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SOLVING HOMOGENEOQUS LINEAR DIFFERENTIAL
EQUATIONS IN TERMS OF SECOND ORDER LINEAR
DIFFERENTIAL EQUATIONS

By MicHAEL F. SINGER

1. Introduction. Let F be a differential field of characteristic zero
and let L(y) = 0 be an '™ order homogeneous linear differential equation
with coefficients in F. In this paper we develop necessary and sufficient
conditions for L(y) = 0 to be solvable in terms of second order linear dif-
ferential equations. We use these conditions to show that, whenn = 3 and
Fis k(x), the field of rational functions over a finitely generated extension
of the rationals, we can decide if L(y) = 0 can be solved in terms of second
order linear differential equations. We show, for example, that y” —
xy = 0 cannot be solved in these terms.

When F = k(x), as above, the phrase ‘“‘solved in terms of second order
linear differential equations” intuitively means that the solutions of
L(y) = 0 lie in the class E of functions that can be gotten inductively from
F by successively adding functions that are algebraic over previously de-
fined functions and by adding solutionsof ay” + by’ + cy = d wherea, b,
c and d are previously defined functions. A formal definition is given in
Section 2. Note that E contains the liouvillian functions (those defined in
terms of integration and the exponential function) since y’ = d and y’ —
cy = 0 define | d and exp({ ¢). E also includes those special functions that
are defined by homogeneous second order linear differential equations,
such as Bessel functions, hypergeometric equations, etc. Even without a
formal definition of solvability in terms of second order linear differential
equations, one can get some insight into how solutions of second order
linear equations arise in solutions of third order equations by considering
the following examples:

Example 1.1. Let

2 1 1
L — " = ’ —
»=y"+ PR o + R 0
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664 MICHAEL F. SINGER

A basis for the solution space of this equation is {x, x!/2, x 71/2}, that is, all
solutions are algebraic functions and are certainly in E.

Example 1.2. Let

L(y) — y/// _ xy/

This equation can be written as L(y) = L,(L(y)) where L,(y) = y’ and
L,(y) = y” — xy. A basis for the solution space of this equation is there-
fore {1, | yq, | y» } where {y;, y, } is a basis for the solution space of y” —
xy = 0. Note that this last equation cannot be solved in terms of liouvillian
functions ([Ka], p. 42).

Example 1.3. Let
Liy)=y" —xy' —y

This equation can be written as L(y) = L{(L,(y)) where L(y) and L,(y)
are as in Example 1.2. Hence, a basis for the solution spaceis{y, y2, y3}
where {y, v, } is a basis for the solution space of L,(y) = 0 and y; satis-
fies y3 — xy3 = 1.

Example 1.4. Let {y;, y,} be a basis for the solution space of
L,(y) = y” — xy = 0. In this case, {yf, V1Y2s 3} will be a basis for the
solution space of

Ly)=y" —4xy’ —2y =0

L(y) has no algebraic solutions and cannot be factored in the manner of
Examples 1.1 and 1.2 (this can be shown using the galois theory of differ-
ential equations). L(y) is called the second symmetric power of L,(y).
What we have just done can be repeated for any homogeneous second order
linear operator L, to yield a homogeneous third order linear operator
called the second symmetric power of L,(y) (c.f. Section 3. This new third
order operator may or may not factor in general).

Example 1.5. Let {y;, y,} be a basis for the solution space of
Ly(y) =y " —xy=0andletv; = (3, v; = (y152)" and v3 = (¥3)".
{v1, vy, v3 } is a basis for the solution space of

Ly)=y" —4xy’ — 6y =0
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One can show (using Lemma 3.4(b) of Section 3) that this equation is not
the second symmetric power of a second order linear operator, yet it clearly
can be solved in terms of a linear second order equation. This example was
concocted in the following manner: Let F be a differential field and let
L,(y) = 0 be a homogeneous second order linear equation. Let{y, y, } be
a basis for the solution space of L,(y) = 0 and let ag, ay, a, be in F. Con-
sider the elements

vi = agyi + a0’ + ay,vh”
vy = agy1y2 tai(y1y2)’ + ax(y1y,)”
vy = aoys + a,(v3) + ay,(yd)”

One can show that {v;, v,, v3 } will, in general, be a basis for the solution
space of a homogeneous third order linear differential equation. If ay = 1,
a; = a; = 0, we get a second symmetric power, so Example 1.4 is a special
case of this. In our example above, we let ag = a, = 0 and a; = 1.

One of the main results of this paper, Theorem 4.3, says that these are
essentially the only ways a homogeneous third order linear differential
equation can be solved in terms of second order linear equations. Further-
more we show how to decide when each of these cases occur.

The rest of the paper is organized as follows: Section 2 contains a for-
mal definition of solvability in terms of second order linear differential
equations and gives a necessary group theoretic condition for an n'" order
homogeneous linear differential equation to be solvable in this manner.
Furthermore, in this section we show that for each n = 3, there exists an
n'™ order homogeneous linear differential equation with coefficients in
C(x), C the complex numbers, that cannot be solved in terms of second
order linear equations. In Section 3, we develop the notion of a symmetric
power of a linear differential operator. In Section 4, we present necessary
and sufficient conditions for a homogeneous third order linear differential
equation to be solvable in terms of second order linear differential equa-
tions and show that the necessary conditions developed in Section 2 are
also sufficient. In Section 5, we show that y” — xy = 0 cannot be solved in
terms of second order linear equations. Section 6 contains a procedure to
decide this question for an arbitrary homogeneous third order linear equa-
tion with coefficients in k((x), k a finitely generated extension of the ra-
tionals. Section 7 contains some final remarks. We assume that the reader
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is familiar with the basic concepts in differential algebra and the galois
theory of linear differential equations, for which the general references are
[Ka] and [Ko 2]. We shall also need some facts from the theory of linear
algebraic groups and representation theory for which the general refer-
ences are [Hu 1] and [Hu 2]. All fields in this paper are assumed to be of
characteristic zero and differential fields are assumed to be ordinary. We
shall let Z denote the integers, Q the rationals and C the complex numbers.

We wish to thank K. Johnson, W. Lichtenstein and E. Stitzinger for
helpful conversations concerning Lie groups and Lie algebras and for help-
ing us with Proposition 4.1, and M. Tretkoff, for conversations that moti-
vated the research presented here.

2. Eulerian Extensions. In this section we shall give a formal defini-
tion of the notion of solvability in terms of second order linear equations
and give a group theoretic characterization of those homogeneous linear
differential equations that can be solved in terms of second order equa-
tions. ’

Let F be a differential and let £(y, y’, ..., y™) be a differential poly-
nomial with coefficients in F. We would like to give algebraic substance to
the phrase “f(y, y’, ..., y(”)) = 0 has a solution that can be expressed in
terms of solutions of second order linear differential equations.” As a first
attempt, we could say that this means that there exists a tower of fields
F=K,C -+ C K,suchthat f(y, y’, ..., y™) = 0 has a solution in K,,
and that each K; = K;_;(u;), 1 < i < n, where each u; is either algebraic
over K;_; or satisfies an equation of the form a;u;” + b;u; + c;u; = d;
with a;, b;, c;, d; lying in K;_; and not all zero. When one tries to prove
statements using this definition, one ends up having to adjoin additional
elements to K,, (e.g. other solutions of the a;u” + b;u’ + c,u = d;). For
this technical reason, we will use the following equivalent concept instead.

Definition. Let F C E be differential fields. We say that £ is an
eulerian extension of F is there exists a tower of fields F = Fy, C :++ C
F,, = E such that either

(i) F; = F;_;(u;) where u; is algebraic over F;_; or

(ll) F,' = i_l(ui) where u/ GE—I or
(lll) E = i_l(ui) where u; + 0 and u,"/ui GE—I or
(iv) F; = F;,—;(u;, v;) where u; and v; are linearly independent (over

the constants of F;) solutions of an equation of the form y” + a;y
= 0 with a; in E—l .
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When we say that £ (y, ..., y™) = 0 has a solution expressible in terms of
solutions of second order linear equations, we shall mean that this equa-
tion has a solution in an eulerian extension of F, Clearly, the elements used
to build up the tower in the definition of eulerian extensions are either
algebraic or satisty second order linear differential equations. Conversely,
using variation of parameters and the fact that the substitution y = wz,
where 2w’ + bw = 0, removes the by’ term from y” + by’ + cy = 0, we
see that the tower used in our first attempt at a rigorous definition can be
enlarged to give an eulerian extension.

In our definition of eulerian extension, we pay no attention to the pos-
sibility of new constants being introduced in the tower. This is because of
the following result:

ProrosiTiON 2.1. Let F be a differential field with algebraically
closed field of constants C. Let L C F{y;, ..., y,} be a set of differential
polynomials and let J € F{y,, ..., y, }with J ¢ {L}, the smallest radical
differential ideal containing L. If T has a solution {i, ..., $n for which
J # 0in some eulerian extension E of K, then L has a solution 44, ..., 7,
Sfor which J # 0 in an eulerian extension E, of K whose subfield of con-
stants is C.

The proof of this proposition follows closely (with the obvious modifi-
cations) the proof of Theorem 3 in [Ko 1] and will be omitted.

The above proposition implies that if L(y) = 0 is a homogeneous lin-
ear differential equation with coefficients in F and if L(y) = 0 has a funda-
mental set of solutions in some eulerian extension of F, then it has a funda-
mental set of solutions in an eulerian extension of F with no new constants.
In particular, using the uniqueness of the Picard-Vessiot extension, this
means that the Picard-Vessiot extension M of K associated with L(y) = 0
will lie in an eulerian extension of K having the same constants as K. We
will now see what this means in terms of the galois group of M over K. First
we need the following definition:

Definition. Let C be an algebraically closed field and G a linear al-
gebraic group defined over C. We say that G is eulerian if there exists a
tower of subgroups G = G, D -+ D Gy = {e} such that each G; is a
linear algebraic subgroup of G , defined over C, normal in G, and such
that G, /G, is isomorphic (as an algebraic group) to one of the following:

(i) a finite group
(ii) the additive group of C, G,



668 MICHAEL F. SINGER

(iii) the multiplicative subgroup of nonzero elements of C, G,
(iv) the group of 2 X 2 matrices of determinant 1, SL(2, C)
(v) PSL(2, C) = SL(2, C)/{£e}, e the identity matrix.

The following lemma contains the facts that we shall need about
eulerian groups.

LEmMA 2.2.  Let G be a linear algebraic group defined over an alge-
braically closed field C and let G° be the connected component of the iden-
tity in G.

@) IfG=G, D G,—1 D -+ D Gy = {e}isanormal tower of linear
algebraic groups with each G;/G;_ eulerian, then G is eulerian.

(b) If G is eulerian, then any homomorphic image of G is eulerian.

(c) If GO is solvable, then G is eulerian.

(d) If G is eulerian and H is a closed subgroup of G, then H is euler-
ian.

(e) G is eulerian if and only if GO is eulerian. ]

(f) If G is connected and semisimple, then there exists a finite prod-
uct G; X -+ X G, of simple groups and a homomorphism
V:Gy X --+ X G, = G with { having finite kernel. If, in addition, G is
eulerian, we may take each G; to be SL(2, C).

(g) If G is connected, then G contains a closed normal subgroup H
such that H is solvable and G/H is the homomorphic image (with finite
kernel) of a product G| X -+ X G, of simple groups. If, in addition, G is
eulerian, we may take each G; to be SL(2, C).

Proof. (a) follows easily from the definition of eulerian.

(b) Since the only connected one dimensional linear groups are G,
and G,, ([Hu 1], p. 131), we see that the homomorphic image of either of
these is either trivial or G, or G,,. Since the only nontrivial normal sub-
group of SL(2, C) is { e}, we see that the only homomorphic images of
SL(2, C) or PSL(2, C) are the trivial groups, SL(2, C) or PSL(2, C). If G is
a group with normal tower G = G, D -+ D Gy = {e} satisfying the
conditions of an eulerian group, then, from the preceding remarks, we see
that Y(G) = ¥(G,)) D -+ D ¥(Gy) = {e} is a normal tower also satisfy-
ing these conditions.

(c¢) If G° is solvable, then there exists a normal tower G° =
G,D -+ D Gy={e}suchthatforeachi, 1 < i n, G;/G;— is isomorphic
to either G, or G,, ([Hu 1], Theorem 19.3, p. 123). Therefore, since G/ G°
is finite, G is eulerian by (a).



HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS 669

(d) Let G = G, D -+ D Gy = {e} be an eulerian group with its
defining tower and let H be a closed subgroup. H = H, D H,_, =
HNG,-1D D Hy={e}isanormal tower and foreachi,1 <i < n,
we have a canonical injection y;: H;/H;,_; = G;/G;—. If G;/G,_, is finite,
G, or G,,, then H;/H;_, will also be one of these types. If G;/G;_, is
SL(2, C) or PSL(2, C), then either the image of y; will be one of these two
groups or it will have dimension less than or equal to 2. Since all connected
linear algebraic groups of dimension less than or equal to 2 are solvable
([Hu 1], p. 137, Example 4), and therefore eulerian by (c), we have that
H=H,D -+ D Hy = {e} is a normal tower of groups where each H,/
H;_, is eulerian so by (a), H is eulerian.

(e) follows from (a) and (d).

(f) The first statement is just Theorem 27.5 on p. 167 of [Hu 1]. If G
is eulerian, then each G; must be eulerian. The only eulerian simple groups
are SL(2, C) and PSL(2, C). Since PSL(2, C) is SL(2, C)/{ e} we may
take each G; to be SL(2, C). i

(g) Let H be the radical of G (p. 125, [Hu 1]). G/H will be semisimple
so that the result follows from (f). ]

We shall now discuss the connection between eulerian extensions and
eulerian groups.

PropositioN 2.3. Let F be a differential field with algebraically
closed field of constants C and let M be a Picard- Vessiot extension of F. If
M lies in an eulerian extension of F, then the galois group of M is eulerian.

E Proof. By Proposition 2.1, we may assume that

MlF there exists an eulerian extension E of F, having the same
1

/ N constants as F, such that M C E. We may write F =
M\ /Fl Fy C Fy C :++ C F, = E where the F; are as in the
MNOF definition of an eulerian extension. We will proceed by

1‘7 induction on n. Note that the compositum MF; is a
Figure 1 Picard-Vessiot extension of F; (see Figure 1), which lies

in an eulerian extension E of F; with smaller n. By induc-
tion, the galois group G(MF/F) of this extension is eulerian. Further-
more, G(MF,/F,) is isomorphic to the galois group G(M/M N F;) of M
over M N Fy, so G(M/M N Fy) is eulerian. If F, is algebraic over F, then
M N F; is algebraic over F so G(M/M N Fy) is of finite index in G(M/F),
the galois group of M over F. Therefore G(M/F) is eulerian by Lemma
2.2(a).
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If F; = F(u) where u’ € F or u’/u € F, then F, is a Picard-Vessiot
extension of F with galois group G(¥;/F) which is a subgroup of G,, or
G, . In particular, G(F, /F) is abelian, so all subgroups are normal. There-
fore M N F, is a normal extension of F with galois group G(M N F,/F).
This latter group is a homomorphic image of G,, of G, and so must be
finite, G,, or G,. Since this latter group is also isomorphic to
GM/F)/G(M/M N F;), we have that GIM/F) D G(M/M N Fy) D {e}
is a normal tower where each quotient is eulerian, so G(M/F) is eulerian.

Now conider the case F; = F(u, v), where u and v are linearly inde-
pendent solutions of y” + ay = 0, witha € F. F is a Picard-Vessiot exten-
sion of F with galois group G(F;/F) which can be considered an algebraic
subgroup of SL(2, C). Since both F; and M are normal extensions of F,
M N F, is a normal extension of F([Ko 2], Corollary 2, p. 402) so G(M N
F{/F;) is isomorphic to G(F/F)/G(F;/M N F;). Any closed sub-
group of SL(2, C) either has a solvable component of the identity or is
SL(2, C). Therefore both G(F,/F) and G(F;/M N F;) are eulerian, so
G(M N F,/F) is eulerian. G(M N F,/F) is isomorphic to G(M/F)/
G(M/M N F;) so we have that G(M/F) D G(M/M N F;) D {e}isa
normal tower where each quotient is eulerian. This implies that G(M/F) is
eulerian. |

COROLLARY 2.4. For each integer n = 3, there exists a homogene-
ous linear differential equation of order n with coefficients in C(x), having
no nonzero eulerian solutions. Furthermore, this equation can be closer to
have only Fuchsian singularities.

Proof. In[T — T], it was shown that, for any linear algebraic group
G C GL(n, C), there exists an n'" order linear operator L(y) with coeffi-
cients in C(x) and having only Fuchsian singularities, such that the Picard-
Vessiot extension of C(x) associated with L(y) = 0 has galois group G. Let
L, (y) be a linear operator whose associated Picard-Vessiot extension M of
C(x) has galois group SL(n, C). Let V be the vector space of solutions of
L,(y) = 0. Note that V is an irreducible SL(z, C) module. Let V, be the
vector space of eulerian solutions of L, (y) = 0in M. V, is left invariant by
SL(n, C). Since SL(#n, C) is not eulerian for n = 3, Proposition 2.3 tells us
that V, # V. Therefore V, = {0}. |

The converse to Proposition 2.3 is also true. Its proof relies on some
facts which we shall prove in Section 4, and we shall postpone the complete
proof of this converse to that section. We will however prove the following
result, which will be needed in that section.
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ProrosiTiON 2.5. Let F be a differential field with algebraically
closed field of constants and let M be a Picard-Vessiot extension of F.
There exist subfields Eq and E of M such that:

(i) E, is algebraic over F
(ii) E=FE : :-- * E, where each E;is a Picard-Vessiot extension of
E whose galois group is a simple algebraic group.
(ili) M is a liouillian extension of E.

Furthermore, if the galois group G of M over F is eulerian then the galois
group of each E; over E is isomorphic to SL(2, C) or PSL(2, C).

Proof. Let G° be the component of the identity of G and let E, be
the fixed field of G°. Let H and y:G; X -+ X G, = G H be as in
Lemma 2.2(g). If E is the fixed field of H then, since H is solvable, M is a
liouvillian extension of E. The galois group of M over E is G°/H. Let H; be
the image of G; X -+ X G’,- X +++ X G, under y. H; is a normal sub-
group of G%/H, so its fixed field E; is a Picard-Vessiot extension of E. The
galois group of E; over E, is a homomorphic image of G; (and so isomor-
phic to SL(2, C) or PSL(2, C) in the eulerian case). Since the compositum
of the galois groups of the E; over E is the galois group of E over E,, we
have that E = E; - -+- * E,. |

3. Symmetric products of linear operators. Let F be a differential
field with algebraically closed constants C. Let L(y) and L,(y) be homo-
geneous linear differential polynomials with coefficients in F and let M,
and M, be the Picard-Vessiot extensions associated with L;(y) and L,(y).
Recall that M| and M, are unique (up to F-isomorphism ([Ko 2], Proposi-
tion 13, p. 412)).

LemMma 3.1. (a) Let F,L(y), L,(y), M, and M, be as above. Then
there exists a Picard-Vessiot extension M3 of F containing copies of M,
and M,.

(b) Let M be a Picard- Vessiot extension of F containing copies of M |
and M, and let V be the C-vector space spanned by {vv,|L(v;) = 0 and
L,(vy) = 0}. Then V is the solution space of a monic homogeneous linear
differential equation L3(y) = 0, with coefficients in F. Furthermore, L3(y)
does not depend on M.

Proof. (a) From [Ko 3], we know that there exists a field F* con-
taining F and having the same field of constants as F such that F* contains
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a copy of every Picard-Vessiot extension of F (in the proof of (b), we shall
also need the fact that if N; C F* and N, C F are Picard-Vessiot exten-
sions of F such N is isomorphic to N, over F, then N; = N,). Therefore we
may assume that M; and M, are in F*. Let V, and V, be the solution
spaces of L;(y) = 0 and L,(y) = 0 respectively, and let V3 = V, + V, =
{vi + v2lvie Vandv, e V,}. Let zy, ..., z,, be a basis for V3 and let
M3 = F(V3). Any F-homomorphism of M into a fixed universal differ-
ential field U will act linearly on V; and V, and so will act linearly on V.
Therefore the coefficients of

Wr(y, z(, .., z,)
WI’(Z], ...,Zn)

Li(y) =

will be left fixed by such a map (Wr stands for the Wronskian determi-
nant). By the corollary on p. 388 of [Ko 2], we see that L3(y) has coeffi-
cients in F. Since Vj is the solution space of L;(y) = 0, M3 is a Picard-
Vessiot extension of F.

(b) Any automorphism of M over F will act linearly on V. If

Wi, ..., W, is a basis for V, then the monic linear differential polynomial
Wr(y, wi, oo, w,,)
Li(y) =
WI’(W] y e ey Wm)

has coefficients left fixed by all the elements of the galois group of M over F
and so the coefficients are in F. Let F' be the field mentioned in (a). We
may assume M C K. If N is any other Picard-Vessiot extension of F
containing M and M,, then we can embed N into K *. This embedding
will restrict to automorphisms of M; and M, and so leave V; and V, in-
variant. Since the above construction of L;(y) just depends on a basis of
Vi - V,, we get the same operator for N as for M. |

We will call the operator L ; constructed in Lemma 3.1, the symmetric
product of Ly and L, and designate it by L; ® L,. One can easily show
Li®L)®L;=L;®(L,®L;). We can furthermore define L for
n=1byL® =Land L% = L' ® L. L®" is called the n'h symmetric
power of L.

We note here that one can effectively calculate L™ (y) given L(y). The
most efficient way is to let v = y™ and differentiate v ( '";Lfl_] ) times. Each
time a derivative y®) appears with k = #, use L( y) = O to replace it with an
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expression which only involves the y® with & < n. Each v? with0 < i <
P Y

(™71 will then be a homogeneous form of degree m‘in y, ..., y@

with coefficients in F. Since the F-space of such forms has dimension

(™*77") and we have (7" ') + 1 of these forms, the forms correspond-

ing to the v will be linearly dependent over F. Let N be the smallest inte-

ger so that the forms corresponding to v, v/, ..., v are linearly depen-

dent over F. We can then find ay_;, ..., ao in F such that v +
w-1

a,—v + -+ + ap = 0. This differential equation will be satisfied by all
y™, where y is a solution of L(y) = 0, and no homogeneous linear differen-
tial equation of smaller order will have this property. Since {y™|L(y) = 0}
spans the space of homogeneous forms of degree m in solutions of
L(y) = 0, this operator must be Lo,

Example. LetL,(y) = y” —xyandletv = y2. Then

v = y?

v = 2yy’
v’ =20y")? + 2xy?
v” = 8xyy’ + 2p?
We therefore have v” — 4xv’ — 2y = 0, so
L(zsz(y) =y” —4xy’ — 2.

LemMA 3.2. Let L(y) = 0 be a homogeneous linear differential
equation with coefficients in a differential field F, with algebraically closed
field of constants C.

(a) If L(y) has order n, then L has order at most ("}" ).
(b) If L(y) has order 2 and {y, y, } is a basis for the solution space of
L(y) =0, then {37, y7 'y2, ... y1y% }is a basis for the solution space of

L®" . In particular, L™ will have order precisely m + 1.
Proof.

(a) Follows from the discussion preceding the lemma.
(b) If there would exist constants ¢y, ... c,, not all zero, such that
coyl + clyi'_lyz + - +ec,y5=0,thencoz"+ -+ +c, 1z+c,=0
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where z = y;/y,. This would imply that z = ¢ € C so y; — cy, = 0,
contradicting the fact that y; and y, are linearly independent over C. W

Note that even for third order equations, L™ may have order strictly
less than (™" "). Consider L(y) = y” — 4xy’ — 2y. We have seen that
L(y) = Lzz(y) where L,(y) = y” — xy. Hence L(y) = L(?'(y) has order
equal to 5 which is strictly less than (2+3“:1 ) = 6.

In later sections we shall need criteria to determine if a homogeneous
third order linear differential equation is a second symmetric power of a
homogeneous second order equation. These are contained in Lemma 3.4.

First, let us recall some basic facts from the representation theory of
SL(2, C) ([Spl, p- 43). If V is a vector space and p:SL(2, C) = GL(V)is a
representation then V= V; @ - - - @ V,,, where each V; is irreducible and
invariant under the action of SL(2, C). If we let R = C[X, Y], then
SL(2, C) acts as a group of linear substitutions on R in the obvious way. If
R, is the C-space of homogeneous elements of R of degree », then R, is an
irreducible SL(2, C) module and furthermore, any irreducible SL(2, C)
module is isomorphic to some R,,. For example, whenn = 3, R is a vector
space of dimension 3 and relative to the basis X*, XY, Y2, we have a repre-

sentation p3:SL(2, C) = SL(3, C) given by:

a®*  2ab  b?
a b
03 =lac ad + bc bd

c d
c? 2ed d?

Note that the kernel of p; is {1} so p; induces on isomorphism of
PSL(2, C) into SL(3, C). To prove Lemma 3.4 and Proposition 4.1, we
need the following:

LemMA 3.3. (a) The normalizer of p3(SL(2, C)) in SL(3, C) is
03(SL(2, C)) X H, where H is the 3 element subgroup of SL(3, C) consist-
ing of constant matrices.

(b) The group G of elements in SL(3, C) that induce automorphisms
of the variety V. = {(v{, vy, v3)|vivzy — vi = 0} is precisely
03(SL(2, C)) X H.

Proof. (a) (For undefined terms and concepts see [Hu 2].) First note
that the Lie algebra g of p3(SL(2, C)) is isomorphic to sl(2, C). If g is in the
normalizer of p3(SL(2, C)) then Adg acts as a derivation on g. Since
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sl(2, C) is simple, the only derivations of g are inner. Therefore, there ex-
ists an s in p3(SL(2, C)) such that Ad(gs_l) is the identity on g. This
means that gs —! commutes with every element of p;(SL(2, C)). Since p; is
an irreducible representation, Schur’s Lemma implies that gs ! is a con-
stant matrix . Therefore g = s &, so the normalizer of p3(SL(2, C)) is
contained in p3(SL(2, C)) X H. The opposite inclusion is obvious and so
(a) is proved.

(b) Let w:C? - CP? be the canonical map identifying lines in C* with
points in projective 2-space CP2. w(V) is a nonsingular conic and so iso-
morphic to CP!, whose automorphism group is PSL(2, C). We can con-
sider G as acting on 7(v) and so have a map ¢ of G into PSL(2, C). G
contains p3(SL(2, C)) which, being isomorphic to PSL(2, C) is a simple
group. Therefore ¢ is injective on p3(SL(2, C)). Comparing dimensions,
we see that ¢ is surjective. If g € G is in the kernel of ¢, then g must act on
V by scalar multiplication. Since V contains a basis of C3, g must be a
scalar matrix. Therefore G = p3(SL(2, C)) X H. . |

LEMMA 3.4. Let F be a differential field with algebraically closed
field of constants C and let L(y) = y” — my” — py’ — qy withm, p, and
qinF.

(a) L(y) = L(zm(y) for some homogeneous second order linear differ-
ential operator L, with coefficients in some differential extension of F if
and only if

G4l  g= 314—[27p' + 24mm’ — 9mm” — 36mp — 8m?]

in which case

(3.4.2) Lz(y) = y" — _’31)}/ — __|:p _ m + %m2}

which has coefficients in F.

(b) If m = 0, L(y) = L5(y) if and only if ¢ = p'/2.

(c) Let M be the Picard-Vessiot extension of F associated with
L(y) = 0 and assume that the galois group of M over F is contained in
SL(3, C). There exists a basis y1, y,, y3 of the solution space of L,(y) = 0
in M such that y,y; — y% = 0ifandonly if L(y) = L(zm(y)for some homo-
geneous second order linear differential equation L,(y) with coefficients
in F.



676 MICHAEL F. SINGER

Proof. (a) Let K be a differential extension of F and let L,(y) =
y” —ry’ —sy. Then L*(y) = y” — 3ry” — (4s +r' — 22y’ — (25’ —
4rs)y. If L(y) = L<25>2( y), we equate coefficients, solve for r and s in terms of
m and p and find that (3.4.1) holds. Conversely, if (3.4.1) holds, then,
calculating, we find that L(y) = L$*(y) where L,(y) is as in (3.4.2).

(b) This is a special case of (a).

(c) Assume L(y) = L(zm(y). Letting {u, v} be a basis for the solution
space of L,(y) = 0, we see from Lemma 3.2(b), that {2, uv, v?} is a basis
for the solution space of L(y) = 0. This basis satisfies y;y; — y% =0.

Now assume that there exist linearly independent solutions y;, y,, y3
of L(y) = 0 such that y,;y; — y% = 0 and let G be the galois group of M
over F. With respect to this basis, G can be considered a subgroup of
SL(3, C). By Lemma 3.3(b), we have that G C p3(SL(2, C)) X H. Let G°
be the component of the identity in G and let F be its fixed field. Let U be
a universal differential field containing F; and let C be its field of con-
stants. Let . = vy, and v = \/y;. Since y,y3 — y% = 0, we can adjust the
signs of u and v so that y, = uv. Let o be an F-isonforphism of M(u, v)
into U. ¢ will restrict to an F-isomorphism of M into U so there exist a, b,
¢, d in C with ad — bc = 1 such that

0@?) = o(y;) = a’y; + 2aby, + b%y; = (au + bv)*
o(uv) = o(y,) = acy; + (ad + bc)y, + bdy; = (au + bv)(cu + dv)
o?) = a(y3) = c?yy + 2cdy, + d*; = (cu + dv)?

Therefore o(u) = *(au + bv) and o(v) = E£(cu + dv). Let

_ Wr(y, u, v)

L) = Wit vy

The coefficients of L,(y) are left fixed by all Fy-isomorphisms of M(u, v)
into U, so they must be in Fy. Therefore L(y) is the second symmetric
power of a homogeneous second order linear differential equation with co-
efficients in Fy. By part (a) of this Lemma, we can conclude that L(y) has
this property with respect to F. |

Symmetric products of linear operators have been considered by
mathematicians in the 19th century. Lemma 3.4(a) and (b) was known to
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Halphen and is the starting point of his investigations into differential in-
variants [Ha]. Lemma 3.4(c) appears implicitly in Fano’s work [Fa]. Fano
investigates the situation when an n™ symmetric power of a linear operator

of order n has order less than (™" ).

4. Third order equations. In this section we shall use the material
developed in the last two sections to completely characterize those third
order homogeneous linear differential equations having eulerian solutions.
We will then be in a position to prove Theorem 4.6 which gives necessary
and sufficient conditions for a homogeneous linear differential equation to
have eulerian solutions.

The next proposition gives us the group theoretic information needed
to deal with the third order case. Before proving this result we review some
nomenclature from the theory of group representations. Let V be a vector
space over a field C and G a subgroup of GL(V). A group homomorphism
\:G — G,,, the multiplicative subgroup of C, is called a weight. The sub-
space Vy = {v € V|ov = Nw)v for all o in G } is called the weight space
associated with A. Note that if A\;, ..., A, are distinct weights, then
Vs -+ s V), are linearly independent ([Hu 1], p. 81).

Prorosition 4.1. Let G be an algebraic subgroup of SL(3, C), Can
algebraically closed field of characteristic zero, and let G° be the compo-
nent of its identity. One of the following four conclusions holds:

(a) G is finite.

(b) G°has a one-dimensional weight space, in which case there exists
a closed normal subgroup H of Gwith |G:H| = 1, 2, 3 or 6 leaving invari-
ant this subspace.

(¢) G leaves a two dimensional space invariant.

(d) G° leaves no nontrivial subspace invariant. In this case, GYis
semisimple. If, in addition, G is eulerian, then G° is conjugate to
p3(SL(2, C)) and |G:G°| = 1or 3. If |G:G°| = 3, then G = G°X H
where H is the finite subgroup of SL(3, C) consisting of constant matrices.

Proof. We may assume that G is not finite. If G° has a nonzero
weight space V, then dim V # 3, for otherwise G 0 (and therefore G) would
be finite. If G® has a two-dimensional weight space V, then using the re-
mark immediately preceding the statement of the Proposition, we see that
V is the only two-dimensional weight space. Since G° is normal in G, G
must leave V invariant so we have conclusion (c). If G° has a one-dimen-
sional weight space, let X be the set of all one-dimensional weight spaces.
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By the remark immediately preceding the statement of this Proposition, X
has at most 3 elements. Since G° is normal in G, each element of G per-
mutes the elements of X. This gives a homomorphism of G into the permu-
tation group of X. If H is the kernel of this homomorphism, H leaves the
element of X fixed and |G:H| = 1, 2, 3 or 6, thus giving (b) above.

Now we can assume that G° has no nonzero weight spaces. If G°
leaves a nontrivial subspace invariant, then it must leave a two-dimen-
sional subspace V invariant. There can be no other two-dimensional invar-
iant subspaces, since the intersection with V would be contained in a
weight space. Therefore G will leave V invariant and we have conclusion
(c) above.

Now assume G has no nontrivial invariant subspaces. Since we are in
characteristic 0, we can make use of the Lie algebra g of G°. g will be a
subalgebra of sI(3, C) and g acts irreducibly on C°. Therefore g (and so
G% is semisimple ([Hu 2], Proposition 19.1(6), p. 102).

If G (and therefore G°) is eulerian, Lemma 2.2(f) then tells us that gis
isomorphic to the direct product of copies of sl(2, C). Let g =
£1+ -+ + £, where each £; is a Lie algebra isomorphic to sl(2, C) and
let ¥;:s1(2, C) — g be the isomorphism of sl(2, C) onto the it factor of g.
We shall show that » = 1. We may consider C* as an sl(2, C) module via
the map ¥ and as such C? can be written as a direct sum of irreducible
sl(2, C) modules. Since y is not identically zero, not all of these irreduc-
ible subspaces are one-dimensional. Therefore either C? is itself irreduc-
ible or can be written as the sum of a one-dimensional and a two dimen-
sional irreducible subspace. Note that if n > 1, ¥, (sl(2, C)) lies in the
centralizer of ¥ (s1(2, C)). If C? is irreducible as a ¥, (s1(2, C)) module,
then by Schur’s Lemma, each element in y,(sl(2, C)) is constant and
therefore zero. If C? is the sum of a one-dimensional and a two dimen-
sional v (s1(2, C))-irreducible subspace, then ¥, (sl(2, C)) leaves each of
these invariant and so must again be zero. In either case we get a contra-
diction when we assume n > 1. We therefore can conclude that g is iso-
morphic to sl(2, C). Since we assumed C? is irreducible, G is conjugate to
p3(SL(2, C)). Lemma 3.3(a) then gives us the conclusion of (d). |

Theorem 4.3 will classify third order homogeneous linear differential
equations in terms of their galois groups. We first deal with the following
special case:

ProrosiTiON 4.2. Let K be a differential field with algebraically
closed field of constants C. Let M be the Picard-Vessiot extension of K
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associated with L(y) = y” — py’ — qy = Owithp,q €K, q # 0. Assume
that there exists a basis y, y,, y3, of the solution space of L(y) = 0 such
that with respect to this basis the galois group G of M over K is
03(SL(2, C)). Then

(a) The elements Iy = y5 — y3y1, I; = (y3)* — yiy{ and
I, = (y$)* — y§y{ liein K.
(b) If by, by, b, are any nonzero solutions, algebraic over K, of

(4.2.1) 0 = Iobd + I,b% + I,b3 + I{bob,

1
+ 7(12/ — pl{)bob, + I{bb,

then
zy = boyy + byy{ + byy{

4.2.2) zy = boyy + byy; + byyy
z3 = boysz + byy3 + byysd

will be a basis for the solution space of chm( y) = 0, where L,(y) = 0isa
homogeneous second order linear differential equation with coefficients in
K(by, by, by).

Proof.

(a) p3(SL(2, O)) leaves I, I, and I, fixed so they must lie in K.
(b) Letz; = boy; + biy/ + byy/ fori = 1,2, 3.

When we expand the expression for z% — z,z3 we get
23 — 2423 = Iybd + 1,b? + Lib% + I{b,b,
+ %(12' — pl{)bob, + I{b,b;
o) z% — z1z¢9 = 0. We now wish to apply Lemma 3.4(c). First we claim that

z1,Zy, z3 are linearly independent over C. If not, then there exist ¢y, c;, ¢;3
not all zero in C such that
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0= C12y + CrzZy + C3Z3
by(c1yy + caya + c3y3)” + bi(cyyy + cayr + c3y3)’

+ bolcryr + c2y2 + c3y3)

Therefore L(y) = byy” + b1y’ + boy = 0 has a nonzero solution in
common with L(y) = 0. The galois group of M(b,, b, b,) over
K(by, by, by) is isomorphic to the galois group of M over M N
K(bgy, by, by). Since p3(SL(2, C)) is simple, this group is just p3(SL(2, C))
again. Let V be the subspace of the solution space of L(y) = 0 consisting of
solutions of L(y) = 0. This is a proper subspace which is left invariant by
p3(SL(2, C)). Since p3(SL(2, C)) acts irreducibly, we have V =1{0}, a
contradiction. Therefore z, z, and z3 are linearly independent.
Now consider the equation

Wl'(y, Z1y 272, Z3)
Wr(zy, z2, z3)

La(y) =

Since G acts linearly on the span of {z, z,, z3 }, this equation has coeffi-
cientsin K(bg, b1, b,). We now apply Lemma 3.4(c) and conclude that L3
is a second symmetric power. |

TeEOREM 4.3. Let F be a differential field with algebraically closed
field of constants. Let L(y) = y” — py’ — qy with p, q € F and let M be
the associated Picard-Vessiot extension of F. If the galois group of M over
L is eulerian then one of the following four cases apply:

(a) All solutions of L(y) = 0in M are algebraic over F.
(b) There exists as subfield K of M with [K:F] = 1, 2, 3 or 6 and
a, b, cin K such that

L(y) = Ly(Li(y)
where

Ly(y)=y”" +ay’ + by
Li(y) =y +cy
(c) There exist a, b, c in F such that

L(y) = Li(Ly(y)
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where
Ly(y) =y" +ay’ + by
and

Liyp=y +o

(d) The component G° of the identity in the galois group is conjugate
to p3(SL(2, C)). In this case, there exist a subfield K of M with [K :F] =
Lor 3, an algebraic extension N of K with [N:K] = 1or 2 and elements a,
ai,az, b, cin Nsuch that if {u, v} is a basis for the solution space of y” +
by’ + cy = 0, then

y1 = aou® + a;@?) + ay(u?)”
y2 = aguv + a;(wv)’ + ay(uv)”
y3=apw? + a,(0) + ay?)"

is a basis for the solution space of L(y) = 0. If F is an algebraic extension
of C(x),x’ = 1, we may take N = K.

Conversely if any of the above hold, all solutions of L(y) = 0 are euler-
ian and so the galois group of M over K is eulerian.

Proof. Since there is no y” term in L(y), we may assume that the
galois group G of M over U lies in SL(3, C), ([Ka], Corollary 6.2, p. 41).
We now apply Proposition 4.1. If G is finite, then M is an algebraic exten-
sion of F so (a) above follows.

If Proposition 4.1(b) holds, then the fixed field K of G'is algebraic
over F of degree equal to | G:G°| = 1, 2, 3 or 6. Furthermore if u spans a
one-dimensional G° invariant subspace then for all o in GO, there exists a
constant ¢, such that o(u) = c,u. Therefore o(u’/u) = u’/u, sou’/uisin
K. Since L(y) = 0and L (y) = y’ — (u’'/u)y = 0 share a common non-
zero solution, we may write L(y) = L,(L(y)) where L,(y) = y” +
ay’ + by with a, b in K ([Po], p. 34). This yields (b) above.

If Proposition 4.1(c) holds, then there exist linearly independent solu-
tions y;, y, of L(y) = 0 such that G leaves the span of y; and y, invariant.
Therefore

Wr(y, y1, y2)

L2y = Wr(yy, y2)

=y” +ay’ + by



682 MICHAEL F. SINGER

has coefficients a and b in F. Since every solution of L,(y) = 0 is a solution
of L(y) = 0, we have L(y) = L{(L,(y)) where L{(y) = y’ -+ cy for some ¢
in F. This yields (c).

If Proposition 4.1(d) holds, then let K be the fixed field of G 0 Letl, 0s
1., I, be as in Proposition 4.2. We can clearly find a solution by, b, b, of
(4.2.1) in (at worst) a quadratic extension N of K. We then have the con-
clusion of Proposition 4.2(b). We wish to find ag, a;, a, in N such that
yi =agz; + az; + ayz/ fori =1, 2, 3. If we use Cramer’s Rule, we get

! ”

Y1 z1 zZy
y2 z3 zy

_lys z3 oz
o= Wr(zl s Z2 Z3)
and similar expressions for a; and a,. Using (4.2.2) we see that G acts on
(z1, 22, z3) in the same way as it acts on (y1, y,,y3) so G leaves ag, ay, a,
invariant. Therefore aq, a{, a, are in N.

If F is an algebraic extension of C(x), then Theorem 3.6 on p. 22
of [Gr] says that (4.2.1) will have a nonzero solution in K, so we
may let N = K. We make a remark here that will be used in Section 6.
If F is an algebraic extension of C(x), we can choose by, by, b, to be in
F(,, I, I,). Since |G:G°| = 1 or 3, [F(,, I, I,):F] = 1 or 3. If
[F(Iy,1y,1,):F] = 1, then by by, b, will lie in F so all of G leaves a, (and
similarly a; and a,) fixed. Therefore, ay, a; and a, will lie in F. If
[FU,, 1, 1,):F] = 3, then F(I,, I, I,) = K. In either case ay, a, a, will
lie in F(Iy, I, I,). This is the remark we need in Section 6. |

COROLLARY 4.4. Let F, M and L(y) be as in Theorem 4.3. If
L(y) = 0 has a nonzero solution in some eulerian extension of F, then the
conclusions of Theorem 4.3 hold.

Proof. If L(y) = 0 has a solution « in an eulerian extension E of F,
then there exist a, b in E such that L(y) = L,(L(y)) where L,(y) = y” +
ay’ +byandL(y) =y’ — (u’/u)y. Let{y, y, } be two linearly indepen-
dent solutions of L,(y) = 0 and let z;, i = 1, 2 be solutions L{(y) = y;.
{u, z1, z, } forms a basis for the solution space of L(y) = 0 and {u, z{, z, }
lies in an eulerian extension of F. By Proposition 2.3, the galois group of M
over F is eulerian, so the hypotheses of Theorem 4.3 are satisfied. |
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CoroLLARY 4.5. Let F be a differential field with algebraically
closed field of constants, L(y) = y” +ry” + sy’ +tywithr,s,tinF, and
M the Picard-Vessiot extension of F corresponding to L(y) = 0. If the
galois group of M over F is eulerian, then M lies in an eulerian extension
of F.

Proof. LetK = F < exp(fr) > and let y{, y,, y3 be a basis for the
solution space of L(y) = 0. We have that MK = K< uy, u,, uz), where
u; = y;(exp | r). The u; satisfy a third order homogeneous linear differen-
tial equation, with coefficients in F, having no y” term. The galois group
of MK over K is isomorphic to a subgroup of the galois group of M over K
and so is eulerian. Theorem 4.3 implies that MK lies in an eulerian exten-
sion of K, so M lies in an eulerian extension of F. |

We are now ready to prove the converse of Proposition 2.3. We state
this proposition and its converse in the following theorem.

THEOREM 4.6. Let F be a differential field with algebraically closed
field of constants C and let M be a Picard- Vessiot extension of F. A neces-
sary and sufficient condition that M lie in an eulerian extension of F is that
the galois group of M of F is eulerian.

Proof. If M lies in an eulerian extension of F, then by Proposition
2.3, the galois group of M over F is eulerian.

If the galois group of M over F is eulerian, then by Proposition 2.5,
there are subfields £y, Eq, ..., E,,, E of M such that E is algebraic over F,
M is a liouvillian extension of E and Ey = E - - -+ - E, whereeach E;is a
Picard-Vessiot extension of E, with galois group isomorphic to SL(2, C) or
PSL(2, C). To show that M lies in an eulerian extension of F, it will be
enough to show that each FE; lies in an eulerian extension of £. To do this
we shall rely heavily on differential galois cohomology ([Ko 2], p. 421).

If the galois group G of E; over E| is isomorphic to SL(2, C), then the
map f identifying G with SL(2, C) is an element of HY(E;/E,, SL(2, C)).
Since H\(E;/E,, SL(2, C)) is trivial ([Ko 2], Corollary 2, p. 425]) there
exists an element y = (y;;) in SL(2, E;) such that for any ¢ in G,

yu yi\/a b Y Yz
o(y) = = f(o)
yu yn/\e d Y21 Y22
for some a, b, c¢d in C with ad — bc = 1. G acts nontrivially on the span of

{y11, y12} so this span must have dimension 2. Therefore
Wr(y11, y12) # 0. The coefficients of
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Wr(y, yi1» ¥12)
Wr(yi1, y12)

L(y) =

are left fixed by all automorphisms in G and so lie in Ey. We claim that
E; =FEy{y11,y12). Let o be an element of G leaving y; and y, fixed. (o)
must be the identity matrix, so o must be the identity. Therefore, the sub-
group of G leaving Ey{yyy, y1, ) fixed is trivial and so E; = Eo{y{, y12)-
This means E; is an eulerian extension of Ej.

Now assume that the galois group G of E; over Ej is isomorphic to
PSL(2, C). This implies that there exists a map f of G into SL(3, C) such
that the image of G is p3(SL(2, C)). This map is an element of H!(E;/E,,
SL(3, C)). Since H 1(E,‘/EO, SL(3, C)) is trivial, there exists an element
y = (y;;) in SL(3, E;) such that for all ¢ in G, o(y) = yf (0). G acts nontriv-
ially on the span of { y 11, y12, y13 }. If this span had dimension less than 3,
we would have a representation of PSL(2, C) of dimension less than 3.
Since any such representation is trivial, we get a contradiction. Therefore
{¥11, 12, y13 } forms a linearly independent set. Furthermore, any ¢ in G
that leaves yq;, y12, and y;3 fixed must be the identity. Therefore E; =
Ey{y11> Y12, y137. The third order linear differential polynomial

Wr(y, 11, Y12, ¥13)

L(y) =
Y Wr(y11, 12, ¥13)

has coefficients which are left fixed by all members of G, so these coeffi-
cients are in £,. We can now apply Corollary 4.5 to E; over E; and con-
clude that E; lies in an eulerian extension of E. |

S. Anexample. In this section we will show that y” — xy = 0 has
no eulerian solutions. We shall give a sufficient condition for a third order
homogeneous linear differential equation to have no eulerian solutions and
verify that this condition holds for y” — xy = 0. We shall need the con-
cept of the formal adjoint of a linear operator which we now review.

Let F be a differential field and let

L(y) = a,p™ + a,1p"7 + -+ + agy,

a;eF,i =0, ...,n Theformal adjoint L *(y) of L(y) is defined to be ([Po]
p- 38)

L¥(y) = (=)@, »)™ + (= 1)" Ya,— )"V + -+ + agy.
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For example, if L(y) = y” — xy, then L¥(y) = —y” — xy. One can show
([Po] p. 38) that L**(y) (the adjoint of the adjoint of L(y)) is just L(y) and
if L(y) = Ly(L,,—x(y)) where L, (y) and L,,_;(y) are of order k andn — k
respectively, then L*(y) = L¥_, (L¥(y)).

We say that an n'" order linear operator L(y) has a right first order
factor over F if we can write L(y) = L,_;(L{(y)) where L,,_; and L, have
coefficients in F and are of order » — 1 and 1 respectively. Note that L(y)
has a right first order factor over F if and only if L(y) = 0 has a solution
u # 0 in some extension of F such that u'/u € F.

ProrositioN S.1. Let F be a differential field with algebraically
closed field of constants and let L(y) = y"” — py’ — qy with p, q in F.
Assume:

(1) L(y) = 0 has no nonzero solutions algebraic over F.

2)p'/2—q #0

(3) L(y), L*(y), L®*(y) and L®(y) all have no right first order factors
of F. .

Then L(y) = 0 has no nonzero eulerian solutions over F.

Proof. Let M be the Picard-Vessiot extension of F associated with
L(y) = 0, G be the galois group of M over F and V the solution space of
L(y) = 0. If L(y) = 0 had a nonzero eulerian solution, then Corollary 4.4
implies that M lies in an eulerian extension of F and so G is an eulerian
group. Using this assumption and Proposition 4.1 we shall derive a contra-
diction.

If conclusion (a) of Proposition 4.1 holds, then M would be a finite
extension of F and so L(y) = 0 would have nonzero algebraic solutions,
contradicting (1) above.

If G° has a one-dimensional weight space, let X be the set of one di-
mensional weight spaces for G°. Say that X contains n elements, 1
n <3andlety,, ..., y, be bases for the distinct members of X. Let u
II;_, y; For any o in G, there is a ¢, in C such that o(u) = c,u sou’/u is
left fixed by all elements of G. Therefore u is solution of either L(y) = 0
(n=1),L%%(y) = 0(n = 2) or LS(y) = 0 (n = 3) with u’/u in F contra-
dicting the fact that none of these equations has a right first order factor
over F.

If G leaves a two-dimensional space invariant, let y;, y, be a basis for
this space. The differential polynomial

1A

Wr(y, y1, ¥2)

L2y = Wr(yi, y2)
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therefore has coefficients in F and shares two linearly independent solu-
tions with L(y) = 0. Therefore, L(y) = L(L,(y)) where L, is a first order
operator with coefficients in F. This means that L*¥(y) = L (L} (y)), con-
tradicting the fact that L*(y) has no right first order factors over F.

The only possibility left is that conclusion (d) of Proposition 4.1 holds.
In this case, there exists a basis {y;, y,, y3} for the solution space of
L(y) = 0 such that the component of the identity G° of the galois group of
L(y)is p3(SL(2, C)) with respect to this basis. In particular y, y; — y% will
be left invariant by all elements in G°. If y,y; — y% = 0, then Lemma
3.4(c) would imply that L(y) = LY(y) for some second order L, (y) with
coefficients in F. Since p’/2 — q # 0, Lemma 3.4(b) says that this is
impossible. Therefore we can assume that u = y;y; — y% # 0 and that
this element lies in the fixed field of G°. If |G:G°| = 1, then u is in F. If
|G:G°| = 3, then G = G° X H where H is the 3 element subgroup of
SL(3, C) consisting of constant matrices. For any ¢ € H we have o(y;) =
cyyifori =1,2,3 and some ¢, in C, so a(y,y3 — y%) = cg(y1y3 — y%).
Therefore, for any o in G we have o(u'/u) = u'/u andsou’/uisin F. In

either case, |G:G°| = 1 or 3, u’/u will be in F and u will satisfy
L®(y) = 0 contradicting the fact that L®(y) has no right first order
factors. |

We are now ready to show that L(y) = y” — xy = 0 has no eulerian
solutions. We shall verify conditions (1), (2) and (3) of Proposition S.1.
Since the coefficients of L(y) are analytic everywhere on the complex
plane, any solution of L(y) = 0 will also be everywhere analytic. Any alge-
braic everywhere analytic function is a polynomial and it is easy to see
L(y) = 0 has no nonzero polynomial solutions. Therefore condition (1) is
satisfied. Since p’/2 — g = —x # 0, condition (2) is also satisfied.

We shall now show that L (y) has no right first order factors over C(x),
where C is the complex numbers. Assume not and let # be a solution of
y” — xy = 0 such that u'/u is in C(x). If we write u = exp({ v) where v is
in C(x), we see that v satisfies

(5.1) v’ + 3w’ +v3—x=0.

Let v = f/g where f and g are in C|x]. Using this expression in (5.1) and
clearing denominators, we get:

(5:2) (f'e —ef)e —2ee'f +2eVf =3 (f'e —gNH+ /=g
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If deg f > deg g, then the term of highest degree on the left hand side of
equation (5.2) comes from f3 and is of degree 3(deg f). The term of highest
degree on the right hand side of (5.2) is of degree 3(deg g) + 1 < 3 deg f so
these terms cannot cancel. If deg g = deg f, all terms on the left hand side
of (5.2) have degree <3 deg g while on the right hand side of (5.2) we get a
term of degree 3(deg g) + 1. This also yields a contradiction so L(y) has no
right first order factors.

To show that L*(y) = —y” — xy has no right first order factors, it is
sufficient to show that y” =+ xy has none. Since the proof proceeds in the
same fashion as the proof for L(y), this proof is omitted.

All that remains is to show that L©2(y) and L©3(y) have no right first
order factors. To do this we shall use the following Lemma.

LEmMa 5.2. Let y = exp(J v) with v in C(x) and let v = f/g with f
and g in Clx].

(a) Foreachi = 1
(5.3) y? =iy + yR;(v, ..., viTY)

where R; is a polynomial with rational coefficients and of total degree
=<i— 1
(b) If deg f > deg g, then for each i = 1 there exist cjin C such that

@ . o .
=cippx™+ L cx/
y Jj=—im—1 "

where m = deg f — deg g and c¢;,, # 0.

Proof. (a) We proceed by induction on i. For i = 1, we have
y’ = vy. Assume that (5.3) holds for i and differentiate:

yED = ity 4 yhiy'yi™l + yR(v, ..., vED)
+ (Ri(v9 ey v(i_l))),]
Since the expression in the brackets is a polynomial with rational coeffi-
cientsinv, ..., v of total degree <1, we have verified (a) for7 + 1.

(b) If deg f — deg g = m > 0, we can write v = aox™ + a series
involving smaller powers of x. Using (a), we see that
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@)
y—y— = v+ Ri(v, ..., D)

The term with the largest power of x appearing on the right hand side of
this equation must appear in v'. It is cx™ for some ¢ # 0 and does not
cancel with any other term. O

Let us now consider L®2(y). We can calculate this symmetric power
using the recipe given after Lemma 3.1. Doing this we find that

, 1 7
5.4 L®(y) = y™ — 7y(") + Txy” = Ty" oy 8x2%y

Note that since L(y) = 0 has a basis for its solution space consisting of
functions analytic in the complex plane, L®*(y) = 0 will have a basis with
the same property. Now assume L®%(y) = 0 has a solution y = exp(| u)
with u in C(x) and let u = f/g with fand g in C[x]. If deg f < deg g then,
since y is analytic in the complex plane, we have

f_ Q;
e T e

where c, 8; are in C and the «;’s are positive integers. Therefore, y would
be a polynomial in x. Since it is easy to see that L®?(y) = 0 has no nonzero
polynomial solutions, we get a contradiction. If deg f > deg g, then we can
use Lemma 5.2(b). Dividing (5.4) by y, we see that the term y(”i )/ 'y contrib-
utes a power of x of degree 6m where m = deg f — deg g. This term is not
cancelled by any other term in (5.4) so we get a contradiction. Therefore
L% y) has no right first order factor.

Now consider L®(y). Again using the recipe following Lemma 3.1
(and the MACSYMA computer system), we found that

(5.5) L®(y) = (4077x> + 2800x) ~'[(4077x> + 2800x)y™
— (17010x* + 2800)y™ + 43110x3y®™
— (110079x° + 133080x )y — (85050 + 282240x)y "

+ (628236x* + 282240)y™ + (110079x7 — 1735020x>)y ™
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+ (56133x® + 2825760x2)y” + (288117x> — 73920x)y”
— (2972133x8 + 2911302x* — 73920)y’
— (4503033x” + 8113050x°)y]

Again, L®3(y) = 0 has a basis for its solution space consisting of functions
analytic in the complex plane. Let u = exp([ v) be a solution of L&3( y)=20
where f = f/g, f, g € C[x]. If deg f < deg g, we can see as before that v
must be a polynomial and one easily shows that L®*(y) has no nonzero
polynomial solutions. If deg f > deg g, we divide by y and see from
Lemma 5.2(b) that y*)/y contributes a power of x that is not cancelled by
any other term. Therefore L®%(y) has no right first order factors.

6. A decision procedure. In this section we shall give a procedure to
decide if a third order homogeneous linear differential equation L(y) = 0
with coefficients in ko (x), k¢ a finitely generated extension of Q, the ration-
als, has eulerian solutions and if so, find a basis for the vector space of such
solutions. To do this we shall show that one can effectively test to see if
each of the conclusions of Theorem 4.3 holds. We shall rely heavily on [Si],
which describes how one can effectively find liouvillian solutions of homo-
geneous linear differential equations.

First of all we may assume that L(y) = 0 is of the form y” — py’ —
qy = 0 since, as we have seen, it can always be transformed into such an
equation without effecting the property of having or not having eulerian
solutions. Using Theorem 4.1 of [Si] we can explicitly find a basis for the
space of liouvillian solutions of L(y) = 0. In particular, Corollary 4.3 of
[Si] allows us to decide if all solutions are algebraic. If L(y) = L,(L(y))
where L, and L; are of orders 2 and 1 respectively and have coefficients in
some algebraic extension of kg(x), then L(y) = 0 will have a liouvillian
solution (corresponding to the solution of L(y) = 0). Therefore Theorem
4.1 of [Si] allows us to decide if conclusion (2) of Theorem 4.3 above holds.
If L(y) = L{(L,(y)) where L; and L, are of first and second order with
coefficients in F, then L*(y) = L¥(L¥(y)) so Theorem 4.1 of [Si] again will
let us decide if this holds. Note that we have actually shown how to decide if
L(y) can be written as the composite of lower order operators over any
algebraic extension of kg(x).

We now assume that we have decided that conclusions (1), (2) and (3)
of Theorem 4.3 do not hold and wish to decide if conclusion (4) holds. To
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do this, we need the following four lemmas. The first two are just effective
versions of special cases of results appearing in ([Gr] pp. 18-23). We say a
field k is a computable field with splitting algorithm (c.f. [Ra]) if we can
effectively perform the field operations and if we can effectively factor poly-
nomials in one variable over k. Q is computable with a splitting algorithm.
If k is computable with a splitting algorithm, so is any finitely generated
extension as is the algebraic closure of k. If k is a computable field with
splitting algorithm and k is algebraically closed than we can apply elimina-
tion theory and decide if any system of polynomial equations with coeffi-
cients in k has a solution in k and find such a solution when it exists.

LeEMMA 6.1. Let k be a computable algebraically closed field with
splitting algorithm and let f,, . .., f. be homogeneous polynomials of de-
gree d in n variables with coefficients in k[x], x transcendental over k. As-
sume that n > ed. One can then effectively find a nontrivial solution

(g1, -+, gn)inklx]of f1 =0, ..., f. = 0.

Proof. LetTy, ..., T,bethe variables in the f; and let r be the larg-
est power of x appearing in any f;. Define new variables { T';; } fori = 1,
...,nandj =0, ..., s wheres = er and let

T,‘ = Ti,O + T,"]x + -+ T,;sxs.
We then have, foreach j, 1 < j < e,

f](Tl g ooy Tn) == fi,O(T) + f,‘,l(T)x + .-+ fi,ds+,(T)xds+r

where each f; ; is homogeneous in the n(s + 1) variables { T; 7} The equa-
tions { f;, = 0} form a system of e(ds + r + 1) polynomial equations
in n(s + 1) unknowns. If we can show that n(s + 1) > e(ds + r + 1),
we could find in k ([Wa], p. 11) a nontrivial zero {¢;; } of these equations.
In this case t; = t;0 + t;yx + -+ + t;x°, 1 < i < n will be a nontrivial
zeroof f; =0, ..., fo = 0. In order that n(s + 1) > e(ds +r + 1) we
must have s(n — ed) > er — n. Sincen — ed > 0 and s = er, we are
done. ||

LemMA 6.2. Let k be a computable algebraically closed field with
division algorithm and let K be a finite algebraic extension of k(x), x tran-
scendental over k. Let f be a homogeneous polynomial of degree d in n
variables with coefficients in K and assume that n > d. One can then effec-
tively find a nontrivial solution (g, ..., g,)in K of f = 0.
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Proof. Let wy, ..., w, be a basis for K over k(x) and let f =
f(Ty, ..., T,). By clearing denominators, we can assume that f has coeffi-
cients in k[x, wy, ..., w,]. Let T; = Tyw; + -+ + Tyw, fori = 1,
..., n. We can then write f(Ty, ..., T,,) = f1{(T)wy + -+ + f.(T)w,
where each f; is a homogeneous polynomial of degree d in the er variables
1_",~j. Since n > d, we have en > ed, so we can apply the previous
lemma. |

Let k be an algebraically closed field that is computable with a split-
ting algorithm and let F be a finitely generated algebraic extension of k(x),
x transcendental over k. F can be made into a differential field with deriva-
tion trivial on k and x’ = 1.

LEmMMA 6.3.  Let F be as above, let L(y) = 0 be a homogeneous lin-
ear differential equation with coefficients in F and let m be in Z;. One can
effectively find an integer N(m) such that if vis in k(x) and y = v is a
solution of L(y) = 0, then the degrees of the numerator and denominator
of v are bounded by N(m).

Proof. Letv=c Hf=1(x — ;)" withc, @; in k and n; in Z. We then
have

By Proposition 3.6 of [Si] (which also holds when Q is replaced by k),
we can find M and N such that the degrees of the numerator and denomi-
nator of y’/y are bounded by M and the residue of y’/y at any point has
absolute value <N. Letting N(m) = mNM, we get the conclusion of this
lemma. |

We say a differential field is computable if we can effectively perform
the field operations and differentiation. Let L be a linear differential oper-
ator with coefficients in a differential field F. L is said to be irreducible
over F if we cannot write L as the composite of two operators of smaller
order with coefficients in F. If L(y) = 0 shares a nonzero solution with a
homogeneous linear equation of smaller order, it is not irreducible ([Po],
p. 34).

LEMMA 6.4. Let F be a computable differential field and let L be an
n'* order linear differential operator with coefficients in F. Furthermore,
assume that L is irreducible over F. Givenay, ...,a,_,not all zero, in F,
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one can effectively find By, ..., B,—in Fsuch thatif {y, ..., y,}isa
basis for the solution space of L(y) = 0, then

_ ’ (n—1)
zy =agyy tayy{ + -+ an—1y1"

. B . 1)
Zp = AoYn + alyr: + o+ an'—lynn

is a basis for the solution space of
Z(n) + B,,_lz("_l) + - 4+ B()Z =0

Proof. Let y be a formal solution of L(y) = 0 and let z =
agey + o0+ ao,,,_ly(”_” where ag ; = a;. If we differentiate this » times
and use the fact that L(y) = 0 we get n + 1 equations

— -1
z =ageyt -+ agu—1 3" ),

(n) — (n—1)

z a0y + o+ ayn—1Y
where the a;; are in F. This givesn + 1 linear equations in the n quantities
¥y «o., "D 50 we can find By, ..., B,—; in F such that z" +
B,_z" U+ .- + Byz =0.1If yy, ..., y, are linearly independent
solutions of L(y) = 0 then z; = agy; + ayy; + *** + a,_y" Visa
solution of z™ + B,_;z"™V + -+« Byz = 0fori =1, ..., n. If there
exist constants ¢;, ..., ¢,, not all zero in F such that c¢;z; +
¢czy+ <+ +c,z, = 0, then

n (n—1) n (n—2) n
an—1<i§1 ciyi> + an—2<i§1 ciyi> + o+ ao<i§1 Ciyi> =0

Therefore L ¢;y; would be a solution of L(y) = 0 and a homogeneous lin-
ear differential equation of lower order, contradicting the fact that L is
irreducible. Therefore z¢, ..., z, are linearly independent. |

We are now ready to continue with the decision procedure. We can
assume that we have shown that conclusions (a), (b) and (c) of Theorem
4.3 do not hold. In particular, we can assume L(y) is irreducible over any
algebraic extension of k(x). Furthermore if L(y) = 0 is to have nonzero
eulerian solutions, then by Theorem 4.3(d), the associated galois group is
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either p3(SL(2, C)) or p3(SL(2, C)) X H where H is the three element
subgroup of SL(3, C) consisting of constant matrices. We will now use
Proposition 4.2 to test if this is the case. Given L(y) it is easy to construct
L, and L;, both linear operators with coefficients in k(x), such that if
L(y) =0, thenL,(y’) = 0and L,(y”) = 0 ([Si]), Lemma 3.8(c)). There-
fore I, I, and I%s)of Proposition 4.2 will be solutions of L®*(y) = 0,
LA (y) = 0 and L3*(y) = 0 respectively. Since I3, I3, and I3 are in ko (x),
Lemma 6.3 allows us to find an integer N such that the degrees of the nu-
merators and denominators of 13, I? and 13 are bounded by N. Let
Joloey, oy aont, %), f1(Bys -+ o5 Ban+2, %) and fo(yy, - .., Yan+2, X) be
generic rational functions of x, where the numerators and denominators
have degree N and where the coefficients of x are indeterminants & =
(ars - s oon41), 8= (B, ..., Boy+1) and 7 = vy, ., Yan-+1) respec-
tively. Let K be the algebraic closure of k(&, 8, ) and let K = k(x, I,
I,,I,) wherel; = f ,1 Stori = 0, 1, 2. Note that F' is a computable differen-
tial field with splitting algorithm. Using Lemma 6.2, we can find in K, a
nonzero solution by, by, b, of

6.5)
0 = Iob2 + L,b% + Lb2 + I§b,b, + %(iz' — pI{)boby + I{b,b,

Note that this solution depends algebraically on the @, 8 and 7. Using
Lemma 6.4, we can construct a differential polynomial z” + B,z” +
Bz’ + Byz with By, B, and B, in F, satisfied by z; = bgy, + b,y/ +
Byy{,i =1, 2,3, where y,, y,, y; are any linearly independent solutions
of L(y) = 0. The expression

(6.6) B, — %[273; + 24B,B; — 9B; — 36B,B, — 8B

depends algebraically on the @, 8 and 5. We can decide if there exist con-
stants in k 0, the algebraic closure of k(, such that when we substitute them
for the a, B, ¥, (6.6) becomes zero. If such constants exist, then z” +
Byz” + Bz’ + Bz will be the second symmetric power of a second order
operator with coefficients in an algebraic extension of k(x), by Lemma
3.4(a). If the galois group of L(y) = 0 is p3(SL(2, C)) or p5(SL(2, C)) X H,
such constants will exist and furthermore, as we have seen in the proof of
Theorem 4.3, there will exist ag, ay, a, in ko(x, I, I;, I,) such that Vi =
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agz; + a;z{ +ayz/ fori =1, 2,3, where zy, z,, z; are linearly indepen-
dent solutions of z” + B,z” + Bz’ + Byz = 0 with the &, B, ¥ special-
ized to our choice of constants. We must now try to find ay, a;, a,. Letay,
@, a, z be indeterminants, let y = @oz + @z’ + a,z”, and let by, by,
b, be a nonzero solution in K of (6.5). f weletz = boy + b1y’ + byy”,
we get y = ag(bgy + b1y’ + byy”) + ay(boy + by’ + byy”) +
a,(bgy + by’ + byy”)”. Letting y be a formal solution of L(y) = 0, we
can replace y@ with i > 2 in this expression by terms involving y with

< 2. In this way we get an expression of the form c,y” + ¢y’ +
coy = 0, where the c; are linear in @y, @, @, with coefficients in F. Since
we are assuming that L(y) is irreducible over F, we must have ¢y = ¢; =
¢y = 0. Again, if the galois group of L(y) = 0 is p3(SL(2, C)) or
p3(SL(2, C)) X H, then for some specialization of &, Bandy ¥, this system
of linear equations will have a solution ag,ay, az inko(x, Iy, I, I,). Con-
versely, if for some specialization of &, B, and 7, (6.6) vanishes and ¢y =
¢y = ¢y = 0 has a solution ay, a, a,, then L(y) = 0 has llnearly indepen-
dent solutions y;, y,, y; where y; = agz; + a z/ + az/ withzy, z,, z;3
linearly independent solutions of a second symmetric power L(Z9 (z) = 0.
The question of the existence of a specialization of a, B and 7 in kg such
that (6.6) vanishes and ¢y = ¢; = ¢, = 0 has a solution, can be reduced to
a question in elimination theory and therefore decided.

7. Final comments.

(a) In the 19" Century and early 20'" Century, T. Clausen, E. Gour-
sat, W. N. Bailey and others investigated the problem of expressing gener-
alized hypergeometric functions ,F, in terms of products of hypergeomet-
ric series F(a, b, c; x), ([Er], p. 185). Theorem 4.3 and its consequences
shed some light on this problem and offer a way of discovering other rela-
tions among these functions.

(b) Proposition 2.5 gives some insight into the problem of what func-
tions are needed to solve a general homogeneous linear differential equa-
tion with coefficients say in C(x). This proposition says that to solve such
an equation we can start with algebraic functions, add functions defined
by linear differential equations with algebraic function coefficients whose
galois groups are simple and then integrate and use the exponential func-
tion. Furthermore, using differential galois cohomology as in Theorem
4.6, one can show that the linear differential equations L;(y) = 0 with
simple galois groups used here can be chosen so that the action of the ga-
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lois group on the solution space of L;(y) = 0 corresponds to the smallest
faithful irreducible representation of the corresponding simple group.

In [S-T1], using the uniformization theory of Riemann surfaces and
Tit’s Theorem concerning free subgroups of linear algebraic groups, M.
Tretkoff and the author give another approach to the question of what
functions are needed to solve a general homogeneous linear differential
equation. In [S-T2], we show that there are homogeneous linear differen-
tial equations with coefficients in C(x), having only algebraic solutions,
such that these solutions cannot be expressed in terms of functions built up
from C(x) by successively adjoining solutions of second order linear differ-
ential equations having previously defined coefficients (but not allowing
arbitrary algebraic extensions).
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