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Abstract

Telescopers for a function are linear differential (resp. difference)
operators annihilating the definite integral (resp. definite sum) of this
function. They play a key role in Wilf-Zeilberger theory and algorithms
for computing them have been extensively studied in the past thirty
years. In this paper, we introduce the notion of telescopers for differen-
tial forms with D-finite function coefficients. These telescopers appear
in several areas of mathematics, for instance parametrized differential
Galois theory and mirror symmetry. We give a sufficient and neces-
sary condition for the existence of telescopers for a differential form
and describe a method to compute them if they exist. Algorithms for
verifying this condition are also given.
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1 Introduction

In the Wilf-Zeilberger theory, telescopers usually refer to the operators in
the output of the method of creative telescoping, which are linear differential
(resp. difference) operators annihilating the definite integrals (resp. the
definite sums) of the input functions. The telescopers have emerged at least
from the work of Euler [17] and have found many applications in the various
areas of mathematics such as combinatorics, number theory, knot theory as
well as others (see Section 7 of [20] for details). In particular, telescopers for a
function are often used to prove the identities involving this function or even
obtain a simpler expression for the definite integral or sum of this function.
As a clever and algorithmic process for constructing telescopers, creative
telescoping firstly appeared as a term in the essay of van der Poorten on
Apréy’s proof of the irrationality of {(3) [31]. However, it was Zeilberger and
his collaborators [3, 29, 36, 37, 40] in the early 1990s who equipped creative
telescoping with a concrete meaning and formulated it as an algorithmic tool.
Since then, algorithms for creative telescoping have been extensively studied.
Based on the techniques used in the algorithms, the existing algorithms are
divided into four generations, see [13] for the details. Most recent algorithms
are called reduction-based algorithms which were first introduced by Bostan
et al. in [6] and further developed in (for example,[7, 8, 14, 15]). The
termination of these algorithms relies on the existence of telescopers. The
question for which input functions the algorithms will terminate has been
answered in [1, 2, 10, 16, 38] for several classes of functions such as rational
functions and hypergeometric functions as well as others. The algorithmic
framework for creative telescoping is now called the Wilf-Zeilberger theory.

Most of algorithms for creative telescoping focus on the case of one bi-
variate function as input. There are only a few algorithms which deal with
multivariate case (see, for example, [9, 11, 12, 21]). It is still a challenge
to develop the multivariate analogue of the existing algorithms (see Section
5 of [13]). In the language of differential forms (with m variables and one
parameter), the results in [11] and [21] dealt with the cases of differential
1-forms and differential m-forms respectively. On the other hand, in the ap-
plications to other domains such as mirror symmetry (see [23, 26, 27]), one
needs to deal with the case of differential p-forms with 1 < p < m. Below is
an example.

Example 1 Consider the following one-parameter family of the quintic poly-
nomaals

1
W(t) = 5(m§ + a5 + x5 + 2 + 22) — triTer3TaTs



where t is a parameter. Set

_y Dy dz d

To obtain the Picard-Fuchs equation for the mirror quintic, the geometers
want to compute a fourth order linear differential operator L in t and O,
such that L(w) = dn for some differential 3-form n. Here one has that

o ok d? )
L=(1-t)= —10t"— — 25t3— — 15t>— — 1.
(=) g — 10055 = 505 — By,
Set 0y = t0/0t. Then
. 11
L=-oLs = 0} — 5t(50; + 1)(56; + 2)(50; + 3)(50; + 4)

and the equation I:(y) = 0 s the required Picard-Fuchs equation.

We call the operator L appearing in the above example a telescoper for the
differential form w (see Definition 4). In this paper, we study the telescopers
for differential forms with D-finite function coefficients. Instead of the geo-
metric method used in [23, 26, 27|, we provide an algebraic treatment. We
give a sufficient and necessary condition guaranteeing the existence of tele-
scopers and describe a method to compute them if they exist. In addition,
we also present algorithms to verify this condition.

The rest of this paper is organized as follows. In Section 2, we recall
differential forms with D-finite function coefficients and introduce the notion
of telescopers for differential forms. In Section 3, we give a sufficient and
necessary condition for the existence of telescopers, which can be considered
as a parametrized version of Poincaré lemma on differential manifolds. In
Section 4, we give two algorithms for verifying the condition presented in
Section 3.

Notations: The following notations will be frequently used thoughout
this paper.

O: the usual derivation 9/0; with respect to t,
the usual derivation 0/9,,with respect to x;,
x: {x1, @}

8x: {61‘17"' 76:17n}7



The following formulas will also be frequently used:

sy [PV D 0, vz
’ *87/‘7 V<,Ul

pigy = JED = 1) (p v+ Dk 4 0ok, 2 v
* Oy, u<v

where * € k(x, 0y).

2 D-finite elements and differential forms

Throughout this paper, let k be an algebraically closed field of characteristic
zero and let K be the differential field k(t, z1,...,x,) with the derivations
Oty Opyy -« oy O, . Let © = K(0y, Bx) be the ring of linear differential operators
with coefficients in K. For S C {t, x, 0;, Ox}, denote by k(S) the subalgebra
over k of ® generated by S. For brevity, we denote k(t,x,d;, 0x) by 20.
Let U be the universal differential extension of K in which every algebraic
differential equation having a solution in an extension of U/ has a solution
(see page 133 of [18] for more precise description).

Definition 2 An element f € U is said to be D-finite over K if for every
d € {0,0z,,...,0x,}, there is a nonzero operator Ls € K(d) such that

Ls(f) =0.

Denote by R the ring of D-finite elements over K, and by M a free
R-module of rank n with base {aj,...,a,}. Define a map © x M — M

given by
(L, > fi%‘) — L (Z fi%) = L(fi)ai.
i=1 i=1 i=1

This map endows M with a left ®-module structure. Let
AM =D A M)
i=0

be the exterior algebra of M, where A“(M) denotes the i-th homogeneous
part of A(M) as a graded R-algebra. We call an element in A\"(M) an
i-form. Note that A\(M) inherites a left ®-module structure from M. In
fact, for L € ® and w = 3" fj,. ;.aj A--- Aaj, € A'(M), one can define

L(w) = Z L(fjhu-,ji)ajl A Ay,
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and for w = 3, w; with w; € AY(M), define L(w) = 3, L(w;). Let d: R —
M be a map defined as

df = 0p, (flar + -+ + 0z, (f)an

for any f € R. Then d is a derivation over k. Note that for eachi=1,...,n,
dz; = a;. Hence in the rest of this paper we shall use {dx,...,dz,} instead
of {ai1,...,a,}. The map d can be extended to a derivation on A (M) which
is defined recursively as

d(wl VAN wz) =dwy Awsy + (—1)%«)1 A dws

for any w1 € A'(M) and wy € A\?(M). For detailed definitions on exterior
algebra and differential forms, we refer the readers to Chapter 19 of [22] and
Chapter 1 of [35] respectively. As the usual differential forms, we introduce
the following definition.

Definition 3 Let w € A(M) be a form.

(1) w is said to be closed if dw = 0, and exact if there is n € \(M) such
that w = dn.

(2) w is said to be Oi-closed (resp. Oi-exact) if there is a mnonzero L €
k(t)(0r) such that L(w) is closed (resp. exact).

Definition 4 Assume that w € \(M). A nonzero L € k(t)(0) is called a
telescoper for w if L(w) is ezxact.

3 Parametrized Poincaré lemma

The famous Poincaré lemma states that if B is an open ball in R”, any
smooth closed i-form w defined on B is exact, for any integer ¢ with 1 <4 <
n. In this section, we shall prove the following lemma which can be viewed
as a parametrized analogue of Poincaré lemma for A(M).

Lemma 5 (Parameterized Poincaré lemma) Let w € A\P(M). If w is
O¢-closed then it is Os-exact.

To prove the above lemma, we need some lemmas.

Lemma 6 (Lipshitz’s lemma (Lemma 3 of [25])) Assume that f is a
D-finite element over k(x). For each i = 1,3,4,...,n, there is a nonzero
operator L € k(x1,x3,...,%n) {0y, 0z,) such that L(f) = 0.



The following lemma is a generalization of Lipshitz’s lemma.

Lemma 7 Assume that f1,..., fm are D-finite elements over k(x,t) and
Sc{t,xr,...,xn,0,0p,,...,04,}

with |S| > n+ 1. Then one can compute a nonzero operator L in k(S) such
that L(f;) =0 for alli=1,...,m.

Proof. For each § € {0:,04,,...,0,,} and ¢ = 1,...,m, let T; 5 be a
nonzero operator in K (J) such that T;s(f;) = 0. Set T5 to be the least
common left multiple of T7 5,...,T}, 5. Then T5(f;) =0foralli=1,...,m
and 6 € {0y, 0yy,...,0z,}. Thelemma then follows from an argument similar
to that in the proof of Lipshitz’s lemma. ]

Remark 8 Lemma 7 originally appears in [39] (see Lemma 4.1), where
Zeilberger proves the existence of the operator L in the setting of Weyl al-
gebra and gives an algorithm to compute L in the case of two wvariables.
Furthermore, there is a Mathematica package called HolonomicFunctions
developed by Christoph which allows one to compute L (see [19]).

Lemma 9 Assume that f1,. .., fm are D-finite over k(x,t), I,J C {1,...,n}
and INJ = 0. Assume further that V. C {x;,0y]i € {1,...,n} \ (I U J)}
with |V| =n —|I| — |J|. Then one can compute an operator P of the form

L+ 00, M+ Y N;o,,
iel jeJ
such that P(f;) =0 for alll = 1,...,m, where L is a nonzero operator in

k{({t,0i} UV}), M, N; € 20 and Nj is free of x; for alli € I and j € J.

Proof. Without loss of generality, we assume that [ = {1,...,r} and J =
{r+1,...,r+ s} where r = |I| and s = |J|. Let

S={t.8}U{dulic I} U{z;lj=r+1,...,r+s}UV.

Then |S| =n+2 >n+ 1. By Lemma 7, one can compute a 7" € k(S) \ {0}
such that T'(f;) =0 for all [ = 1,...,m. Write

T = > ol 9Ty
d=(d1,....dr)€T

where Tq € k({t, 0, xr41,..., 245} UV} \ {0} and I'y is a finite subset of
Z". Let d = (di,...,d,) be the minimal element of I'y with respect to the



lex order on Z". Multiplying T by [];_, x;{i on the left and using the formula
(2) yield that

T _ T
(H xd> T=aTy+» 0T (3)
=1 =1
where « is a nonzero integer and T; € k(S U {x;|i € I}). Write
e=(e1,...,es)€l2

where Le € k({t,0,} UV) \ {0} and T’y is a finite subset of Z°. Let € =
(é1,...,€s) be the maximal element of I'y with respect to the lex order on
Z°. Multiplying Tq by [[;_, 05, on the left and using the formula (1) yield
that
S
(H 8;;”) T& = fLe + Z Lja$j (4)
i=1 jed

where L; € k{({t, 0 Trq1,- - Trgs,0pppys- 50z, }UV) and S is a nonzero
integer. Combining (3) with (4) yields the required operator P. |

Corollary 10 Assume that fi,..., fm are D-finite over k(x,t), J is a sub-
set of {1,...,n} and V C {x;,04,i € {1,...,n} \ J} with |V| =n —|J|.
Assume further that 0., (f;) = 0 for all j € J and | = 1,...,m. Then
one can compute a nonzero L € k{{t,0;} UV) such that L(f;) = 0 for all
l=1,...,m.

Proof. In Lemma 9, set I = (). 1
The main result of this section is the following theorem which can be viewed
as a generalization of Corollary 10 to differential forms. To describe and

prove this theorem, let us recall some notation from the first chapter of [35].
For any f € R, we define do(f) = 0 and

for s € {1,2,...,n}. We can extend ds to the module A(M) in a natural
way. Precisely, let w = Z:’;l fim; where m; is a monomial in dzq,...,dz,.
Then do(w) = 0 and

ds(w) =D "0, (fi)day Amy = daj A Dy, (w).
j=1

i=1 j=1
By definition, one sees that

ds(u Adxg) = ds—1(u) Adzs and dg(u) = ds—1(u) + das A Op, (u).



Theorem 11 Assume that 0 < s < n,V C {@eq1,..,Tn:0pyyyr---> 00, }
with [V =n—s and w € A\P(M). If dsw = 0, then one can compute a
nonzero L € k{{t,8;} UV) and u € N\’ (M) such that L(w) = dsp.

Remark 12 1. If p =0, thenw = f € R and dsf = 0 if and only if
s=0 or 0., (f) =0 for all1 <i<sifs>0. Therefore Corollary 10
is a spectal case of Theorem 11.

2. Note that the parametrized Poincaré lemma is just the special case of
Theorem 11 when s =n.

Proof. We proceed by induction on s. Assume that s = 0 and write

m
w=>Y_ fm
i=1

where m; a monomial in dz1,dzs,...,dx, and f; € R. By Corollary 10 with
I =), one can compute a nonzero L € k({t,0,} U V) such that L(f;) =0
for all ¢ = 1,...,m. Then one has that

m

L(w) =Y L(fi)m; =0.

=1

This proves the base case. Now assume that the theorem holds for s < £
and consider the case s = £. Write

w=uAdxy+v

where both u and v do not involve dxy. Then the assumption dyw = 0
implies that

dy—1u Adxp + dev = dy—1u A dap + dg—qv + dag A Oy, (v) = 0.

Since all of dg—ju,d¢—1v, 0z, (v) do not involve dxy, one has that dj_jv =0
and dy—;(u) — 9z, (v) = 0. By the induction hypothesis, one can compute a

nonzero L € k{{t,z¢,d,} UV) and i € AP~'(M) such that

L(v) = dg—1(p). ()

We claim that L can be chosen to be free of zy. Write

d
E = Z Njac?
7=0

8



where N; € k({t,0,} UV) and N4 # 0. Multiplying L by 92, on the left and
using the formula (2) yield that

d
8;llﬂ = ZNjagza:% = aNy + No,, (6)
=0

where « is a nonzero integer and N € k({t, ¢, 9, dy,} UV). The equalities
(5) and (6) together with 0;,(v) = dy—1(@) yield that Ng(v) = dy—1(m) for
some m € A\P"*(M). This proves the claim. Now one has that
L(w) = L(u) Adag 4+ dg_1 (1) = L(u) A dag + dag A 0, (1) + de(f2).
Since L is free of Tiy..., Xy, Ld; = dyL. This implies that
0= L(dg(w)) = de(L(w)) = dg_1(L(u)) Adaxg + dag A de_1(0s, (1))
= dpy (L(w) = 02, (7)) A dae,

Note that i can always be chosen to be free of dzy. Hence one has that
dg,l(L(uz — 0z,(f1)) = 0. By the induction hypothesis, one can compute a
nonzero L € k({t,d,,,0;} UV) and i € A\*"!(M) such that

L (L(w) = 90 (1)) = dea(B). (7)
Write o
L= &, M;
Jj=e1

where M; € k({t,0;} UV) and M, # 0. Multiplying L by x;' on the left
and using the formula (2) yield that

mzlf/ = M., + (%eM

where £ is a nonzero integer and M € k({t,0¢, Oy,, ¢} UV). Hence applying
x;' to the equality (7), one gets that

BMe, (L) = 02, (7)) = doa (2 1) + O, (M (L(w) = 80, () ) -
Set L = BM,, L. Then one has that
L(w) = 8Me, ((L(u) = 0y, (7)) A daz + o))
= (BMe, (L(w) = 02, (7)) A da + du(BM,, ()
— dpy (2 1) A g + 00, M (L(w) = 02, (7)) A da + de(BMe, ()

= dy (wf -+ B (L(w) = 00, (7)) + BMe, ()



The last equality holds because

doy (M (Ji(u) - au(g))> = Md,_, (i(u) — 8y, (g)) = 0.
|

Remark 13 Lemma 5 can be derived from the finiteness of the de Rham
cohomology groups of D-modules in the Bernstein class. To see this, let w
be a differential s-form with coefficients in R and let M be the D-module
generated by all coefficients of w and all derivatives of these coefficients with
respect to 0y. By Proposition 5.2 on page 12 of [5], M is a D-module in the
Bernstein class. Assume that w is closed. Then 9] (w) € H} (M), the s-th
de Rham cohomology group of M, for all nonnegative integer j. By Theorem
6.1 on page 16 of [5], H},n(M) is of finite dimension over k(t). This implies
that there are ag, ... ,am € k(t) such that 377, ajﬁtj(w) =0 in Hjp(M),
i.e. Z;n:o ajﬁg(w) is exact. This proves the existence of telescopers for the
O-closed differential forms. However the proof of Theorem 11 is constructive
and it provides a method to compute a telescoper if it exists.

The proof of Theorem 11 can be summarized as the following algorithm.

Algorithm 14 Input: w € AP(M) and V. C {x;,0,]i = s+ 1,...,n}
satisfying that ds(w) =0 and |[V|=n—s
Output: a nonzero L € k({t,0;} UV) such that L(w) = ds(p).

1. If w € R, then by Corollary 10, compute a nonzero L € k{{t,0,} UV)
such that L(w) = 0. Return L.

2. Write w=u Adzs + v with u,v not involving dx.

3. Call Algorithm 14 with v and V U {xs} as inputs and let L be the
output.

(a) Write L = Z;l:o ijg with N;j € k({t,0,} UV) and N4 # 0.
(b) Compute a ji € NP~ (M) such that Ny(v) = ds_1(f1).
4. Write Na(w) = (Na(u) — Or, (7)) A dzs + du(i).

5. Call Algorithm 14 with Ng(u) — Oz, (ft) and V U {0} as inputs and
let L be the output.

6. Write L =Y _ 3. M; with M; € k({{t,0,} UV and M,, # 0.

j=e1

7. Return M., Ng.

10



4 The existence of telescopers

It is easy to see that if a differential form is O;-exact then it is Js-closed.
Therefore Lemma 5 implies that given a w € AP(M), to decide whether it
has a telescoper, it suffices to decide whether there is a nonzero L € k(t, 0;)
such that L(dw) = 0. Suppose that

dw = E : ai1,~~~,ip+1dxi1 cdrpg, iy yyapyr € U.
1<i1 < <ipr1<n

Then L(dw) = 0 if and only if L(a,,...;,,,) =0forall 1 <i; <--- <ippy <
n. So the existence problem of telescopers can be reduced to the following
problem.

Problem 15 Given an element f € R and its minimal annihilating opera-
tor P € K(0;), decide whether there exists a nonzero L € k(t,0;) such that

L(f) =0,

Note that f is annihilated by a nonzero L € k(t)(0;) if and only if P is a
right-hand factor of L, i.e. L = QP for some @ € K(0;). For convenience,
we introduce the following definition.

Definition 16 An operator P € K(0;) is called (x,t)-separable if there is
a nonzero L € k(t)(0;) such that L = QP for some Q € K(0).

Problem 15 then is reduced to the following one.
Problem 17 Given a P € K(0;)\ {0}, decide whether P is (x,t)-separable.

The rest of this paper is aimed at developing an algorithm to solve the above
problem. Let us first investigate the solutions of (x,t)-separable operators.

Notation 18
Cii={c€U|d(c) = 0}, Cx:={c €U |Va € x,0.(c) = 0}.

Assume that L € k(¢)(d;) \ {0}. By Corollary 1.2.12 of [30], the solution
space of L = 0 in U is a Ci-vector space of dimension ord(L). Moreover we
have the following lemma.

Lemma 19 If L € k(t)(0;) \ {0}, then the solution space of L =0 inU has
a basis in Cx.

11



Proof. Let Ap be the companion matrix of L(y) = 0, i.e.

0 1
0 1
Ay = .
0 1
—ag —a; —az ... —Gm—1

where m = ord(L) and L = 9" + apm_107"" ' 4 --- 4+ ag. Set A; = 0 for all
i=1,...,n. Let 0y = 0¢,0; = Oy, for i = 1,...,n. Then the system

oY) =AY, 01(Y) =AY, ..., 0,(Y) =AY
satisfies the integrability condition:
81(‘4]) - a](Az) = AiAj — AjAz'

for all 0 < ¢ < j < n. Therefore there is a solution V' in GL,, (/). Let v be
the first row of V. Note that det(V') is the Wronskian determinant of v and
det(V') # 0. These imply that v is a basis of the solution space of L(y) = 0.
Since 0;(v) =0 for all 1 <14 < n, v has entries in Ck. ]

As a consequence, we have the following corollary.

Corollary 20 Assume that P € K(0;) \ {0}. Then P is (x,t)-separable if
and only if the solutions of P(y) =0 in U are of the form

> gihi, gi € Crhi € Cx N {f €U | Q(f) = 0} (8)

i=1
for some Q € K(0).

Proof. The “only if” part is a direct consequence of Lemma 19. For the
“if” part, one only need to prove that if h € Cx N{f € U | Q(f) = 0}
then A is annihilated by a nonzero operator in k(¢)(d;). Suppose that h €
CxN{feU|Q(f) =0}. Let L be the monic operator in K (J;) \ {0} which
annihilates A and is of minimal order. Write

-1

L=0{+) a;0}a; € K.
i=0

12



Then for every j € {1,...,n}

-1 -1
0= = 0;(a));(h = 0;(a:)d(h
i=0 1=0

The last equality holds because h € Cx. By the miniality of L, one sees that
Oz;(a;) =0 forall i =0,...,4 —1and all j =1,...,n. Hence a; € k(t) for
all 7. In other words, L € k(t)(0;). ]

For convention, we introduce the following definition.

Definition 21 (1) We say f € U is split if it can be written as the form
f = gh where g € Cy and h € Cx, and say f is semisplit if it is the
sum of finitely many split elements.

(2) We say a nonzero operator P € K(0;) is semisplit if it is monic and
all its coefficients are semisplit.

The semisplit operators have the following property.

Lemma 22 Assume that P = Q1Q2 where P,Q1, Q2 are monic operators
in K(0). Assume further that Q2 € k(t)[x,1/r](0;) where r € k[x,t]. Then
P € k(t)[x,1/r](0r) if and only if Q1 is also.

Proof. Comparing the coefficients on both sides of P = Q1Q2 concludes
the lemma. ]

As a direct consequence, we have the following corollary.

Corollary 23 Assume that P = Q1Q2 where P, Q1, Q2 are monic operators
in K{(0;). Assume further that Qo is semisplit. Then P is semisplit if and
only if Q1 is also.

4.1 The completely reducible case

In Proposition 10 of [11], we show that given a hyperexponential function h
over K, ann(h) N k(t)(0) # {0} if and only if there is a nonzero p € k(x)[t]
and r € k(t) such that
_ o)
p

where a = 0y(h)/h. Remark that a, p, r with p # 0 satisfy the above equality
if and only if %(&5 —a) = (0 — r)%. Under the notion of (x,t)-separable

+r,

13



and the language of differential operators, Proposition 10 of [11] states that
O¢ — a is (x,t)-separable if and only if it is similar to a first order operator
in k(t)(9;) by some 1/p with p being nonzero polynomial in ¢. In this
section, we shall generalize Proposition 10 of [11] to the case of completely
reducible operators. We shall use lclm(Q1, Q2) to denote the monic operator
of minimal order which is divisible by both @1 and (2 on the right. We
shall prove that if P is (x,t)-separable and completely reducible then there
is a nonzero L € k(t)(0;) such that P is the transformation of L by some @
with semisplit coefficients. To this end, we need to introduce some notations
from [28].

Definition 24 Assume that P,Q € K{(d;) \ {0}.

1. We say P is the transformation of P by @ if P is the monic operator
satisfying that PQ = Nclm(P, Q) for some A € K.

2. We say P is similar to P (by Q) if there is an operator Q with
gerd(P, Q) = 1 such that P is the transformation of P by Q, where
gerd(P, Q) denotes the greatest common right-hand factor of P and Q.

Definition 25 1. We say P € K(0;) is completely reducible if it is the
Iclm of a family of irreducible operators in K(0y).

2. We say Q € K(0;) is the mazximal completely reducible right-hand
factor of P € K(0) if Q is the lclm of all irreducible right-hand factros
of P.

Given a P € K(0;), Theorem 7 of [28] implies that P has the following
unique decomposition called the maximal completely reducible decomposi-
tion or the m.c.r. decomposition for short,

P=)H.H,_,...H

where A € K and H; is the maximal completely reducible right-hand factor
of H,...H;. For an L € k(t)(0;), it has two m.c.r. decompositions viewed
it as an operator in k(¢)(0;) and an operator in K (0;) respectively. In
the following, we shall prove that these two decompositions coincide. For
convenience, we shall denote by P,,—., the operator obtained by replacing
xz; by ¢; € kin P.

Lemma 26 Assume that P, L are two monic operators in K(0;). Assume
further that P € k(t)[x,1/r|(0;) with r € k[x,t], and L € k(t){0:). Let
c € k™ be such that r(c) # 0.
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1. If gerd(Px=c, L) = 1 then gerd(P, L) = 1.

2. If gerd(P,L) = 1 then there is a € k™ such that r(a) # 0 and
gerd(Py—a, L) = 1.

Proof. 1. We shall prove the lemma by induction on n = |x|. Assume
that n = 1, and gerd(P, L) # 1. Then there are M, N € k(t)[x1](0;) with
ord(M) < ord(L) such that M P + NL = 0. Write

m—1 s
M = Zai&f, N:szﬁz
=0 =0

where m = ord(L). If the a;’s have a common factor ¢ in k(¢1)[z1], then one
sees that ¢ is a common factor of the b;’s. Thus we can cancel this factor c.
So without loss of generality, we may assume that the a;’s have no common
factor. This implies that My —., # 0 and My, —c, Pyy=¢c; + Ngy=c, L = 0.
Since ord(My, =) < ord(L), gerd(Py,=c,,L) # 1, a contradiction. For
the general case, set Q = P, —,. Then Quo—cy, . an=c, = Px=c. This
implies that gerd(Quo=co,....2n=c.-L) = 1. By the induction hypothesis,
gerd(Q, L) = 1. Finally, regarding P and L as operators with coefficients
in k(t,z2,...,2,)[x1,1/r] and by the induction hypothesis again, we get
gerd(P, L) = 1.

2. Since gerd(P,L) = 1, there are M,N € K(0;) such that MP +
NL = 1. Let a € k™ be such that r(a) # 0 and both Myx—_, and Nx—_, are
well-defined. For such a, one has that My—,Px—a + Nx—al = 1 and then
gerd(Px=a, L) = 1. ]

Lemma 27 Let L € k(t)(0;). The m.c.r. decompositions of L viewed as an
operator in k(t)(0¢) and an operator in K(0;) respectively coincide.

Proof. We first claim that an irreducible operator of k(t)(0;) is irreducible
in K(0;). Let P be a monic irreducible operator in k(t)(9;) and assume that
@ is a monic right-hand factor of P in K(d;) with 1 < ord(Q) < ord(P).
Then P = QQ for some Q € K (d;). Suppose that Q € k(t)[x,1/r](8,). By
Lemma 22, Q belongs to k(t)[x,1/7](d;). Let ¢ € k™ be such that 7(c) # 0.
Then P = Qx—cQx—c and 1 < ord(Qx=c) < ord(P). These imply that P is
reducible in k(t)(0;), a contradiction. So P is irreducible in K (0) and thus
the claim holds. Let L = AH,.H,_1...H; be the m.c.r. decomposition in
k(t){(0;). The above claim implies that H; viewed as an operator in K (0;)
is completely reducible. Assume that H;p is not the maximal compleltely
reducible right-hand factor of L in K(9;). Let M € K(9;) \ K be a monic
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irreducible right-hand factor of L satisfying that gerd(M, Hy) = 1. Due to
Lemma 26, there is a € k" satisfying that gerd(Mx—a, H1) = 1. Note that
Mx—4 is a right-hand factor of L. Therefore My—_, has some irreducible
right-hand factor of L as a right-hand factor. Such irreducible factor must
be a right-hand factor of H; and thus gerd(Mx—a, H1) # 1, a contradiction.
Therefore Hj is the maximal completely reducible right-hand factor of L in
K{0;). Using the induction on the order, one sees that AH,.H,_1 ... H is
the m.c.r. decomposition of L in K(0). |

Lemma 28 Assume that P is monic, (x,t)-separable and completely re-
ducible. Assume further that P € k(t)[x,1/r](0;) with r € k[x,t]. Let
c € k" be such that r(c) # 0. Then Px—c is similar to P.

Proof. Let L be a nonzero monic operator in k(t)(8;) with P as a right-
hand factor. Since P is completely reducible, by Theorem 8 of [28], P is a
right-hand factor of the maximal completely reducible right-hand factor of
L. By Lemma 27, the maximal completely reducible right-hand factor of L
is in k(t)(d;). Hence we may assume that L is completely reducible after
replacing L by its maximal completely reducible right-hand factor. Assume
that L = QP for some Q € K(9;). By Lemma 22, Q € k(t)[x,1/7](d;).
Then L = Qx=cPx=c, i.e. Px—c is a right-hand factor of L. We claim that
for a right-hand factor T of L, there is a right-hand factor L of L satisfying
that gerd(T, L) = 1 and lelm(7, L) = L. We prove this claim by induction
on s = ord(L) — ord(T). When s = 0, there is nothing to prove. Assume
that s > 0. Then since L is completely reducible, there is an irreducible
right-hand factor Ly of L such that gerd(T, L) = 1. Let N = lclm(T, Ly).
We have that ord(N) = ord(T’) + ord(L1). Therefore ord(L) — ord(N) < s.
By induction hypothesis, there is a right-hand factor Lo of L such that
gerd(N, Lg) = 1 and lelm(N, Ly) = L. Let L = lelm(Ly, Lo). Then

= lelm(N, L2) = lclm(T, Ly, La) = lclm(T, L).
Taking the order of the operators in the above equality yields that

ord(lelm(7, L)) = ord(lelm(N, La)) = ord(N) + ord(Ls)
= ord(T") 4+ ord(Ly) + ord(Lz).

On the other hand, we have

ord(lelm(T, L)) < ord(T) 4 ord(L) < ord(T") + ord(L;) + ord(Lz).
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This implies that
ord(lelm(T, L)) = ord(T") 4+ ord(L).

So gerd(7, L) = 1 and then L is a required operator. This proves the claim.
Now let L be a right-hand factor of L satisfying that gerd(Py—e, Le) = 1
and lelm(Py—c, L) = L. Let M € k(t)(0;) be such that L = M L. Then
Py—. is similar to M. It remains to show that P is also similar to M. Due
to Lemma 26, gerd(P, Le) = 1. Then

ord(lclm(P, L¢)) = ord(P) + ord(L¢) = ord(Pyx—¢) 4 ord(L¢) = ord(L).

Note that lclm(P, L¢) is a right-hand factor of L. Hence lclm(P, Le) = L
and thus P is similar to M. ]

For the general case, the above lemma is not true anymore as shown in
the following example.

Example 29 Let y = z1log(t + 1) + z2log(t — 1) and

(t —1)%z; + (t + 1)%xy
2= 1)((t = Day + (t+ aa) |

Then P is (z,t)-separable since {1,y} is a basis of the solution space of
P =0 inU. We claim that P is not similar to Px—c for any ¢ € k?\
{(0,0)}. Suppose on the contrary that P is similar to Px—c for some ¢ =
(c1,c2) € K2\ {(0,0)}, i.e. there are a,b € k(x,t), not all zero, such that
gerd(ady + b, Px=c) = 1 and P is the transformation of Px—c by a0y + b.
Denote Q = a0, +b. As {1,yx—c} is a basis of the solution space of Px—c,
{Q(1), Q(yx=c)} is a basis of the solution space of P = 0. In other words,
there is C' € GLg(C}) such that

C1 (&)
x=c | — 17 .
(b,a<t+1+t_1>+by ) (L,y)C

Note that log(t + 1),log(t — 1),1 are linearly independent over k(x1,x2,t).
We have that b € Cy \ {0} and be; = éxq,bey = éxy for some ¢ € Cy. This
implies that x1/xe = c1/co € k, a contradiction.

P=02+

When the given two operators are of length two, i.e. they are the prod-
ucts of two irreducible operators, a criterion for the similarity is presented
in [24]. For the general case, suppose that P is similar to Px—¢ by . Then
the operator @ is a solution of the following mixed differential equation

Pz=0 mod Px—c. (9)
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An algorithm for computing all solutions of the above mixed differential
equation is developed in [33]. In the following, we shall show that if P is
(x, t)-separable then @) is an operator with semisplit coefficients. Note that
Q@ can be chosen to be of order less than ord(Px—.) and all solutions of the
mixed differential equation with order less than ord(Px—.) form a vector
space over k(x) of finite dimension. Furthermore @) induces an isomorphism
from the solution space of Px—c(y) = 0 to that of P(y) = 0.

Proposition 30 Assume that P is monic and completely reducible. Assume
further that P € k(t)[x,1/r](0:) with r € k[x,t]. Let c € k™ be such that
r(c) # 0. Then P is (x,t)-separable if and only if P is similar to Px—c by
an operator QQ with semisplit coefficients.

Proof. Denote m = ord(Px—c) = ord(P). Assume that {aq, -+ ,ap} is a
basis of the solution space of Px—c(y) = 0 in Cx and P is similar to Px—¢ by
Q. Write Q = 37" a;0f where a; € K. Then

aq a9 . [67%%
o) o ol
(Q(Oél), 7Q(am)) = (GOa . 7am—1)
agm_l) agm_l) ... a%ﬂ_l)

and Q(a1),...,Q(a,) form a basis of the solution space of P(y) = 0.

Now suppose that P is (x, t)-separable. Due to Lemma 28, P is similar to
Px—c by Q. By Corollary 20, the Q(«;) are semisplit. The above equalities
then imply that the a; are semisplit. Conversely, assume that P is similar to
Px—c by Q and the a; are semisplit. It is easy to see the Q(«;) are semisplit.
By Corollary 20 again, P is (x,t)-separable. 1

Using the algorithm developed in [33], we can compute a basis of the
solution space over k(x) of the equation (9). It is clear that the solutions with
semisplit entries form a subspace. We can compute a basis for this subspace
as follows. Suppose that {Q1,...,Q¢} is a basis of the solution space of
the equation (9) consisting of solutions with order less than ord(Px—c). We
may identity @Q; with a vector g; € K™ under the basis 1,0;,... ,8["’*1.
Let ¢ € k(x)[t] be a common denominator of all entries of the g;. Write
g; = pi/q for each i = 1,...,¢, where p; € k(x)[t]|™. Write ¢ = ¢1¢2 where
g2 is split but ¢; is not. Note that a rational function in ¢ with coefficients in
k(x) is semisplit if and only if its denominator is split. For ¢1,..., ¢ € k(x),
Zle ¢;g; is semisplit if and only if all entries of Zle ¢;p; are divided by
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q1- Fori =1,...,¢ let h; be the vector whose entries are the remainders
of the corresponding entries of p; by ¢;. Then all entries of Zle c;p; are
divided by ¢ if and only if Zle c;h; = 0. Let cq,...,cs be a basis of the
solution space of Zle zih; = 0. Then {(Q1,...,Q¢)c; | i =1,...,s} is the
required basis. Consequently, the required basis can be computed by solving
the system of linear equations Zle zih; = 0.

In the following, for the sake of notations, we assume that {Q1,...,Q}
is a basis of the solution space of the equation (9) consisting of solutions with
semisplit coefficients. By Proposition 30 and the definition of similarity, P
is (x,t)-separable if and only if there is a nonzero Q in the space spanned by
Q1,...,Qq such that gerd(Py—c, Q) = 1. Note that Q induces a homomor-
phism from the solutions space of Px—c(y) = 0 to that of P(y) = 0. More-
over, one can easily see that gerd(Py—e, Q) = 1 if and only if Q is an isomor-
phism i.e. Q(a1),...,Q(ay,) form a basis of the solution space of P(y) =0
where {ay,...,an,} is a basis of the solution space of Px—c(y) = 0. Assume
that Q = Z?;_ol ao,i(‘)f with ag; € K. Using the relation Py—c(c;) = 0 with
j=1,...,m, one has that for all j =1,...,m

for some a1; € K. Repeating this process, we can compute a;; € K such
that forall j=1,...,mandl=1,...,m—1,

m—1
Q(aj)(l) = Z az,iay)-
1=0

Now suppose that Q = Zle 2iQ; with z; € k(x). One sees that the q;; are

linear in z1,..., 2. Set A(z) = (ai;)o<ij<m—1 With z = (21,...,2). Then
one has that
ay e Qm Q(a1) . Qam)
A | S I S T
am=1 - gmh Qan)™ D Qo) ™Y

It is well-known that Q(av), . .. ,Q(am) form a basis if and only if the right-
hand side of the above equality is a nonsingular matrix and thus if and only
if A(z) is nonsingular. In the sequel, one can reduce the problem of the
existence of Q satisfying gerd(Q, Py—c) = 1 to the problem of the existence
of a € k(x) in k(x) such that det(A(a)) # 0.
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Suppose now we already have an operator () with semisplit coefficients
such that P is similar to Px—¢ by Q. Write Q = Z?:ol b;0! where b; € K
is semisplit. Write further b; = > %_, h; ;8; where h;; € k(x) and B; €
k(t) \ {0}. Let Ly = Px—c and let L; be the transformation of L;_; by 0,

(9)

fori=1,...,m — 1. Then L; annihilates o, forall j =1,...,m and Lié

annihilates 5la§i) foralll=1,...,sand j=1,...,m. Set

1
L:lclm({Liﬂ|i:0,...,m—1,l:1,...,s}>.
l

Then L annihilates all Q(c;) and thus has P as a right-hand factor. We
summarize the previous discussion as the following algorithm.

Algorithm 31 Input: P € K(0;) that is monic and completely reducible.

Output: a nonzero L € k(t)(0;) which is divided by P on the right if it exists,
otherwise 0.

1. Write

m—1
a; .
P=9" —0!
P+ ; 0]
where a; € k(t)[x],r € k[x,1].
2. Pick ¢ € k™ such that r(c) # 0. By the algorithm in [33], compute a
basis of the solution space V' of the equation (9).

3. Compute a basis of the subspace of V consisting of operators with
semisplit coefficients, say Q1,...,Qy.

4. Set Q = Ele %Qi and using Q, compute the matriz A(z) as in (10).

5. If det(A(z)) = 0 then return 0 and the algorithm terminates. Other-
wise compute a = (ay, ..., a;) € k' such that det(A(a)) # 0.

6. Setb; to be the coefficient of O} in Z?:l a;Q; and writeb; = 3% hi jB;
where h;; € k(x) and B; € k(t). Let Ly = Px—c and for each
i=1,...,m—1 compute L;, the transformation of L;_1 by 0.

7. Retumlelm({Liﬁ%\iz(),...,m—l,jzl,...,s}).
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4.2 The general case

Assume that P is (x,t)-separable and P = Q1Q2 where Q1,Q2 € K(0).
It is clear that @ is also (x,t)-separable. One may wonder whether Q)
is also (x,t)-separable. The following example shows that Q1 may not be
(x,t)-separable.

Example 32 Let K = k(z,t) and let P = 0. Then P is (x,t)-separable

and
2 X . X
at_(at+mt+1> <at xt+1>'

The operator Oy +x/(xt+1) is not (x,t)-separable, because 1/(xt+1) is one
of its solutions and it is not semisplit.

While, the lemma below shows that if Q9 is semisplit then @ is also (x,t)-
separable.

Lemma 33 (1) Assume that Q1,Q2 € K () \ {0}, and Q2 is semisplit.
Then Q1Q2 is (x,t)-separable if and only if both Q1 and Q2 are (x,t)-
separable.

(2) Assume that P € K(0) \ {0} and L is a nonzero monic operator in
E(t)(0:). Then P is (x,t)-separable if and only if the transformation
of P by L is also.

Proof. Note that the solution space of lclm(P;, P2)(y) = 0 is spanned by
those of Pi(y) = 0 and P»(y) = 0. Hence lclm (P, P») is (x,t)-separable if
and only if so are both P; and P».

(1) For the “only if” part, one only need to prove that @i is (x,t)-
separable. Assume that g is a solution of @1(y) = 0 in Y. Let f be a solution
of Q2(y) = g in U. Such f exists because U is the universal differential
extension of K. Then f is a solution of Q1Q2(y) = 0 in U. By Corollary 20,
f is semisplit. Since @9 is semisplit, one sees that g = Q2(f) is semisplit.
By Corollary 20 again, Q); is (x,t)-separable.

Now assume that both Q; and Qs are (x,t)-separable. Let Q € K(d;)
be such that QQ = L where L € k(t)(0) is monic. By Corollary 23 and

the “only if” part, @) is semisplit and (x, ?)-separable. Thus lelm(Q1, Q) is
(x,t)-separable. Assume that lclm(Q1,Q) = NQ with N € K(J;). Since @
is semisplit, by the “only if” part again, N is (x, t)-separable. Let M € K(0;)

be such that M N is a nonzero operator in k(t)(d;). We have that

Mlclm(Q1,Q)Qs = MNQQo = MNL € k(t)(dy).

21



On the other hand, Mlclm(Q1,Q)Qs = MMQ,Q for some M € K(d;).
Hence P = Q1Q2 is (x,t)-separable.

(2) Since L is (x,t)-separable, we have that P is (x,t)-separable if and
only if lelm(P, L) is also. Let P be the transformation of P by L. Then
PL =lclm(P, L). As L is semisplit, the assertion then follows from (1). &

Assume that P is a nonzero operator in K (0;). Let Py be an irreducible
right-hand factor of P. By Algorithm 31, we can decide whether Py is (x, t)-
separable or not. Now assume that Py is (x,t)-separable. Then we can
compute a nonzero monic operator Lo € k(t)(0;) having Py as a right-hand
factor. Let Py be the transformation of P by Lg. Lemma 33 implies that P
is (x,t)-separable if and only if P; is also. Note that

ord(P;) = ord(lclm(P, Lg)) — ord(Lo)
< ord(P) + ord(Lg) — ord(FPp) — ord(Lg) = ord(P) — ord(Fy).

In other words, ord(P;) < ord(P). Replacing P by P; and repeating the
above process yield an algorithm to decide whether P is (x,t)-separable.

Algorithm 34 Input: a nonzeor monic P € K(0;).

Output: a nonzero L € k(t)(0;) which is divided by P on the right if it exists,
otherwise 0.

1. If P =1 then return 1 and the algorithm terminates.

2. Compute an irreducible right-hand factor Py of P by algorithms devel-
oped in [4, 32, 34].

3. Apply Algorithm 31 to Py and let Lo be the output.

4. If Lo = 0 then return 0 and the algorithm terminates. Otherwise
compute the transformation of P by Ly, denoted by P;.

5. Apply Algorithm 34 to Py and let Ly be the output.
6. Return LqLy.

The termination of the algorithm is obvious. Assume that L; # 0. Then
L1 = Q1 P, for some Q1 € K(9;). We have that P; Ly = lclm(P, Ly). There-
fore

LiLo = Q1P1Lo = Qilclm(P, Ly) = Q1QoP
for some Qp € K(0;). This proves the correctness of the algorithm.
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