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Abstract

Recently, Ramis gave necessary and sufficient conditions for a linear algebraic group to be
the Galois group of a Picard-Vessiot extension of the field C{x}[x~'] of germs of meromorphic
functions at zero. In this paper, we give equivalent simple group theoretic conditions, and show
how these generalize previous conditions of Kovacic in the solvable case.

1. Introduction

The general inverse problem in differential Galois theory can be stated as follows:

Let k denote a differential field of characteristic 0 and C the subfield of constants
of k, which we assume to be algebraically closed. Characterize those linear alge-
braic groups G that are Galois groups of Picard—Vessiot extensions of k.

An early contribution to this problem is due to Bialynicki-Birula [1] who showed
that if the transcendence degree of k over C is finite and nonzero then any connected
nilpotent group is a Galois group over k. This result was generalized by Kovacic, who
showed that the same is true for any connected solvable group.

When one considers specific fields, more is known. If X = C(x), the field of rational
functions over C, C. Tretkoff and M. Tretkoff [15] have shown that any linear algebraic
group is a Galois group when C = C, the field of complex numbers. For arbitrary C,
Singer [14] showed that a large class of linear algebraic groups (including all connected
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groups) are Galois groups over C(x). A different, purely algebraic proof of this result
for connected linear algebraic groups can be found in [9]. If K = C{x}[x~!], Kovacic
[5] showed that a necessary and sufficient condition for a connected solvable group G to
be a Galois group over K is that the unipotent radical of the center of G/[R,, Ry] have
dimension at most 1, where R, is the unipotent radical of G. In [12], Ramis showed that
any connected semisimple group is a Galois group over K. Recently, Ramis extended
this result to show that a necessary and sufficient condition for a linear algebraic group
to be a Galois group over K is that it have a local Galois structure (cf. infra), a
condition expressed in terms of the Lie algebra of the group.

In this paper, we give a simpler group theoretic condition that is equivalent to this
latter condition and more in line with the condition of Kovacic. We can now state the
solution of the inverse problem over K = C{x}[x~'] as:

Theorem 1.1. Let G be a linear algebraic group. The following statements are equiv-
alent:
(1) G is the Galois group of some Picard-Vessiot extension of C{x}[x~'].
(2) The following three conditions hold:
(a) G/G° is cyclic,
(b) the dimension of R,/[Ry, G°] is at most 1
(c) G/G° acts trivially on R,/[Ry, G°].

The rest of the paper is organized as follows. In section 2, we show the equivalence
of Ramis’s conditions with the above group theoretic criteria. In section 3, we give
two illustrative examples.

2. Local Galois structures on linear algebraic groups

The following theorem of Ramis [11] solves the local inverse problem of differential
Galois theory.

Theorem 2.1. Let G be a complex algebraic group. Then G is the differential Galois
group of some Picard-Vessiot extension of C{x}[x~'] if and only if there is a local
Galois structure on G.

A local Galois structure on G, a linear algebraic group, was defined by Ramis as a
triple (7,a, #") such that:

1. T is a torus of G,a € Ng(T),

2. The image of a in G/G° generates this finite group,

3. 4 is an algebraic sub-Lie algebra of ¢ (the Lie algebra of G) commuting with
T and a (via the adjoint action) and dim(A") < 1,

4. Let 7 be the Lie algebra of T. We decompose ¥ = [],.5 %, Where @ is the
set of weights of  and ¥, is the weight space corresponding to «. Then ¥ is the Lie
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algebra 7 +%(7 )+ ./, where €(7) is the Lic algebra generated by [],c 4. %, and
®* is the set of roots (i.e., nonzero weights).
We note that the last condition is equivalent to the condition that %, is the Lie
algebra J + [[,ep+ (%2, F o] + A", Furthermore, [, c4.[%x % -] is an ideal of %,.
We now begin the proof of Theorem 1.1. The following result will be useful. We
include the proof from [4] for the convenience of the reader.

Lemma 2.2, Let o/ be a nilpotent Lie algebra such that dim o//[#, 4] < 1. Then
& is commutative and so dim & < 1.

Proof. Since ./ is nilpotent, we have /" = 0 for some positive integer n, where
o° = of and o' = [, o/"""). Therefore to show that [«/,./] = 0 it is enough to
show that [, o] = ! = o4° = [#,[#,#]] ( and so &' = & for all i). Clearly
[, [, ] C[, ] To show the reverse inclusion, it is enough to show that for any
u,v € &, we have that [u,v] € [,[, 2/]]. By assumption, there exists an element
x € & such that u = c,x + uy, v = ¢,x + v wWhere ¢,,¢, € € and uy,v, € [, L]. We
then have

[u,v] = [cux + U1, cox + v1]
= [eyx, epx] + [cux, v1] + [11, cox] + [11, 1]

=calx 0] —elxm]+[m,0n] € [, O

Let G° be the identity component of G (see [2] as a general reference). We may
write G® as a semidirect product G° = R, x P, where R, is the unipotent radical of G
and P is a reductive subgroup (this is the Levi decomposition, [10]). This allows us to
write the Lie algebra % of G as 4 = %, + 2, where &, = Lie(Ry) and £ = Lie(P).
Note that we can further decompose # = 7 + [ [ <. #» Where 7 is the Lie algebra
of a maximal torus T of P, and the #, are the weight spaces corresponding to the
set ®* of roots of T on 2. Note that 7 = %, since P is reductive and that T is
also a maximal torus for G. Conversely, for any given maximal torus T of G there
is a Levi decomposition G = RyP such that T C P. Since R, is normal in G, the
adjoint action of T leaves %, invariant so we may decompose %, into weight spaces
for T. We again denote the set of weights by & and denote the corresponding weight
spaces by (%, ).. Using this notation, we have 4, = (%), + #,. We also introduce
Fo =T +1,co-[Fe»F_a], which is an ideal of %;. We gather some simple facts in
the following technical lemma.

Lemma 2.3. With the notation as above, the following hold:

D) T+ UHaeor 909l = T + Huco [(Bu)as (Ru) 2] + e v [Par (Bu) o).

2) (Bo)as (Bu)—s] and [P, (Ru)_o] are in (Ry)o. Furthermore,
(@u )0 N Hae(p* [gtx’ g—a] = I_Iued)" [(%u)aa ('@u)—a] + Ha€q>~ [ga, (f%u)—a]-

(3) [#u, 9] is invariant under the adjoint action of I~ and [Ry, 9] = [(Ru o, (Ry)o]+
Hecs-1(Zu)as (Bu) o] + o [P (Bu) -] + [ 50 (Bu)a
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(4) R/[Ru, 4] = (Ru)o/([(Ru)o, (Ru)o] + [ n [(Pu)as (Bu)-a] +
Hsea-[Par (Bu)-4a])-

(5) [Ru, Rulo = [(Ru)o, (Ru)o] + [ycas [(Ru)es (Bu) -0l

(6) There is a natural isomorphism

Go/ Lo — (Ruo / ( I ®)e (@0)-1+ 1 [%,(%)_al) :

aEP* aed*

Proof. The first claim follows by writing 4, = (%, )s + #, and noting that [#,, Z_,]
C Z . The second claim follows similarly. To verify the third claim, we write ¥ =
(B + Hoecor (Bo)e + T + [ cor Po and By = (Ru)o + [0 (%u)x Taking the
brackets of each of the components separately and noting that [(%y ), 7] = (%y)s for
o € &* gives claim (3). Claim (4). follows from claim (3). Claim (5). is proved in a
manner similar to claim (3). To prove claim (6). we note that %, = (%,)o + Z and

that ('%u)o N gO = HaEtI)* [(@u)aa(ﬂu)—a] + Haecp* [901: (*@u)—rx]- O

If we let % = R/[Ry, 9], W = %o/ Lo, then Lemma 2.3 yields a surjective homo-
morphism 7 from #” to %. One can show that % = #,/[#,, %] is the Lie algebra of
R./[Ry, G°]. There is a natural action (via conjugation) of G on R,/[Ry, G°]. Since G°
acts trivially on this latter group, we have an action of G/G° on R,/[Ry, G°] with its
corresponding adjoint action on %.

Lemma 2.4. We have dim % <1 if and only if dim W <lI. In this case w is an
isomorphism, so G/G°® acts on W'

Proof. Since the homomorphism 7 is surjective, dim % < dim #~ always holds. Note
that the kernel of = is [# ', #"). If dim % <1 then by Lemma 2.2 the kernel of = is
trivial and dim % <1. O

Lemma 2.5. If G has a local Galois structure, then G has a local Galois structure
(T,a, /) where T is a maximal torus of G and a is semisimple.

Proof. Let (T/,a’, #") be a local Galois structure of G .Then T’ is contained in a
maximal torus T of G. Let us denote by G, (resp. G,) the weight spaces relative
to T (resp. T’ ). Recall that Lo = 7 + [[,c4.[Gx,G—u] is an ideal of Gy and let
Zo=T + ]_[ae\l,,‘ [G., G’ —4], which is an ideal of Gj.

We have a decomposition Gy = Go @ ([Igc%p) for some subset of roots B C &
and the local Galois structure gives Gy = £ + A", Since clearly £y NGy C Lo and
Lo = (LN %) ©(ZLyN Ipcp¥s) we get sutjective homomorphisms

Gol Ly — Go/ Lo N G0 — Go/ Lo

so dim Gy/Ly < 1 implies dim Go/Lo < 1.
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Since (a')~!Ta’ is again a maximal torus of G there exists g € G° such that (a’)"'7Ta’ =
gTg~!. Therefore a’'g € Ng(T). Let a = (a'g); denote the semisimple part of a’g. Then
we also have a € Ng(T) and Ad(a) permutes the weight spaces of T, leaving £y in-
variant. Since a is semisimple, there exists a complement A of Ly in Gy which is
Ad(a)-invariant. Note that a and @’ have the same image in G/G° and that the action
of G/G® on W = %,/ ¥, (described in Lemma 2.4) is induced by the adjoint action
of ' on %,/ ¥} given by the local Galois structure. Since a’ acts trivially on A4,
the action of a on %y/%o, hence on A, is also trivial and (T, a, ') provides a local
Galois structure on G. O

Lemma 2.6. G has a local Galois structure if and only if for some maximal torus T
and a € Ng(T) , and with notations as before,

(1) a is semisimple and the image of a generates G/G°,

(2) dim(#7) < 1,

(3) the action of a on W is trivial.

Proof. Let (T,a, /") be a Galois structure. By Lemma 2.5, we may assume that T is a
maximal torus and that a is semisimple. Note that %y = 7 + (%, ). Therefore (%, )y =

(Haeé* [gaa g—a]m(t@u)())'i"/t/ = (Hﬂeqy« [(%u)ﬂa ('%u)—ﬂ]"'ﬂﬂeq;* [gﬂ’('@u)—ﬂ])'i'-/‘/-
This implies that there is a natural surjective map

ATy Q| (CINCREEY | [EXCW))

ped* ped*

that is, from 4" to # and that this map commutes with the action of a. Since
dim 4" <1 and a commutes with 4", we get the conclusion of the lemma.

Now assume that there is a maximal torus T and a € Ng(T) satisfying (1), (2),
and (3). As in the proof of Lemma 2.4, since a normalizes 7, Ad(a) will normalize
Ad(T). Therefore Ad(a) will permute the weight spaces of T, preserving the group
structure of the weights. In particular, Ad(a) will preserve Hﬂeq,. [(a)p, (Ru)—_p] +
Hﬂe¢~[=@ﬁ, (#.)_g]. Since a is semisimple, there is a complementary Ad(a)-invariant
Lie algebra A" C(%y)y such that

(Ru)o= ( H 4.9 N (e%u)0> + A

acd*
= ( IT 125 @0)-p1+ 1 [%,(%)-ﬂ]) + A
Beo- pea-
Therefore
Go=T + (%o
=7 + ( IT s @a)-s1+ 1 [.%,(%)_ﬁ]) + N
ped* ped*

i

T+ [[%ub-d+ 4.
acP*
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Note that the action of @ on 4" is trivial since a acts trivially on #". This proves that
(T,a, /") is a local Galois structure. [

Proposition 2.7. Let G be a linear algebraic group. Then G has a local Galois struc-
ture if and only if the following three conditions hold:

(1) G/G° is cyclic,

(2) the dimension of Ry/[Ry,G°] is at most 1,

(3) G/G° acts trivially on Ry/[Ry, G°].

Proof. The proof follows directly from Lemma 2.4 and 2.6 and from the fact that %
is the Lie algebra of R,/[Ry,G’]. (O

This proposition, together with Ramis’s Theorem, finishes the proof of Theorem 1.1.

Corollary 2.8. Let G be a connected nilpotent group. The following statements are
equivalent:

(1) G is the Galois group of some Picard-Vessiot extension of C{x}[x].

(2) The dimension of R, is at most 1.

Proof. A connected nilpotent group may be written as a direct product G = R, T , so
the quotient R,/[Ru, G°] is Ry/[Ry,Ry]. This has dimension at most one if and only if
R, has dimension at most one, by Lemma 2.2. O

Kovacic proves the following result in [5]. Kovacic’s techniques allow him to re-
duce the inverse problem for an arbitrary connected group to the same problem for
semisimple groups [6], but he readily admits that the techniques seem to take him no
further.

Corollary 2.9. Let G be a connected solvable group. The following statements are
equivalent:

(1) G is the Galois group of some Picard-Vessiot extension of C{x}[x~'].

(2) The dimension of the unipotent radical of the center of G/[Ry,Ry] is at most
one.

Proof. Since G is solvable, it is a semi-direct product G = R,x T for some torus
T. Therefore G/[R,,Ry] = Ry/[Ry,Ru]x T. The quotient R,/[Ry,Ry] is a commutative
unipotent group and so isomorphic to C™ for some m. Since T is reductive and acts on
Ry/[Ry, R,] by conjugation, we may write R,/[R,,R,] as the sum of weight spaces for
T (we write the group of weights additively). Therefore the unipotent radical of the
center of Ry/[Ry,Ry]x T is (Ry/[Ru,Ru])o. We shall calculate the Lie algebra of this
group. Clearly this Lie algebra is (#y/[%Py, #u])o- Since T is reductive, we may write
R=% +[%#y, #,] for some T-invariant space 4. Therefore, (Zy)o = ?o+[@u,9?u]0 so
-(io = (Ru/[Ru> Bu])o = (Ru)o/[Ru, Rulo. Lemma 2.2 implies that (2, )o/[Hu, Zulo =
(2u)o/([(Z#u)o, (P )o] + Hae@* [(Z#u)2; (#u)—o]). Noting that 2, = 0 for all a € &%,
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Lemma 2.3 shows that this is the same as the Lie algebra of R,/[Ry, G"]. Therefore the
unipotent radical of the center of G/[Ry,Ry] and Ry/[R,, G°] have the same dimension
and the result now follows from the main theorem. [

Corollary 2.10. Let G be a reductive group with G/G° cyclic. Then G is the Galois
group of some Picard—Vessiot extension of C{x}[x~'].

Proof. R, is trivial. O

3. Examples
We now give two examples that illustrate the above theorem.

Example 3.1. Let £ = C{x}[x!] and consider the following linearly independent func-
tions { [ e/V¥, [€'/V* 1,logx}. The first three satisfy a third order linear differential
equation L;(y) = 0 over C(x). The last two satisfy a second-order linear differential
equation L,(y) = 0. These two equations will have a one-dimensional solution space
in common (the solution space generated by 1). Taking a least common multiple of
these two equations, we will get a linear differential equation of order 4 with the above
set as a basis for its solution space.
We will show that the Galois group of this equation over k is

a 0 0b 0 a0b

0a'0c . al00c .

00 1d |a € C*,b,c,d € C U 0 01d la € C*,b,c,d € C
0001 0 001

In group theoretic terms, this is the semidirect product (C3x C*)x Z/2Z, where the
action of C* on C? is given. by the representation

a 0 0
a— | 0a'0
0 0 1

and the action of Z/2Z is given by permuting the first two columns of any matrix.
One sees that R, = C? and that [R,, G°] = C? x {0}. It then follows that the action of
Z/2Z on Ry/[R,,G"] is trivial.

To verify that this is actually the Galois group, one checks that the Picard—Vessiot
extension of & corresponding to L(y) =0 is

k (\/E,logx,el/\/;,/el/‘/;,/e‘l/\/’-‘).
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Letting kp = k(+/x) , we have the following facts:

(1) logx is transcendental over k.

(2) e"VZ is transcendental over ky(logx). This follows from the Kolchin-Ostrowski
Theorem [4] which implies that if !/ VX is not transcendental over ko(logx) then
(e"/V*y* € ky for some nonzero n € Z. This is easily seen to be impossible by expand-
ing power series.

(3) [V and [e~VV* are algebraically independent over ko(logx,e'/v*). If not,
the Kolchin-Ostrowski Theorem implies that ¢; [ e'/V* + ¢, [ e~V € ky(logx, e/ Vi)
for some constants cj, ¢, not both zero. In particular ¢, f e/ \/;+cz f e~ V/V¥ lies in an
elementary extension of ko(e!/V¥). We will now use the following result of Rosenlicht
([13, Theorem 2]):

Let k Ck(y1,...,yn) be an ordinary differential field of characteristic zero with the
same field of constants. Assume that the field of constants is algebraically closed,
that y!/y; € k and assume that y;/y; € k for i # j. If yi+-+ -+ yn is the derivative of
an element in some elementary differential extension of k(y1,..., yn) having the same
constants as k, then the same is true of each y;. In this case, if y; is not algebraic
over k, then it is the derivative of ay; for some a; € k, i.e., there is an a; € k such
that a; + a;yl/y; = 1.

We therefore need to show that neither

1 =32

i —3/2
a 2x

a=1 nor a'+lx a=1

2
has a solution in kg. This can be done by showing that any Laurent series solution (in
powers of x'/2) must be divergent. Note that the situation changes completely if one
replaces k by the field of formal Laurent series.

Now one easily sees that any differential isomorphism ¢ must do one of the follow-
ing: 6(1) = 1,0(/%) = /%, 0(logx) = logx+d,a([e/V¥) = a [V +b,a(fe~/V¥) =
al [e V% + ¢ or 6(1) = La(vx) = —/x,0(logx) = logx + d,o(fe'/V*¥) =
a”! feVE 4 b,a(fe"VV%) = a [e!/V¥ + ¢ for some constants a € C*,b,c,d € C.

Example 3.2. cf. [3, 7].

Lemma 3.3. The local Galois group at infinity of any confluent generalized hyperge-
ometric equation

y4 q
Dop=(-10x[[o+uw |- ([]o+v-1].
j=1 j=1

0 =x%, Wi — M & Z for i# j, satisfies

Ry =[Rs,G"] .
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Proof. The formal monodromy at oo (cf, [8]) is

. (DO
7= (%)

where D = diag(e~2"™,...,e2™), and R = ¥™/4~P)p,

0. oen e 1
10 ... 0
P: - . >
0...0 10

A=3(g~p+1)— 8w — ¥, v;. Therefore M is semisimple.

Following Ramis, we know that G is endowed with a local Galois structure (7, a, A"),
where A" is generated by the logarithm of M,, the unipotent part of M. Consider-
ing the form of M above, we see that 4" = 0. By Lemma 2.5 we may moreover
suppose that 7 is a maximal torus. From the proof of Lemma 2.6, we get a surjec-
tive homorphism from 4" to %, hence dim % = 0, where % is the Lie algebra of
R./IR,,G". O

As an example, for § = x%, the equation

1
D3yy=0%y —xdy + 5Y

1
=x2ylll+3xyll+(1_x)yl+§y
=0

has Galois group
G = (PSL(2,C)x C*)x Z/2Z
and a local Galois structure is
(C*,a,0)
where the maximal torus C* is the exponential torus (cf. [8]) T = {diag(1,4,471) | A €

C*} and a is the formal monodromy

-1 0 0
0 0 -1
0 -10

generating G/G° ~ 7/27.
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