c) above.

(e) See [H, Exercise 7, p. 108]. 2 An element g ∈ L(V, V ) is semisimple if it is diagonalizable, unipotent if 1 is its only eigenvalue. The Jordan-Chevalley Theorem [H, p. 96] states that any g ∈ Gl(V ) can be written uniquely as g = g_sg_u = g_ug_s where g_s is semisimple and g_u is unipotent. Moreover, for any linear algebraic subgroup G ⊂ Gl(V ) we have g ∈ G iff g_s, g_u ∈ G (see [ H, p. 99]). Lastly, any semisimple element of G is contained in a torus T ⊂ G (see [O-V, Corollary 1, p. 128]).

The spectrum of any g ∈ Sp(V ) has the form {λ_1, . . . , λ_n, λ^{−1}_1 , . . . λ^{−1}_n } (see [A-M, p. 169]). The element g is resonant if there are integers m_j ∈ Z, not all zero, so that Π^n_{j=1}λ^{mj}_j = 1; g is nonresonant if this condition is not satisfied. Note that a nonresonant element must be diagonalizable, hence semisimple, since in this case all the eigenvalues will be distinct.

Proposition 2.13. Let D = {diag(λ_1, . . . , λ_n, λ^{−1}_1 , . . . , λ^{−1}_n )} be the diagonal subgroup of Sp(n, C ). Then the following assertions hold:

(a) A closed subgroup T ⊂ D is proper iff there are integers m_j ∈ Z, not all zero, such that Π^n_{j=1}λ^{mj}_j = 1 for all elements in T .

(b) Suppose T ⊂ D is closed. Then T = D iff T contains a nonresonant element.

Proof:

(a) T must be the intersection of the kernels of some collection of characters of D ([H, Proposition 16.1, p. 103]), and so when T is proper there must be a character which is trivial on T but not on D. This character (in fact all characters of D) must have the form Π^{2n}_{j=1}x^{rj}_j , r_j ∈

Z([O − V, Theorem 4, p. 113]), and therefore has value Π^n_{j=1}λ^{mj}_j on

diag (λ_1, . . . , λ_n, λ^{−1}_1 , . . . , λ^{−1}_n ) ∈ D, where m_j = r_j −r_{n+j} , j = 1, . . . , n. Since the character is not trivial (on D), not all m_j vanish.

(b) This follows from (a). 2

Theorem 2.14. Let G ⊂ Sp(V ) be a linear algebraic group. Then

(a) G has only resonant elements iff rank (G) < n;

(b) G has a nonresonant element iff rank (G) = n. Moreover, the Zariski closure of the subgroup generated by such an element is a maximal torus T ⊂ G, and any maximal torus T ⊂ G contains such an element.

Proof: By Proposition 2.12 (d) it suffices to prove (b). Suppose t ∈ G is nonresonant, choose a symplectic base diagonalizing t (see Proposition 2.12), and let T be the Zariski closure of the group generated by t. Then Proposition 2.13 (b) shows that T = D, the diagonal subgroup of Sp(n, C ). By (b) and (d) of Proposition 2.12 the torus T is n-dimensional, hence of maximal rank; in particular, rank (G) = n.

Conversely, assume rank (G) = n and T ⊂ G is a maximal torus. Then by Proposition 2.12 (e) there is an element t ∈ T that generates a Zariski dense subgroup of T . This element must be nonresonant by Proposition 2.12 (a) and Proposition 2.13 (a). 2

Theorem 2.15. For a connected linear algebraic group G ⊂ Sp(V ) of rank n the following two statements are equivalent:

(a) G is n-Ziglin; and

(b) G is an n-dimensional torus.

Proof: (a) ⇒ (b). Choose a maximal torus T ⊂ G and diagonalize T with a symplectic basis (Proposition 2.12 (a)), hence now think of G ⊂ Sp(n, C ). We have L^G ⊂ L^T (see Proposition 2.1), whereas trans degC(L^G) ≥ n = trans degC(L^T ) by assumption and Proposition 2.12(c). But the field extension L^G ⊂ L^T is then algebraic, hence L^G = L^T by Theorem 2.10 (e).

From Proposition 2.12 (c) we know that the functions z_j = x_jx_{n+j} , for j = 1, . . . , n, form a transcendence base for the field extension C ⊂ L^T =

L^G since G is n-Ziglin by hypothesis. Since g · (x_jx_{n+j} ) = x_jx_{n+j} , unique factorization then implies that either g · x_j = c_gx_j and g · x_{n+j} = c^{−1}_g x_{n+j}, or g · x_j = c_gx_{n+j} and g · x_{n+j} = c^{−1}_g x_j, for each g ∈ G. The group G then acts by permutation on the coordinate axes, and, being connected by hypothesis, must therefore fix those axes. But then G = T .

(b) ⇒ (a) This follows from Proposition 2.12 (a) and (c). 2

Let X ⊂ V be a linear subspace and H ⊂ Gl(V ) a linear algebraic group. Then X is a weight space for H if there is a rational character (i.e., a morphism) σ : H → C /{0} so that h · x = σ(h)x for all h ∈ H and x ∈ X. Elements of X are called weight vectors of H.

Proposition 2.16. Any n-dimensional torus T ⊂ Sp(V ) admits 2n onedimensional weight spaces which coincide with the eigenspaces of any nonresonant element t ∈ T . V is the direct sum of these spaces.

Proof: See Proposition 2.12 (a). 2

The following result is a restatement of Proposition 1 of [M-S] and generalizes Theorem 2 of [Zi].

Proposition 2.17. Let G ⊂ Sp(V ) be a linear algebraic group that is n- Ziglin and of rank n. Then the following two results hold. (a) G^0 is an n-dimensional torus and is the unique maximal torus in G; and

(b) G permutes the weight spaces of G^0 in pairs, hence [G : G^0] ≤ n!2^n. Proof:

(a) Any maximal torus T ⊂ G, being connected, must lie in G^0, and so G^0 is also of rank n. But G^0 is n-Ziglin, by Proposition 2.9(c), and is therefore and n−torus by Theorem 2.15. Since dim (T ) = n = dim (G^0), we must have T = G^0 by Proposition 2.4.

(b) Let {e_j}^{2n}_{j=1} be a symplectic basis diagonalizing the torus G^0 as in Proposition 2.12(a). Then for g ∈ G, h ∈ G^0, and a weight vector w ∈ V we have h · w = σ(h)w, and g^{−1}hg = h^′ ∈ G^0. Thus h · (g · w) = (hg) · w = (gh^′)w = g · (h^′ · w) = g(σ(h^′)w) = σ(h^′)(g · w), and hence G permutes the eigenspaces of G^0 (see also [H, p. 188]). That it does so in pairs follows from 1 = ω(e_j, e_{n+j} ) = (g^∗ω)(e_j, e_{n+j} ). It is then immediate that [G : G^0] ≤ n!2^n. 2 The following corollary is from [I].

Corollary 2.18. Let dim (V ) = 2 and assume G ⊂ Sp(V ) is a 1-Ziglin linear algebraic group containing a nonresonant element t. Then for any g ∈ G the commutator (t, g) = tgt^{−1}g^{−1} satisfies (t, g) = id or (t, g) = t^2, with only (t, g) =id possible if g does not admit ±i as eigenvalues. As a consequence, if for such a nonresonant t there is some g ∈ G so that id ≠ (t, g) ≠ t^2, then G is not 1-Ziglin.

Proof: Picking a symplectic basis that diagonalizes t, Proposition 2.17 implies we can assume that V = C^2 , t = ( λ 0 0 λ^{−1} ) , and either g = ( η 0 0 η^{−1} ) or g = ( 0 η −η^{−1} 0 ) . Note that G has rank 1 by Theorem 2.14 (b). The result now follows by direct computation. 2

References for x2.

[A-M] R. Abraham and J. Marsden, Foundations of Mechanics, 2^{nd} ed., Addison-Wesley, Redwood City, CA, 1978.

[Ca] R. Carter, Finite Groups of Lie Type, John Wiley, New York, 1985. [C-R] R. C. Churchill and D. L. Rod, On the determination of Ziglin monodromy groups, SIAM J. Math. Anal., 22 (1991), pp. 1790-1802.

[H] J. Humphreys, Linear Algebraic Groups, Springer, New York, 1975.

[I] H. Ito, A criterion for non-integrability of Hamiltonian systems with nonhomogeneous potentials, Z. Angew. Math. Phys., 38 (1987), pp. 459- 476.

[KAP] I. Kaplansky, An Introduction to Differential Algebra, 2^{nd} ed., Hermann, Paris, 1976.

[M-S] J. J. Morales and C. Simó, Picard-Vessiot theory and Ziglin’s theorem J. Diff. Eqns., to appear.

[O-V] A. L. Onishchik and E. B. Vinberg, Lie Groups and Algebraic Groups, Springer, New York, 1990.

[R,1] M. Rosenlicht, A remark on quotient spaces, An. Ac. Bras. Cienc. 35 (1963), pp. 487-489.

[R,2] M. Rosenlicht, Initial results in the theory of linear algebraic groups, in Studies in Algebraic Geometry, A. Seidenberg, ed., MAA Studies in Math., 20, 1980.

[S] T.A. Springer, Invariant Theory, LNM 585, Springer, New York, 1977. [Zi] S. L. Ziglin, Branching of solutions and non-existence of first integrals in Hamiltonian mechanics I, Functional Anal. Appl. 16 (1982), pp. 181-189.

x3 Transition to the Differential Galois Group and Differential Galois Theory x3.1 Basic Differential Galois Theory

As general references for this chapter we recommend [S, 2] and [V]. A field k with a distinguished derivation a → a^′, with a, a^′ ∈ k, is a differential field; an extension field k ⊂ K which is also a differential field is a differential extension of k if the derivation on K restricts to that on k. When k is a differential field the subfield Const (k) := {a ∈ k : a^′ = 0} is the field of constants (of the derivation). In this paper all fields have characteristic zero.

As examples of differential fields consider C (x) with derivation d/dx, and the field of meromorphic functions M on a compact Riemann surface together with any nonvanishing vector field on the surface acting as a derivation on M. In both cases the field of constants is identified with C .

Suppose k is a differential field, K_1, K_2 are differential extensions of k and σ : K_1 → K_2 is a field isomorphism (resp. embedding) commuting with the derivations on K_1, K_2 and restricting to the identity on k. Then σ is a differential k-isomorphism (resp. k-embedding). When K_1 = K_2 (with the same derivation) σ is a differential k-automorphism.

Now let k be a differential field and let

y^′ + Ay = 0 (3.1)

be a linear differential equation, where A is an n × n matrix with entries in k and y = (y_1, ., y_n)^t. A differential extension K of k is a Picard- Vessiot extension (or P-V extension) of k associated with (3.1) if: K = k(y_{11}, . . . , y_{1n}, y_{21}, . . . , y_{nn}), where {(y_{i1}, . . . , y_{in})^t}^n_{i=1} is a fundamental set of solutions of (3.1), i.e., a collection of solutions of (3.1) linearly independent over Const (k); and Const (K) = Const (k). Note from the form of (3.1) that K is again a differential field. The (differential) galois group G(K/k) of (3.1) is the group of k-automorphisms of K.

One can show that the set of solutions of (3.1) forms a vector space over Const(k) of dimension at most n [KAP, p. 28], and that whenever Const(k) is algebraically closed a P-V extension for (3.1) exists and is unique up to a differential k-isomorphism [KAP, p. 22]. In particular, G(K/k) is well-defined up to isomorphism. For these reasons one speaks of “the” P-V extension and galois group of (3.1). Note that when k = C (x) the existence of a P-V extension can be deduced from the classical existence theory of ordinary differential equations.

The foregoing definitions apply to n^{th} order linear differential equations through the standard observation that an n^{th} order equation

L(y) = y^{(n)} + a_{n−1}y^{(n−1)} + · · · + a_0y = 0 (3.2) can be written as in (3.1) by taking

A = 0 1 0 · · · 0 0 0 1 · · · 0 ... · · · ... ... 1 a_0 a_1 . . . a_{n−1} .

The associated P-V extension is then of the form k⟨y_1, . . . , y_n⟩ := k(y_1, . . . , y_n, y^′_1, . . . y^′_n, . . . , y^{(n−1)}_n ), where y_1, . . . , y_n is a fundamental set of solutions of (3.2).

For the remainder of §3.1 we let k ⊂ K denote the P-V extension of (3.1) and G := G(K/k) the associated galois group. We will study the structure of G and associated subgroups thereof.

For any field k ⊂ L ⊂ K define L^∨ := {σ ∈ G : σ(a) = a for all a ∈ L}, and for any subgroup H ⊂ G define H^∨ := {a ∈ K : σ(a) = a for all σ ∈ H}. Note that L^∨ (‘L-check’) is a subgroup of G, and H^∨ (‘H-check’) is a differential subfield of K. L (resp. H) is closed if L^{∨∨} = L (resp. H^{∨∨} = H). One easily has the following fundamental aspect of galois theory.

Proposition 3.3. Any checked object is closed, i.e. L^∨ = ((L^∨)^∨)^∨ and H^∨ = ((H^∨)^∨)^∨. Moreover, checking gives a one-to-one correspondence between closed subgroups of G and closed subfields of K.

To give an alternate characterization of closed objects observe that G acts linearly on the n-dimensional k-vector space of solutions of (3.1), and so by fixing a basis Y = (y_1, . . . y_n) of solutions we obtain a representation λ : G → Gl(n, C), C = Const(k). (3.4) In fact this representation is faithful [KAP, Lemma 5.4, p. 34], and we thereby identify G with a subgroup of Gl(n, C). The resulting Zariski topology on G is easily seen to be independent of the basis Y used in (3.4).

Proposition 3.5. The galois group G is Zariski closed when identified (as in (3.4)) with a subgroup of Gl(n, C). Moreover, any closed subgroup H ⊂ G is also Zariski closed.

Proof: The second statement follows from the first since if H is closed then H = G(K/H^∨ ) is a P-V extension of H^∨. We will prove the first statement under the assumptions that k = C(x), x^′ = 1, and that K = C(x, y_{11}, y_{12}, y_{21}, y_{22}) is the P-V extension of a 2 × 2 first order system (see [KAP, p. 36], for the general case). We follow the exposition in [KOV] to show that G = G(K/k) ⊂ Gl(2, C) is the intersection of Gl(2, C) and the zero set of a collection of polynomials in four variables with coefficients in C.

Let Y_{11}, Y_{12}, Y_{21}, Y_{22} be new variables and let Ψ : R = C[x, Y_{11}, Y_{12}, Y_{21}, Y_{22}] → C[x, y_{11}, y_{12}, y_{21}, y_{22}] be the obvious substitution homomorphism. Let P be the kernel of Ψ. For A = [ a b c d ] ∈ GL(2, C), A acts on R by leaving C[x] fixed and sending (Y_{11}, Y_{12}, Y_{21}, Y_{22}) to (aY_{11} + cY_{12}, bY_{11} + dY_{12}, aY_{21} + cY_{22}, bY_{21} + dY_{22}). A will induce an automorphism of K if and only if A maps P to itself. We may write P = (p_1, . . . , p_s) where the p_i are linearly independent over C. Let m be the maximum of the degrees of the p_i. A maps V_m = {p ∈ R | deg p ≤ m} to itself. Extend p_1, . . . , p_s to a basis p_1, . . . , p_t of V_m. There exist polynomials P_{ij} (a, b, c, d) such that the action of A on V_m is given by A · p_i = Σ_jP_{ij} (a, b, c, d)p_j. We then see that A ∈ G if and only if P_{ij} (a, b, c, d) = 0 for i = 1, . . . , s and j = s + 1, . . . , t. 2 Note that the above proof is not constructive. Given y^′ + Ay = 0, the proof does not show us how to determine the polynomials defining G. In fact it is not known in general how to produce such a set and this is an important open problem in the galois theory.

To show that the closed subgroups of G are precisely the Zariski closed subgroups we need to show the following:

Proposition 3.6. Let K be a P − V extension of K with galois group G. Any Zariski closed subgroup of G is closed.

Proof: We shall follow [KAP, p. 37] and only prove this proposition when K is associated with a linear 2 × 2 system, i.e. K = k⟨y_{11}, y_{12}, y_{21}, y_{22}⟩. It is enough to show that if H is a subgroup of G ⊂ GL(2, C) then H is Zariski-dense in H^{∨∨}. Assume not and we will argue to a contradiction. By assumption there is a polynomial f(a, b, c, d) with constant coefficients vanishing on H but not on H^{∨∨}. Let [ A B C D ] = [ y_{11} y_{12} y_{21} y_{22} ]_{−1} . For new variables, Y_{ij} , define the differential polynomial F (Y_{11}, Y_{12}, Y_{21}, Y_{22}) = f(AY_{11} + BY_{21}, AY_{12} + BY_{22}, CY_{11} + DY_{21}, CY_{12} + DY_{22}). Let σ = [ a b c d ]

in G. We have F (σ(y_{11}), σ(y_{12}), σ(y_{21}), σ(y_{22})) = f(a, b, c, d) = 0 for all σ ∈ H but not all σ ∈ H^{∨∨}. Among all differential polynomials in Y_{ij} with coefficients in K, let E(Y_{11}, Y_{12}, Y_{21}, Y_{22}) have the smallest number of terms with this property. We can assume that some coefficient in E is 1. For τ ∈ H let E_τ be the polynomial obtained by applying τ to the coefficients of E. E − E_τ is shorter than E and vanishes for Y_{ij} = σ(y_{ij}) for all σ ∈ H. Therefore it must vanish for Y_{ij} = σ(y_{ij}) for all σ in H^{∨∨}. If E − E_τ is not identically zero, we can find an element γ ∈ K such that E − γ(E − E_τ ) is shorter than E and has the same property as E. This contradiction shows that the coefficients of E are left invariant by H. Therefore E has coefficients in H^∨ and these coefficients must be left invariant by H^{∨∨}. For σ ∈ H^{∨∨}, E(σ(y_{11}), σ(y_{12}), σ(y_{21}), σ(y_{22})) = σ(E(σ^{−1}(σ(y_{11})), σ^{−1}(σ(y_{12})), σ^{−1}(σ(y_{21})), σ^{−1}(σ(y_{22}))) = σE(y_{11}, y_{12}, y_{21}, y_{22}) = 0. This contradicts the fact that E(σ(y_{11}), σ(y_{12}), σ(y_{21}), σ(y_{22})) ≠ 0 for some σ ∈ H^{∨∨} and finishes the proof of Proposition 3.6. 2

The characterization of closed subgroups of G provided by Propositions 3.5 and 3.6 can be useful in the calculation of galois groups, as the following two examples illustrate.

Examples 3.7.

(a) Let L(y) = y^′ − ay with a ∈ k. The P − V extension of k corresponding to L(y) is of the form K = k⟨y⟩ = k(y), where y^′ = ay (i.e., y = exp ( ∫ a)). If σ ∈ G(K/k) = G then σ(y^′/y) = σ(a) = a = y^′/y. From this we can conclude that (σ(y)/y)^′ = 0. Therefore σ(y) = c_σ · y for some c_σ ∈ C −{0} = C^∗ = Gl(1, C). The only Zariski closed subgroups of Gl(1, C) are finite or all of Gl(1, C). If G is finite, then it must be cyclic. This implies that y^m ∈ k for some m. If G is not finite then G = Gl(1, C).

(b) Let a ≠ 0 be in k and L(y) = y^{′′} − (a^′/a)y^′. The P − V extension of k corresponding to L(y) = 0 is of the form K = k⟨1, y⟩ = k(y), where y^′ = a. For σ ∈ G(K/k) = G, (σ(y) − y)^′ = 0, so σ(y) = y + c_σ for some c_σ ∈ Const(k) = C. Since σ(1) = 1, we can identify σ with the matrix [ 1 c_σ 0 1 ] . The set of matrices of the form [ 1 c 0 1 ] for c ∈ C can be identified with the additive subgroup of C. Therefore, G is either the trivial subgroup or isomorphic to C.

We now turn to the problem of characterizing the closed subfields of K. It is a fact that the closed subfields of K are precisely the differential subfields F with k ⊂ F ⊂ K. The key step in showing this is the following proposition:

Proposition 3.8. Let K be a P − V extension of k and assume that C = Const(k) is algebraically closed. If α ∈ K − k then there is a σ ∈ G(K/k) such that σ(α) ≠ α.

Proof: We only give a rough sketch of the proof of this result, proceeding in two steps. The first step is to show that for any differential fields k ⊂ K and α ∈ K − k, there is a differential field E containing K and a k-isomorphism Ψ : K → E such that Ψ(α) ≠ α. The proof of this fact relies on the fact that one can construct differential ideals not containing certain elements and requires a certain amount of differential ideal theory [KAP, pp. 13-17]. The second step is to use this result when K is a P −V extension of k. In this case the isomorphism Ψ is determined by its effect on y_1 = (y_{1i}), . . . , y_n = (y_{ni}), where K = k⟨y_{11}, . . . , y_{nn}⟩. Ψ is a matrix (d_{ij} ) in Gl(n, C). The fact that Ψ is an isomorphism and Ψ(α) ≠ α is equivalent to (d_{ij} ) satisfying a system of polynomial equations f_1(d_{ij}) = 0, . . . , f_s(d_{ij} ) = 0, g(d_{ij} ) ≠ 0. Since this system is consistent (it has the solution (d_{ij} )), and C is algebraically closed, we can find c_{ij} in C satisfying this system. (c_{ij}) defines an element σ ∈ Gl(n, C). This σ will now map K to itself and so define a differential automorphism. 2

Proposition 3.8 implies that any differential subfield E of K containing k is closed since K is a P − V extension of E. Combining Propositions 3.3, 3.5, 3.6 and 3.8 we have:

Theorem 3.9. Let k ⊂ K be differential fields with K a P −V extension of k and C = Const(k) algebraically closed. Let G = G(K/k) ⊂ Gl(n, C). Then G is a linear algebraic group and the correspondence described above is a bijective correspondence between Zariski closed subgroups of G and differential subfields E with k ⊂ E ⊂ K.

Just as in the galois theory of algebraic equations one is able to identify those subfields corresponding to normal subgroups of the galois group.

Definition 3.10. Let k ⊂ K be differential fields. We say that K is normal over k if for any α ∈ K − k there exists a σ ∈ G(K/k) such that σ(α) ≠ α.

Theorem 3.11. Let K be a P − V extension of k and assume Const(k) is algebraically closed. A Zariski closed subgroup H of G = G(K/k) is normal in G if and only if H^∨ is normal over k. In this case G(H^∨/k) is isomorphic to G/H. Proof: Assume that H is normal in G. Since K is normal over k, given any α ∈ H^∨ − k there is a σ ∈ G such that σ(α) ≠ α. Since H is normal in G, any σ ∈ G leaves H^∨ invariant and so induces an automorphism of H^∨. Therefore H^∨ is normal over k.

Now assume that H^∨ is normal over k. One first shows that any kautomorphism Ψ of H^∨ can be extended to a k-isomorphism Ψ̃ of K into a differential field E containing K. This is done in a way similar to that described in Proposition 3.11. As in Proposition 3.8 the k - automorphism Ψ̃ is determined by a matrix (d_{ij} ) ∈ Gl(n, C), and the fact that Ψ̃ extends Ψ and is an isomorphism is equivalent to a system of equations. Since this system is consistent we can find a solution (c_{ij}) ∈ C that defines a k-automorphism that extends Ψ. We now let H_1 be the normalizer of H in G. One can show that H_1 is Zariski closed. H_1 contains any automorphism of K that leaves H^∨ invariant. Since H^∨ is normal over k and all automorphisms of H^∨ extend to K, H^∨_1 = k. Theorem 3.9 now implies that H_1 = G.

The final statement comes from the observation that restricting any σ ∈ G to H^∨ induces a homomorphism from G(K/k) to G(H^∨/k) whose kernel is

H. 2

The usual galois theoretic arguments [KAP, pp. 18 - 20] for algebraic extensions and algebraic equations can be generalized to show:

Theorem 3.12. Let K be a P − V extension of k and assume that C = Const(k) is algebraically closed. Let H be a Zariski closed subgroup of G = G(K/k). Then H has finite index in G if and only if H^∨ is algebraic over k. In this case |G : H| = [H^∨ : k].

We close the section with a theorem that relates the galois group of a differential equation on a Riemann surface to that of the equation on a finite cover. We state this in terms of fields. The corresponding statement for connections on bundles over Riemann surfaces can be found in Chapter 4.

Theorem 3.13. Let k ⊂ K be differential fields with the same algebraically closed field of constants and assume that [K : k] < ∞. Let y^′ + Ay = 0 be a differential equation with coefficients in k. Let k_1 be the P − V extension of k corresponding to this equation and let K_1 be the P − V extension of K corresponding to this equation. Then there is a natural injective homomorphism from the galois group of K_1 over K to the galois group of k_1 over k that is an isomorphism on the connected components of the identity.

Proof (sketch): It can be shown that there is a large field E having the same constants as k such that k, K, k_1, K_1 are all subfields of E [KOL, 2] and we will assume that this is the case. Since K_1 and k_1 · K are Picard-Vessiot extensions of K corresponding to the same equation, we may identify K_1 with k_1 ·K and the galois group G(K_1/K) with G(k_1 ·K/K). Each σ ∈ G(k_1 ·K/K) will map k_1 to itself and leave k_1 ∩ K elementwise fixed. We therefore get a homomorphism from G(k_1 · K/K) to G(k_1/k_1 ∩ K). If σ ∈ G(k_1 · K/K) leaves k_1 elementwise fixed, then it leaves a fundamental set of solutions of y^′ + Ay = 0 fixed and so must be the identity in G(k_1 · K/K). Therefore the homomorphism is injective. We can identify G(k_1/k_1 ∩K) with the subgroup of G(k_1/k) of elements that leave k_1 ∩ K elementwise fixed. Therefore we get an injective homomorphism of G(K_1/K) = G(k_1 · K/K) with a subgroup G(k_1/k_1 ∩ K) of G(k_1/k). The fixed field of this subgroup is an algebraic extension of k, so the subgroup has finite index in the full group. Therefore, topological considerations show that G(k_1/k_1 ∩ K) contains the connected component of the identity of G(k_1/k). 2

x3.2 Monodromy Groups and Fuchsian Equations In Section 1.2 we can consider the situation where there is no symplectic structure and Γ is an arbitrary Riemann surface with distinguished nonvanishing vector field X. The monodromy representation, now in Gl(N_p), is defined as before. Here we assume this greater generality, and that the differential bundle (N, Γ, X, D) is meromorphic in the following sense: Γ is of the form Λ\{finite set} (with Γ = Λ allowed), where Λ is also a Riemann surface; N extends to a holomorphic bundle N_Λ over Λ of the same rank n; X extends to a meromorphic vector field on Λ; whenever s is a holomorphic section of N which extends to a meromorphic section of N_Λ the same is true of Ds. (The inspiration for this definition is found on page 128 of [V].) Elements of Λ\Γ are the singular points of the differential bundle.

We assume the transition functions of the bundle N_Λ are given by meromorphic functions on Λ. (For Λ noncompact this follows from [F, Theorem 30.4, p. 229]; for Λ compact use Item 3, p. 170, of [G-H] and the fact that Λ is a projective variety.) This easily implies the existence of local frames in which the entries of the matrix A(t) of (1.3) are meromorphic on Λ. We deal exclusively with such frames.

Assume p ∈ Γ (i.e., that p is not a singular point), choose a local frame e over p so as to express the differential bundle as in (1.3), and let Y = (y_1, . . . , y_n), where y_j = (y_{1j}, . . . , y_{nj})^t for j = 1, . . . , n, be the germ at p of the corresponding fundamental solution matrix. If k is the field of germs at p of meromorphic functions on Λ then the Picard-Vessiot extension K = k(Y ) = k(y_{11}, . . . , y_{n1}, y_{12}, . . . , y_{nn}) and the associated derivation extensions are frame independent. This follows since, if we are given the analog of (1.3) in some other frame ê, the two sets of germs at p of the fundamental solution matrices Y and Z are related by A = Y P , where P is some nonsingular n×n matrix of germs of meromorphic functions on Λ. But then k(Y ) = k(Z), and in both cases X defines the derivation.

Given σ ∈ G(K/k) we define the action of σ on a germ at p of a fundamental solution matrix Y of (1.3) to be the result of applying σ to each component of Y . Then in the respective frames e and ê we have σ(Y ) = Y A and σ(Z) = Z(P^{−1}AP ) where A is a nonsingular n×n matrix with entries in k. A canonical representation λ : G(K/k) → Gl(N_p) is then well-defined by the association σ → A_p ∈ Gl(n, C ) given in (3.4). In particular, λ is faithful.

Analytic continuation of elements of K around inverses of loops based at p gives rise to a differential field automorphism of K that keeps k fixed. Calling this map φ : π_1(Γ, p) → G(K/k) we have the commutative diagram

π_1(Γ, p) ρ −→ Gl(N_p) ↘ φ ↑ λ G(K/k) which shows that the monodromy group ρ(π_1(Γ, p)) can naturally be regarded as a subgroup of the galois group G(K/k) via the embedding λ. Note that the monodromy group can be considerably smaller, e.g., the monodromy group of y^{′′} + xy = 0,^′ = d/dx, on Γ = P^1\{∞} is trivial (as is π_1(Γ)), but the galois group is Sl(2, C ) [KAP, pp. 42 - 44].

We now restrict to the case Γ = C\{ finite set } and X = d/dz. Equation (1.3) then becomes Y^′ + A(z)Y = 0,^′ = d/dz (3.14)

Definition 3.15. A point s is a regular singular point for (3.14) if in any open angular sector Ω with vertex at s all solutions Y(z) of (3.14) analytic in Ω satisfy |z − s|^N Y (z) → 0 as z → s for some N ≥ 0. If s = ∞ we replace z by the local uniformizing parameter t = 1/z about ∞ and require t^N Y (1/t) → 0 as t → 0.

In general it is difficult to determine if a singular point is a regular singular point. One way is to convert the first order system to a single equation and then use the following criterion of Fuchs [HAE]:

Fuchs’ Criterion. The point z = 0 is a regular singular point of L(y) = y^{(n)} + a_{n−1}y^{(n−1)} + . . . + a_0y = 0, a_i meromorphic at 0, if and only if the order of the pole of a_{n−i} at 0 is at most i.

Another approach without having to convert to an n^{th} order equation is given in [M] and [HIL]. If all singular points are regular we say the differential equation (3.14) is fuchsian. For fuchsian equations we have the following:

Theorem 3.16. Suppose (3.14) is fuchsian and M ⊂ G = G(K/k) is the monodromy group, i.e. the image of φ : π_1(Γ, p) → G. Then M is Zariski dense in G.

Proof: It is enough to show that the fixed field of the monodromy group is the same as the fixed field of the full galois group. If this happens, then the Zariski closure of the monodromy group is a linear algebraic subgroup of the galois group with the same fixed field and so by Theorem 3.9 these groups must be the same. Now suppose w is fixed by the monodromy group. Since the Picard-Vessiot extension is generated by functions satisfying the growth condition in Definition 3.15, any element of this field satisfies these growth conditions. Since w is left fixed by the monodromy and satisfies the above growth conditions it can be extended to a function that is at worst meromorphic at each singular point. Therefore w defines a meromorphic function on Γ and so is in the field of meromorphic functions on Γ. This is just the fixed field of the galois group. 2

Theorem 3.17. Suppose (3.14) is fuchsian with monodromy and galois groups M and G respectively, and 1 ≤ r ≤ n. Then the following statements are equivalent: (a) M is (exactly) r − Ziglin; (b) G is (exactly) r − Ziglin; and (c) G^0 is (exactly) r − Ziglin. Proof: By Theorem 3.16 and Proposition 2.9. 2 x3.3 Liouvillian Solutions of Homogeneous Linear Differential Equations

Recall that the notion of “solvability in terms of radicals” for algebraic equations can be formalized in terms of towers of fields and that necessary and sufficient conditions can be given in terms of the galois group. An analogous situation holds for linear differential equations and “solvability in terms of exponentials, integrals and algebraics”. We start with the

Definition 3.18. Let k ⊂ K be a differential field extension. K is a liouvillian extension of k if there exists a tower k = K_0 ⊂ K_1 ⊂ . . . ⊂ K_n = K such that, for each i, K_i = K_{i−1}(t_i) where either

(i) t_i is algebraic over K_{i−1}, or

(ii) t^′_i/t_i ∈ K_{i−1} (i.e. t_i = e ∫ u_i for some u

i ∈ K_{i−1}), or

(iii) t^′_i ∈ K_{i−1} (i.e. t_i = ∫ u_i for some u_i ∈ K_{i−1}).

For example y = e ∫_√ x lies in a liouvillian extension of C(x) since y ∈ C(x, √ x, e ∫_√ x). The galois theoretic criterion for solvability in terms of these functions is

Theorem 3.19. Let K be a P − V extension of k with galois group G = G(K/k) and assume that Const(k) is algebraically closed. K is contained in a liouvillian extension of k if and only if the connected component G^0 of the identity is a solvable group.

Proof: We start by assuming that K is contained in a liouvillian extension E of k with Const(E) = Const(k) (in general one can show that if K is contained in a liouvillian extension of k, then it is contained in one with the same constants [KOL, p. 408]). Let E be defined by the tower k = E_0 ⊂

. . . ⊂ E_m = E. We proceed by induction on m.

E_m = E | K⟨z⟩ / \ E_1 = k⟨z⟩ K \ / k⟨z⟩ ∩ K | k Let E_1 = k⟨z⟩. K⟨z⟩ is a P − V extension of k⟨z⟩, so by the induction hypothesis G(K⟨z⟩/k⟨z⟩) has a solvable component of the identity. Restricting any σ ∈ G(K⟨z⟩/k⟨z⟩) to K gives a k-automorphism of K. This gives an isomorphism of G(K⟨z⟩/k⟨z⟩) onto the subgroup H = (k⟨z⟩ ∩ K)^∨ of G(K/k). We now consider the three possibilities for z. If z is algebraic over k, then Theorem 3.12 implies that |G: H| < ∞. In this case |G^0: H^0| < ∞, so G^0 = H^0, since G^0 is connected. Therefore G^0 is solvable. If z^′ ∈ k or z^′/z ∈ k, then Examples 3.7 show that G(k⟨z⟩/k) is abelian. Theorem 3.11 (applied to the P − V extension k⟨z⟩ of k) then implies that k⟨z⟩ ∩ K is a normal extension of k with abelian galois group. Therefore H is normal in G and G/H is abelian. We now get the desired conclusion from the following group theoretic fact: If G is a linear algebraic group and H is a Zariski closed subgroup such that H is normal in G, G/H is abelian and H^0 is solvable, then G^0 is solvable. We refer to [KAP, p. 29] for a proof of this fact.

Now let us assume that the connected component G^0 of G is solvable. The proof that K lies in a liouvillian extension of k relies heavily on the following group theoretic result (see [KAP, p. 30] or [ROS] for a proof):

Lie-Kolchin Theorem. Let C be an algebraically closed field and G ⊂ GL(n, C) a solvable linear algebraic group that is connected in the Zariski topology. Then there exists an A ∈ GL(n, C) such that AGA^{−1} ⊂ T (n, C), i.e. the elements of G can be put in simultaneous triangular form.

To show that K lies in a liouvillian extension of k we can first replace k by (G^0)^∨. This is a finite algebraic extension of k and allows us to assume that the galois group G is connected and solvable. We now specialize to the case where K is a P − V extension of k associated with a second order linear differential equation L(y) = 0 (the general case follows in a similar fashion). G acts on the solution space V of L(y) = 0 and, by the Lie-Kolchin Theorem, we may assume that V has a basis y_1, y_2 such that for all σ ∈ G there exists a c_σ ∈ G such that σ(y_1) = c_σ(y_1). This implies that y^′_1/y_1 is left fixed by G and so lies in K. Therefore k(y_1) is a liouvillian extension of k. Let W = y^′_1y_2 − y^′_2y_1. For σ ∈ G, σ(W ) = (detσ) · W . Therefore W^′/W is left fixed by G and so lies in k. Now (y_1/y_2)^′ = W/y^2_1 so k(y_1, W, y_2/y_1) is a liouvillian extension of k that contains K. 2

Theorem 3.19 gives necessary and sufficient conditions for all solutions of a linear differential equation to be liouvillian, but it does not tell us how one can effectively decide this question. For second order linear differential equations Kovacic [KOV] has given a very explicit algorithm to determine this, and the algorithm has been implemented in MAPLE and MACSYMA. For higher order equations an algorithm was given in [S, 1]. All of these algorithms spring from the fact (as can be seen from the proof of Theorem 3.19) that if L(y) = 0 has a liouvillian solution, then it has a solution y such that y^′/y is algebraic over k.

References for x3.

[F] O. Forster, Lectures on Riemann Surfaces, Graduate Texts in Mathematics, Vol. 81, Springer-Verlag, New York, 1981.

[G-H] P. Griffiths and J. Harris, Principles of Algebraic Geometry, J. Wiley, New York, 1978.

[HAE] A. Haefliger, Local Theory of Meromorphic Connections in Dimension One (Fuchs Theory), in Algebraic D-Modules, A. Borel et al., Academic Press, 1987, pp. 130-150.

[HIL] A. Hillali, Characterization of a linear system with a regular singularity, in Computer Algebra (EUROCAL ’83), Lecture Notes in Computer Science 162, Springer-Verlag, 1983, pp. 66-76.

[KAP] I. Kaplansky, An Introduction to Differential Algebra Second ed., Hermann, Paris, 1976.

[KOL] E. R. Kolchin, Differential Algebra and Algebraic Groups, Academic Press, New York, 1973.

[KOL,2] E. R. Kolchin, Constrained extensions of differential fields, Adv.

in Math., 12, 1974, pp. 141-170.

[KOV] J. Kovacic, An algorithm for solving second order linear homogeneous differential equations, J. Symb. Comp., 2, No. 1, 1986, pp. 3-43.

[M] J. Moser, The order of a singularity in Fuchs’ theory Math. Zeitschrift, 72, 1960, pp. 379-398.

[ROS] M. Rosenlicht, Initial results in the theory of linear algebraic groups, in Studies in Algebraic Geometry, A. Seidenberg, ed., MAA Studies in Math., 20, 1980, pp. 1-18.

[S,1] M.F. Singer, Liouvillian solutions of n^{th} order linear differential equations, Amer. J. Math., 103, 1981, pp. 661-682.

[S,2] M.F. Singer, An outline of differential galois theory, in Computer Algebra and Differential Equations, E. Tournier, ed., Academic Press, 1990, pp. 3-57.

[V] V.S. Varadarajan, Meromorphic Differential Equations, Expo. Math., 9, 1991, pp. 97-188.

x4 Applications

x4.1 A General Class of Examples

Write C^{2n} ≃ C^2 × C^{2(n−1)} = {(x; y) = (x_1, x_2; y_1, . . . , y_{2(n−1)})} with symplectic form ω = ω_x + ω_y = dx_1 ∧ dx_2 + n−1∑ j=1 dy_{2j−1} ∧ dy_{2j}. Let ⟨v, w⟩ = 2(n−1) ∑ j=1 v_jw_j denote the (non-Hermitian) inner product on C^{2(n−1)} . Consider the meromorphic Hamiltonian H on C^{2n} given by H(x, y) = h(x) + 1 2 ⟨B(x)y, y⟩ + O(|y|^3), (4.1) where the 2(n−1)×2(n−1) matrix B(x) is symmetric. Then the Hamiltonian vectorfield X_H has the coordinate form (· = d/dt) : (a) ẋ = J h_x(x) + O(|y|^2) (b) ẏ = J̃ B(x) y + O(|y|^2), (4.2)

where J = ( 0 1 −1 0 ) , J̃ = diag(J, J, . . . , J), and h_x = grad_x(h). The form of the higher order terms, O(|y|^2), implies X_H |C2 = X_h where X_h is given w.r.t. ω_x = dx_1 ∧ dx_2. It also provides an uncoupling of the linearized equations so that the NVE of Chapter 1 becomes ẏ + A(t)y = 0, A(t) = −J̃B(x(t)), (4.3) where x(t) is a nonequilibrium solution of X_h with orbit Γ. Here we have identified the totally reduced normal bundle N → Γ with Γ × C^{2(n−1)} → Γ. In particular, the monodromy and differential galois groups of the NVE O_Γ are those of (4.3). We recall some previous results.

Theorem 4.4. Let U ⊂ C^{2n} be any neighborhood of the nonequilibrium orbit Γ. Let 1 ≤ r ≤ n − 1 be an integer and G ⊂ Sp(C^{2(n−1)} ) denote the monodromy group of (4.3). Then we have:

(a) G is r-Ziglin when there are r meromorphic integrals of X_H defined on U and functionally independent together with H on this set.

(b) When either of G and G is not r-Ziglin there can be no such set of r meromorphic integrals as in (a). In particular, for r = n − 1 the vectorfield X_H cannot be completely integrable.

Proof: (a) is a restatement of Theorem 1.29. (b) follows from (a) and Proposition 2.9. 2

Example 4.5. As a specific example to be developed in this section take n = 2 and let (1) H_δ(x, y) =^1_2 (x^2_2 + y^2_2 ) +^1_4 (x^4_1 + 2δx^2_1 y^2_1 + y^4_1 ) = h(x) +^1_2 ⟨B_δ(x)y, y⟩ + O(|y|^3), where (2) h(x) =^1_2 x^2 +^1_4 x^4_1, B_δ(x) = ( δx^2_1 0 0 1 ) . Now choose x_0 ∈ C^2 so that h_0 = 2h(x_0) ≠ 0. There being no singular points to exclude, Γ is then given by the genus one algebraic curve (3) x^2 +^1_2 x^4_1 = h_0 ≠ 0

in C^2 and hence is a punctured torus (the point over ∞ has been removed).

The NVE (4.3) along Γ is then

(4) ẏ + ( 0 −1 δx^2_1(t) 0 ) y = 0. x4.2 Symmetry Reduction To do any reasonable calculation with the NVE in Example 4.5 we must push it down from the totally reduced normal bundle Γ × C^2 → Γ to the bundle (P^1\{finite set}) × C^2 → P^1\{finite set}. The general situation is given by a galois (regular), holomorphic, unbranched covering f : X → Y between Riemann surfaces X and Y . We assume that N → X and E → Y are complex vector bundles with respective holomorphic connections O_N and

OE, and that N = f^∗E with ON = f^∗OE. Choose p ∈ X and let f(p) = p̂ ∈ Y .

We can identify N_p with E_{p̂}, and this induces an identification f̂ : Gl(Np) → Gl(E_{p̂}). We then have the commutative diagram π_1(X, p)^{ρ(∇N )}−→ Gl(N_p) f_∗ ↓ ↓ f̂ π_1(Y, p̂)^{ρ(∇E )}−→ Gl(E_{p̂}) (4.6)

where the ρ^′s denote monodromy representations of the respective connections. If f: X → Y is an m-fold (for some m < ∞) unbranched galois covering then f_∗π_1(X, p) is a normal subgroup of π_1(Y, p̂) with finite index [M, p. 163], and hence, applying the monodromy representation, we have the relation Mon_p(O_N ) ◁ Mon_{p̂}(O_E) between the respective monodromy groups, where the index is bounded by m =| Deck(X/Y ) |.

Proposition 4.7. With the notation above assume that f: X → Y is an mfold, unbranched, galois covering for the Riemann surfaces X and Y . Then:

(a) (Mon_p(O_N ))^0 = (Mon_{p̂}(O_E))^0; and

(b) Mon_p(O_N ) is (exactly) r-Ziglin iff Mon_{p̂}(O_E) is (exactly) r-Ziglin.

Proof: (a) (Mon_p(O_N ))^0 is connected and contains the identity, hence is contained in (Mon_{p̂}O_E))^0, but is also of finite index and therefore contains (Mon_{p̂}O_E))^0 [H, Proposition 7.3 (b), p. 53].

(b) See Proposition 2.1 (c). 2

An important consequence of Proposition 4.7 (a) in the Hamiltonian case is that the group (Mon_{p̂}(O_E))^0 is symplectic even though the full group Mon_{p̂}(O_E) may not be. The case r = 1 in (b) appeared in [C-R, 2].

In many applications the space Y and the map f: X → Y arise naturally as the quotient space X/G and quotient map for some finite group G acting freely on X (the action is automatically properly discontinuous since G is finite). That Y = X/G is a Riemann surface follows from [KOD, Theorem 2.2, p. 44]. When this action lifts to a π-equivariant ∇_N −preserving action on the bundle π : N → X, linear on fibers, then O_E is defined to be the reduced connection O_N /G on the quotient bundle E = N/G.

In specific examples a finite symmetry group G acting freely on X = Γ\Fix(G) is naturally given, but the question of the existence of a π-equivariant, connection – preserving lift to the bundle π: N → X is more subtle. For rank 2 bundles this extension problem is examined in [B-C-R, Section 4]. However, in Example 4.5 the existence of such a lift can be deduced from elementary calculations (see also [B-C-R, Theorem 4.5]).

Example 4.8. We now apply symmetry reduction to Example 4.5. The orbit Γ in Example 4.5 (3) is invariant with respect to the 8 element group

G = Z4 × Z2 generated by x1 → e^{iπ/2} · x1, x2 → −x2. With the energy

h_0 ≠ 0 we see that X = Γ\Fix(G) = Γ\{6 points}, where Fix(G) = {p ∈ Γ | gp = p for some g ∈ G\{id}}. This suggests that a suitable candidate for the mapping f of Proposition 4.7 is f(x_1, x_2) =^1_4 x^4_1 = z. The NVE in Example 4.5 (4) becomes, on letting w = y_1,

(1) ẅ + δx^2_1(t)w = 0, · = d/dt

where the solution (x_1(t), x_2(t)) gives the orbit Γ and satisfies (2) ẋ_1 = x_2 ẋ_2 = −x^3_1.

From (2) we have ż = x^3_1ẋ_1 = x^3_1x_2, hence (3) d dz = (x^3_1x_2)^{−1} d dt .

Setting h_0 = 2 in Example 4.5 (3) gives

(4) x^2 = 2 −^1_2 x^4_1 = 2(1 − z).

A direct calculation using (4) gives (5) d dt (x^3_1x_2)^{−1} = 5z − 3 4z(1 − z) , hence (3) yields (6) d^2 dz^2 = 5z − 3 4z(1 − z) d dz + (x^3_1x_2)^{−2} d^2 dt^2 . Applying this to (1) gives a fuchsian reduced equation

(7) L_E(w) = w^{′′} +^1_4 3 − 5z z(1 − z) w^′ + (δ/8) z(1 − z) w = 0,^′ = d/dz, which has regular singular points at {0, 1, ∞}.

This is a concrete instance of the mapping f: X → Y in Proposition 4.7 with X = Γ\Fix(G) and Y = X/G = C \{0, 1}. The corresponding bundles are N = X × C^2 and E = Y × C^2 , with N ≃ f^∗E and ∇_N = f^∗∇_E, where the connections ∇_N on N and ∇_E on E are respectively represented by the equations (1) and (7). In the next section we will show that generically in δ the Hamiltonian of Example 4.5 (1) is nonintegrable by computing the differential galois group of (7) above and using the relation in the fuchsian case between this group and the monodromy group of (7) given in Theorem 3.17. Specifically, we will use an algorithm due to Kovacic [KOV] to show that, generically in the parameter δ, this galois group is not 1-Ziglin.

The theory in the above example has the following generalization.

Proposition 4.9. Let X_H be a meromorphic Hamiltonian vectorfield on

C^{2n} with H as in (4.1), and let Γ ⊂ C^2 be a nonequilibrium orbit. Assume

the following:

(a) there is a map f: Γ → C \{ finite set } so that for R = {ramification points {of f} and X = Γ\R, the map f : X → Y = C \{ finite set } is an mfold (unbranched) galois covering projection given in coordinate form by (x_1, x_2) → z;

(b) the connection O_N for the NVE on X × C^{2(n−1)} can be expressed as a 2(n − 1)-nt order homogeneous linear differential equation L_N (w) = 0 in the time parameter t; and

(c) there is a substitution t = t(z) for the time variable in L_N (w) = 0 which results in a 2(n−1)-th order fuchsian homogeneous equation L_E(w) = 0 on Y .

Let OE be the connection on E = Y × C^{2(n−1)} associated to LE(w) = 0,

choose p ∈ X, and set p̂ = f(p) ∈ Y . Then Mon_p(O_N ) is (exactly) r-Ziglin iff Mon_{p̂}(O_E) is (exactly) r-Ziglin iff the galois group of L_E(w) = 0 is (exactly) r-Ziglin.

Proposition 4.9 can be viewed as symmetry reduction by the group G = Deck(X/Y ) with the galois map f: X → Y = X/G being the quotient map [M, pp. 164-165]. One can easily generalize Proposition 4.9 by replacing

C^{2n} with any complex symplectic (2n)-manifold and X by any noncompact

Riemann surface. Simply recall that a holomorphic vector bundle over a noncompact Riemann surface is holomorphically trivial [F, p. 229]. The trivialization is not required to be symplectic. We only require that the composition of the bundle map associated to f with the trivializing map satisfy the hypotheses of Proposition 4.9. x4.3 The Kovacic Algorithm

For second order fuchsian equations on P^1 the Ziglin character of the galois group can always be determined by an algorithm due to J. Kovacic [KOV]. The procedure determines if a given (not necessarily fuchsian) second order homogeneous linear differential equation, with rational coefficients, has solutions “expressible in finite terms” (i.e., in terms of liouvillian functions), and provides a basis of solutions if this is the case. We will need only the fuchsian version of the algorithm for our Example 4.5, 4.8. Details for the complete 1-Ziglin case can be found in [C-R, 2].

The theoretical basis for the algorithm is provided by the following two results.

Theorem 4.10. Let r(z) ∈ C (z) and L(w) = w^{′′} − r(z)w,^′ = d/dz. Then precisely one of the following four cases occurs for the equation L(w) = 0.

(I) There is a solution of the form exp ( ∫ ω) with ω ∈ C (z).

(II) Case (I) fails but there is a solution of the form exp ( ∫ ω) where ω is algebraic of degree 2 over C (z).

(III) Cases (I) and (II) fail but all solutions are algebraic over C (z).

(IV) Cases (I) - (III) fail, in which case L(w) = 0 has no liouvillian solutions (as defined in §3.3).

Proof: See [KOV, p. 5]. 2

Theorem 4.11. The four cases of Theorem 4.10 correspond, in order, with the following four possibilities for the galois group G of L(w) = 0.

(I) G is reducible (triangulizable).

(II) Case (I) fails but G is isomorphic to a subgroup of DP = {( λ 0 0 λ^{−1} )} ∪ {( 0 η −η^{−1} 0 )} . (III) Cases (I) and (II) fail but G is a finite group.

(IV) G ≃ Sl(2, C ).

Proof: See [KOV, p. 7.] 2 We need some basic facts concerning second order fuchsian equations.

Let p(z), q(z) ∈ C (z) and recall that L_E(w) = w^{′′} + p(z)w^′ + q(z)w = 0,^′ = d/dz, (4.12) is fuchsian on Y = P^1\{a_0 = ∞, a_1, . . . , a_k} iff p(z) = k∑ j=1 A_j z − a_j q(z) = k∑ j=1 B_j (z − a_j)^2 + k∑ j=1 C_j z − a_j (4.13)

where the A_j, B_j, C_j ∈ C are subject only to the relation k∑ j=1 C_j = 0 (see [P, p. 77]). Now set β_j =^1_4 [(1 − A_j)^2 − 4B_j − 1]

δ_j = −C_j +^1_2 A_j[ k∑ i≠j A_i a_j − a_i ] A_∞ = k∑ j=1 A_j B_∞ = k∑ j=1 (B_j + C_ja_j)

β_∞ = k∑ j=1 (β_j + δ_ja_j) =^1_4 [(1 − A_∞)^2 − 4B_∞ − 1],

(4.14)

and let r(z) = −[q(z) −^1_4 p^2(z) −^1_2 p^′(z)] = ∑k j=1 β_j (z−a_j )2 + ∑k j=1 δ_j z−a_j , ∑k j=1 δ_j = 0.

(4.15)

The equation L(v) = v^{′′} − r(z)v = 0 (4.16) is called the “normal form” of (4.12).

For p(z) as in (4.13) let

u^′ +^1_2 p(z)u = 0. (4.17)

Then we can represent a solution w of (4.12) as w = u · v where u and v are respective solutions of (4.17) and (4.16).

These ideas can be generalized to the context of the s = 2(n − 1)-th order operators of Proposition 4.9 on replacing (4.17) by

u^′ +^1 s p_{s−1}(z)u = 0 (4.18)

where, again, p_{s−1}(z) is as in (4.13). This normalizes the equation

L_E(w) = w^{(s)} + p_{s−1}(z)w^{(s−1)} + · · · + p_0(z)w = 0 (4.19) to L(v) = v^{(s)} + q_{s−2}(z)v^{(s−2)} + · · · + q_0(z)v = 0, (4.20) which lacks an (s − 1)-order derivative term. Since fundamental solution matrices of (4.20) have determinant that is constant under analytic continuation, the monodromy representation ρ_2 of (4.20) satisfies ρ_2: π_1(Y, p̂) → Sl(s, C) (see the proof of Lemma 4.24). The monodromy representation ρ_1 of (4.18) for a loop γ_j based at p̂, and going around a_j once in the positive direction, with homotopy class [γ_j], is defined by

ρ_1([γ_j]) = exp ( −^1 s ∫ γ�1_j p^{s−1}(z)dz ) = exp ( 2 s πiA_j). (4.21) The monodromy representation ρ_E of (4.19) then becomes

ρ_E = ρ_1 ⊗ ρ_2. (4.22)

Let G_E be the galois group of (4.19) and G the galois group of the normal form (4.20). We now establish that G_E is (exactly) r-Ziglin iff G is (exactly) r-Ziglin when the connected component of G_E lies in Sl(s, C). For this we first need two lemmas. We will give an algebraic proof, but one can also obtain the result by relating the generators of the respective monodromy groups of (4.19) and (4.20) through (4.22) for k = C (z).

Lemma 4.23. Let k ⊂ K be differential fields with the same constants. Let u ∈ K satisfy (i) u^′/u ∈ k (ii) u is algebraic over k.

Then there is an N ∈ Z\{0} so that u^N ∈ k. Proof: Let u^′/u = v, and let (1) φ(u) = u^N + a_M u^M + · · · + a_0 = 0 be the minimal polynomial of u over k, a_M ≠ 0. Differentiating (1) we have (2) Nvu^N + (a^′_M + Mva_M )u^M + · · · + a^′_0 = 0. By minimality we have a^′_M + Mva_M = Nva_M and so a^′_M a_M = (N − M)v. Therefore (a_M u^{M −N} )^′ (a_M u^{M −N} ) = 0 so a_M u^{M −N} is a constant. This implies a_M u^{M −N} ∈ k, hence u^{N −M} ∈ k. By minimality we have M = 0 and u^N ∈ k. 2 For Lemma 4.24 and Proposition 4.25 we will assume that the field k_0 of constants of k is algebraically closed.

Lemma 4.24. Let L_E(w) = w^{(s)} + p_{s−1}w^{(s−1)} + · · · + p_0w, p_i ∈ k, have galois group G_E whose connected component G^0_E is in Sl(s, k_0). Let W be an element in the Picard-Vessiot extension K of k corresponding to L_E such that W^′/W = −p_{s−1}. Then there is an integer N ≠ 0 so that W^N ∈ k.

(For the hypothesis that G^0_E ⊂ Sl(s, k_0) see the remarks following Proposition 4.7 along with Proposition 4.7 (a) itself.)

Proof: If W r is the Wronskian of a fundamental system of solutions of L_E(w) = 0, then (W r)^′/W r = −p_{s−1} (see [KAP, Lemma 6.3, p. 41]), so W must be a constant multiple of W r. If g ∈ G_E theng(W r) = (detg) · W r so g(W ) = W for any g ∈ G^0_E. Therefore W belongs to the fixed field F of G^0_E. Since [F : k] = [G_E: G^0_E] < ∞, W is algebraic over k. Lemma 4.23 then implies that W^N ∈ k for some N ∈ Z\{0}. 2

Letting p_i, q_i ∈ k in (4.18) - (4.20) we have L_E(w) = L_E(uv) = uL(v).

Proposition 4.25. Let L_E and L be as above and let G_E and G be their respective galois groups over k. Assume G^0_E ⊂ Sl(s, k_0). Then G_E is (exactly) r-Ziglin iff G is (exactly) r-Ziglin.

(Note the equivalence stated in Proposition 4.9.)

Proof: First note that given two linear differential operators L_1 and L_2 with coefficients in k, there exists a third operator L_0 with coefficients in k so that L_0 = L̄_1 ∘ L_1 = L̄_2 ∘ L_2 for some linear operators L̄_1, L̄_2, with coefficients in k ([P, pp. 35-36] shows how to construct a “least common multiple” of two operators that has this property, and this construction is valid for any differential field).

Let L_1 = L_E and L_2(u) = (su^′ + p_{s−1}u). Let F be the Picard-Vessiot extension of k corresponding to L_0. Since L_0 = L̄_1 ∘ L_1 = L̄_2 ∘ L_2, we see that F contains a fundamental set of solutions {w_1, . . . , w_s} of L_E(w) = 0, and a solution u of L_2(u) = 0. Therefore F contains {u^{−1}w_1, . . . , u^{−1}w_s}, a fundamental set of solutions to L(v) = 0. The fields K_E = k⟨w_1, . . . , w_s⟩ and K = k⟨u^{−1}w_1, . . . , u^{−1}w_s⟩ are Picard-Vessiot extensions corresponding to L_E and L. Let G^′ be the galois group of F over k. G^′ leaves both K_E and K invariant and restriction to these subfields yields surjective homomorphisms of G^′ onto G_E and G. Lemma 4.24 implies that since (u^s)^′/(u^s) = −p_{s−1} ∈ k, we have (u^s)^N ∈ k for some integer N ∈ Z\{0}, so u^m ∈ k for m = sN. If g ∈ G^′, then (g · u)^m = g · (u^m) = u^m ∈ k, so g · u = ρ_g · u for some ρ_g with (ρ_g)^m = 1. Let w = (w_1, . . . , w_s) and v = (u^{−1}w_1, . . . , u^{−1}w_s). For g ∈ G^′ we have g · w = A_g w for some A_g ∈ G ⊂ Gl(s) and g · v = ρ^{−1}_g A_g w for some ρ_g with ρ^m_g = 1. Therefore we have shown that with respect to w and v, G_E and G are both subgroups of G_E · H_m ⊂ Gl(s, k_0), where H_m is the finite group of constant matrices B = cI, c ∈ C \{0}, with B^m = 1. In particular, G_E and G are both of finite index in G_E · H_m. Therefore, by Theorem 2.10 (e) the group G_E is (exactly) r-Ziglin iff G · H_m is (exactly) r-Ziglin iff G is (exactly) r-Ziglin. 2

Corollary 4.26. Let G be the galois group of (4.16) and assume the hypotheses of Theorem 4.9 for n = 2, r = 1. If G ≃ Sl(2, C ), then the Hamiltonian system X_H does not have an additional meromorphic integral defined and independent of H in any neighborhood of the nonequilibrium curve Γ.

Proof: G is not 1-Ziglin by Example 2.2 (b). Now use Theorem 1.29 and the equivalences of Proposition 4.25 and Proposition 4.9. 2

The Kovacic algorithm involves the characteristic exponents τ_j , τ_∞, of (4.16) at the regular singular points {a_0 = ∞, a_1, . . . , a_k}. Using (4.14) these are τ^±_j =^1_2 [1 ± {1 + 4β_j}^{1/2}] =^1_2 [1 ± {(1 − A_j)^2 − 4B_j }^{1/2}] at a_j,

τ^±_∞ =^1_2 [−1 ± {1 + 4β_∞}^{1/2}] =^1_2 [−1 ± {(1 − A_∞)^2 − 4B_∞}^{1/2}] at a_0 = ∞. (4.27)

We now continue with our Example (4.5), (4.8).

Example 4.28. We first put the differential equation (7) of Example 4.8 into the normal form L(w) = 0 of (4.16) as required in order to apply the Kovacic algorithm. We calculate (4.13) as

(1) p(z) =^{3/4} z +^{1/2,} z − 1 , q(z) =^{δ/8} z −^{δ/8} z − 1 , hence r(z) in (4.15) becomes

(2) r(z) = 1 16 [ (−15/4) z^2 − 3 (z − 1)^2 + (−3 − 2δ) z + (3 + 2δ) z − 1 ] . Thus in (4.14) we have

(3) β_1 = −15 64 , β_2 = −3 16 , β_∞ = 1 64 (−15 + 8δ)

δ_1 = 1 16 (−3 − 2δ), δ_2 = 1 16 (3 + 2δ), and hence the characteristic exponents in (4.27) become (4) { τ^+_1 = 5/8 τ^−_1 = 3/8, { τ^+_2 = 3/4 τ^−_2 = 1/4, { τ^+_∞ =^1_2 [−1 +^1_4 {1 + 8δ}^{1/2}] τ^−_∞ =^1_2 [−1 −^1_4 {1 + 8δ}^{1/2}].

We now apply the Kovacic algorithm to compute the galois group G of (4.16) with r(z) as above. The algorithm consists of three successive cases. Each case is examined in turn, and lack of success in determining a solution in all three cases corresponds to the situation in Corollary 4.26. Our exposition is from [C-R, 2] which gives the algorithm for the fuchsian case.

Case I (The Reducible - Diagonalizable Case):

This portion of the algorithm is phrased in terms of the “modified” characteristic exponents { α^±_j = τ^±_j if β_j ≠ 0; α^±_j = 1 if β_j = 0 ≠ δ_j; α^±_j = 0 if β_j = δ_j = 0 α^±_∞ = τ^±_∞ + 1 if β_∞ ≠ 0; α^+_∞ = 0 and α^−_∞ = 1 if β_∞ = 0. (4.29)

Theorem 4.30. The following two statements are equivalent: (a) G is reducible; and (b) there is a solution of (4.16) of the form exp ( ∫ θ), with θ ∈ C (z), which must then be a common eigenvector for G. Moreover, (b) will hold iff (1) there is a choice s(j) and s(∞) of plus and minus signs so that d = α^{s(∞)}_∞ − k∑ j=1 α^{s(j)}_j is a nonnegative integer;

(2) there is a unique monic degree d polynomial P (which can be determined by the method of undetermined coefficients) satisfying P^{′′} +2ωP^′ +(ω^′ + ω^2 − r)P = 0, where ω = ω(z) = k∑ j=1 α^{s(j)}_j z − a_j ; and

(3) θ = ω + (P^′/P ).

Proof: See Theorem 4.9, pp. 1796 - 1797 in [C-R, 2] and [KOV]. 2 This algorithm will generate two independent solutions θ iff G is diagonalizable. If there are no such solutions, G is irreducible.

Returning to our Example 4.28 we compute the terms in (4.29) as { α^+_1 = 5/8 α^−_1 = 3/8 , { α^+_2 = 3/4 α^−_2 = 1/4 , { α^+_∞ =^1_2 [1 +^1_4 {1 + 8δ}^{1/2}] α^−_∞ =^1_2 [1 −^1_4 {1 + 8δ}^{1/2}], for β_∞ =^1_{64} (−15 + 8δ) ≠ 0. We see that for generic δ ∈ C the number d in Theorem 4.30 (1) is not a nonnegative integer. For these values of δ Case I fails, and we pass to the second case. Case II (The DP - Case):

This stage of the algorithm is phrased in terms of the following sets.

E_j = {2 + e(1 + 4β_j)^{1/2} | e = 0, ±2} ∩ Zif β_j ≠ 0 E_j = {4} if β_j = 0 ≠ δ_j E_j = {0} if β_j = δ_j = 0 E_∞ = {2 + e(1 + 4β_∞)^{1/2} | e = 0, ±2} ∩ Zif β_∞ ≠ 0 E_∞ = {0, 2, 4} if β_∞ = 0

(4.31)

Theorem 4.32. The following two statements are equivalent: (a) Case I fails but G is conjugate to a DP-group (see Theorem 4.11 (II)). (b) Case I fails but there is a solution of (4.16) of the form exp ( ∫ ω) where ω is algebraic of degree 2 over C (z). Moreover, there is a solution as in (b) iff (1) there are choices e_j ∈ E_j and e_∞ ∈ E_∞, not all even integers, so that d =^1_2 [e_∞ − k∑ j=1 e_j] is a nonnegative integer; and

(2) there is a monic, degree d polynomial P (which can be found by the method of undetermined coefficients) satisfying P^{′′′} + 3θP^{′′} + (3θ^2 + 3θ^′ − 4r)P^′ + (θ^{′′} + 3θθ^′ + θ^3 − 4rθ − 2r^′)P = 0, where θ =^1_2 ∑k j=1[e_j/(z − a_j)].

Finally, if P is as in (2) set ϕ = θ + (P^′/P ) and choose a solution ω of ω^2 + ϕω + [^1_2 ϕ^′ +^1_2 ϕ^2 − r] = 0; then exp ( ∫ ω) will be the required solution of (4.16) as in (b) above.

Proof: See Theorem 4.13, pp. 1797 - 1798 in [C-R, 2] and [KOV]. 2 We compute from Example 4.28 (3) that E_1 = {2} E_2 = {1, 2, 3} E_∞ = {2} generically in δ

Thus generically for δ ∈ C there are no choices of elements in the sets E_j, E_∞, so that d as defined in Theorem 4.32 (1) is a nonnegative integer. Thus we pass to Case III.

Case III (The Finite Case):

For n = 4, 6, or 12 set F_j(n) = {6 +^{12e}_n (1 + 4β_j)^{1/2} | e = 0, ±1, . . . , ±^n_2 } ∩ Zif β_j ≠ 0 F_j(n) = {12} if β_j = 0 ≠ δ_j F_j(n) = {0} if β_j = δ_j = 0 F_∞(n) = {6 +^{12e}_n (1 + 4β_∞)^{1/2} | e = 0, ±1, . . . , ±^n_2 } ∩ Z,

(4.33)

where the definition of F_∞(n) is regardless of whether or not β_∞ = 0.

Theorem 4.34. When Cases I and II fail adopt the following procedure: (1) Let n = 4 and record all choices of f_j ∈ F_j(n) and f_∞ ∈ F_∞(n) for which d = ( n 12 ) [f_∞ − k∑ j=1 f_j ] is a nonnegative integer.

(2) For each such choice set θ = ( n 12 ) k∑ j=1 [f_j/(z − a_j)], and let S = Π(z − a_j) (where the product is taken over only those a_j which are poles of r(z)), and determine (e.g., by the method of undetermined coefficients) if there is a monic, degree d polynomial P such that if we set P_n = −P and recursively define

P_{i−1} = −SP^′_i + [(n − i)S^′ − Sθ]P_i − (n − i)(i + 1)S^2rP_{i+1} for i = n, n − 1, . . . , 0, then P_{−1} = 0; and (3) repeat, if necessary, steps (1) and (2) using n = 6 and then n = 12.

G is then finite iff this procedure results in a polynomial P as in (2) - (3). In this case all solutions of (4.16) are algebraic over C (z). Moreover, given such a P any solution ω of the equation n∑ i=0 [(S^iP_i)/(n − i)!]ω^i = 0 will give a solution exp ( ∫ ω) to (4.16).

Proof: See Theorem 4.18, p. 1798 in [C-R, 2] and [KOV]. 2

For our Example 4.28 we compute the sets (4.33) to be { F_1(4) = {6} F_2(4) = {3, 6, 9} , { F_1(6) = {5, 6, 7} F_2(6) = {3, 4, 5, 6, 7, 8, 9} { F_1(12) = {5, 6, 7} F_2(12) = {3, 4, 5, 6, 7, 8, 9}

F_∞(n) = {6} generically in δ.

Thus generically in δ there are no choices of f_j ∈ F_j(n), and f_∞ ∈ F_∞(n) for n = 4, 6, 12, so that d in Theorem 4.34 (1) is a nonnegative integer. Thus Case III of the Kovacic algorithm also fails generically in the parameter δ. We summarize our work in a theorem.

Theorem 4.35. For h_0 = 2 in Example 4.5 (3) the vectorfield X_{Hδ} is nonintegrable for generic δ ∈ C . More precisely, there is no meromorphic integral of X_{Hδ} , functionally independent of H_δ, in any neighborhood of the orbit Γ given in (3) of Example 4.5 at h_0 = 2.

Proof: The above calculations with the Kovacic algorithm have shown that the galois groups of (4.16) with r(z) as in Example 4.28 (2) is generically Sl(2, C ) (see Theorem 4.11). The conclusion now follows from Corollary 4.26. 2

The above result could, of course, have been derived for other values of h_0. For other versions of the Kovacic algorithm see [D], [D, L-R], and [S-U].

For further examples and applications of the above theory see [B-C-R], [ C-R,

1] [ C-R, 2], [N], [R-C] and [Y]. For the extension to three degrees of freedom

see [C-R-S].

References for x4.

[B-C-R] A. Baider, R. C. Churchill, and D. L. Rod, Monodromy and nonintegrability in complex Hamiltonian systems, J. Dynamics Differential Equations, 2 (1990), pp. 451-481.

[C-R, 1] R. C. Churchill and D. L. Rod,Geometrical aspects of Ziglin’s nonintegrability theorem for complex Hamiltonian systems, J. Diff. Eq. 76 (1988), pp. 91-114.

[C-R, 2] R. C. Churchill and D. L. Rod, On the determination of Ziglin monodromy groups, SIAM J. Math. Anal. 6 (1991), pp. 1790-1802.

[C-R-S] R. C. Churchill, D. L. Rod, and M. Singer, On group theoretic obstructions to integrability, to appear.

[D] A. Duval, The Kovacic Algorithm with Applications to Special Functions, in Differential Equations and Computer Algebra (M. Singer, Ed.), Academic Press, San Diego, 1991.

[D,L-R] A. Duval and M. Loday-Richaud, A propos de l’algorithme de Kovacic, preprint 89-12, Université de Paris-Sud, Paris, 1989.

[F] O. Forster, Lectures on Riemann Surfaces, Graduate Texts in Mathematics, Vol. 81, Springer-Verlag, New York, 1981.

[H] J. E. Humphreys, Linear Algebraic Groups, Springer-Verlag, New York, 1981.

[KAP] I. Kaplansky, An Introduction to Differential Algebra, Second ed., Hermann, Paris, 1976.

[KOD] K. Kodaira, Complex Manifolds and Deformation of Complex Structures, Grundlehren der mathematischen Wissenschaften, Vol. 283, Springer-Verlag, New York, 1986.

[KOV] J. Kovacic, An algorithm for solving second order linear homogeneous differential equations, J. Symbolic Comput., 2 (1986), pp. 3-43.

[M] W. S. Massey, Algebraic Topology: An Introduction, Springer-Verlag, New York, 1989.

[N] W. Nelson, Ph.D. thesis, University of Calgary, Calgary, 1991.

[R-C] D. L. Rod and R. C. Churchill, On the applicability of Ziglin’s nonintegrability theorem, in Proceedings of the Workshop on Finite Dimensional Integrable Nonlinear Dynamical Systems (P.G.L. Leach and W. H. Steeb, Eds.), World Scientific, Singapore, 1988, pp. 94-109.

[P] E.G.C. Poole, Introduction to the Theory of Linear Differential Equations, Dover, New York, 1960.

[S-U] M. F. Singer and F. Ulmer, Liouvillian and algebraic solutions of second and third order linear differential equations, to appear.

[Y] H. Yoshida, Ziglin analysis for proving non-integrability of Hamiltonian systems., in Proceedings of the Workshop on Finite Dimensional Integrable Nonlinear Dynamical Systems (P.G.L. Leach and W.H. Steeb, Eds.), World Scientific, Singapore, 1988, pp. 74-93.