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Abstract

Telescopers for a function are linear differential (resp. difference) operators annihi-
lating the definite integral (resp. definite sum) of this function. They play a key role
in Wilf—Zeilberger theory and algorithms for computing them have been extensively
studied in the past 30 years. In this paper, we introduce the notion of telescopers
for differential forms with D-finite function coefficients. These telescopers appear in
several areas of mathematics, for instance parametrized differential Galois theory and
mirror symmetry. We give a sufficient and necessary condition for the existence of
telescopers for a differential form and describe a method to compute them if they exist.
Algorithms for verifying this condition are also given.

Keywords Telescopers - Differential forms - D-finite elements - Parametrized
Poincaré’s lemma
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1 Introduction

In the Wilf—Zeilberger theory, telescopers usually refer to the operators in the output
of the method of creative telescoping, which are linear differential (resp. difference)
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operators annihilating the definite integrals (resp. the definite sums) of the input func-
tions. The telescopers have emerged at least from the work of Euler [22] and have
found many applications in the various areas of mathematics such as combinatorics,
number theory, knot theory as well as others (see Sect. 7 of [26] for details or [28] for
applications in Feyman integrals). In particular, telescopers for a function are often
used to prove the identities involving this function or even obtain a simpler expression
for the definite integral or sum of this function. As a clever and algorithmic process for
constructing telescopers, creative telescoping firstly appeared as a term in the essay
of van der Poorten on Apréy’s proof of the irrationality of ¢ (3) [39]. However, it was
Zeilberger and his collaborators [3, 36, 44, 45, 48] in the early 1990s who equipped
creative telescoping with a concrete meaning and formulated it as an algorithmic tool.
Since then, algorithms for creative telescoping have been extensively studied. Based
on the techniques used in the algorithms, the existing algorithms are divided into four
generations, see [ 15] for the details. Most recent algorithms are called reduction-based
algorithms which were first introduced by Bostan et al. [7] and further developed, for
example, in [8, 9, 16, 20]. The termination of these algorithms relies on the existence
of telescopers. The question for which input functions the algorithms will terminate
has been answered in [1, 2, 11, 21, 46] for several classes of functions such as rational
functions and hypergeometric functions as well as others. The algorithmic framework
for creative telescoping is now called the Wilf—Zeilberger theory.

Most algorithms for creative telescoping focus on the case of one bivariate function
as input. There are only a few algorithms which deal with multivariate case (see, for
example, [10, 12, 14, 27]). It is still a challenge to develop the multivariate analogue
of the existing algorithms (see Sect. 5 of [15]). In the language of differential forms
(with m variables and one parameter), the results in [12, 27] dealt with the cases of
differential 1-forms and differential m-forms respectively. On the other hand, in the
applications to other domains such as mirror symmetry (see [30, 33, 34]), one needs
to deal with the case of differential p-forms with 1 < p < m. Below is an example.

Example 1 Consider the following one-parameter family of the quintic polynomials

_lrs 55 s s\
W) = 5\ + x5 + x5 + x5 + x5 1X1X2X3X4X5

where ¢ is a parameter. Set

(= )l l-xl —
Z WG Xt A Adx; A Adas.

i=1

To obtain the Picard—Fuchs equation for the mirror quintic, the geometers want to
compute a fourth order linear differential operator L in ¢ and 9; such that L(w) = dn
for some differential 3-form 1. Here one has that

a4 93 92 9
L=(1—-)— —10t*— — 25— — 15> — —
( )81‘4 ot3 at2 ot
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Set 0; = td/dt. Then

11

L= —gL; = 0,4 — 5t(56; + 1)(56; 4+ 2)(56; + 3)(56; + 4)

and the equation L(y) = 0 is the required Picard—Fuchs equation.

We call the operator L appearing in the above example a telescoper for the differential
form w (see Definition 4). In this paper, we study the telescopers for differential forms
with D-finite function coefficients. Instead of the geometric method used in [30, 33,
34], we provide an algebraic treatment. We give a sufficient and necessary condition
guaranteeing the existence of telescopers and describe a method to compute them if
they exist. In addition, we also present algorithms to verify this condition.

The rest of this paper is organized as follows. In Sect. 2, we recall differential
forms with D-finite function coefficients and introduce the notion of telescopers for
differential forms. In Sect. 3, we give a sufficient and necessary condition for the exis-
tence of telescopers, which can be considered as a parametrized version of Poincaré’s
lemma on differential manifolds. In Sect. 4, we give two algorithms for verifying the
condition presented in Sect. 3.

Throughout this paper, we assume the following notations:

e 0, = %, the usual derivation with respect to ¢;
0

e Jy, = 5, the usual derivation with respect to x;;
o X ={x1,...,X,};
e Oy = {3y, ..., 0}

The following formulas will also be frequently used:

iy = [V D e DX PO vz o
Po,, V<

oY = D=1 (u=v+Dx*" + 0P, p=>v ?)
0y P, n<v

where P € k(x, 0y).

2 D-finite elements and differential forms

Throughout this paper, let k be an algebraically closed field of characteristic zero and
let K be the differential field k(¢, x1, . . ., x,,) with the derivations 9;, dy,, ..., dy,. Let
® = K (0, dx) be the ring of linear differential operators with coefficients in K. For
S C {t,x, 9;, dx}, denote by k(S) the subalgebra over k of ® generated by S. For
brevity, we denote k(f, X, d;, dx) by 2J. Let U be the universal differential extension
of K in which every algebraic differential equation having a solution in an extension
of U has a solution in U (see page 133 of [24] for more precise description).

Definition 2 An element f € U is said to be D-finite over K if for every § €
{0;, 0x, ..., Oy, }, there is a nonzero operator Ls € K (8) such that Ls(f) = 0.

) Birkhauser
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Denote by R the ring of D-finite elements over K, and by M a free R-module of
rank n with base {ay, ..., a,}. Define a map ® x M — M given by

(L,Zfiai> —> L (Z f,-ai) = ZL(f,-)a,-.
i=1 i=1 i=1

This map endows M with a left ©-module structure. Let

A =@ N M)

i=0
be the exterior algebra of M, where /\i(/\/l) denotes the i-th homogeneous part

of A\(M) as a graded R-algebra. We call an element in /\i(/\/l) an i-form. Note
that /\ (M) inherites a left ©®-module structure from M. In fact, for L € © and

®=D) fs,..505 A--ANdg € /\i(/\/l), one can define
L@) =Y L(fo...s)s A Ady

and for w = Y, w; with w; € \' (M), define L(w) = Y, L(w;). Letd : R - M
be a map defined as

df = aXl(f)al +---+ ax,,(f)an

for any f € R. Then d is a derivation over k. Note that for eachi = 1, ..., n one has
that dx; = a;. Hence in the rest of this paper we shall use {dxy, ..., dx,} instead of
{ai, ..., a,}. The map d can be extended to a derivation on /\ (M) which is defined

recursively as
d(w; A w) =dw; A wr + (—l)iwl A dwo

for any w; € /\i (M) and w; € /\j (M). For detailed definitions on exterior algebra
and differential forms, we refer the readers to Chapter 19 of [29] and Chapter 1 of [43]
respectively. As the usual differential forms, we introduce the following definition.

Definition 3 Let w € A (M) be a form.

(1) wissaid tobe closedif dw = 0, and exact if there is n € /\ (M) such that w = d.
(2) w is said to be 9;-closed (resp. d;-exact) if there is a nonzero L € k(t)(9d;) such
that L(w) is closed (resp. exact).

Definition 4 Assume that w € A (M). A nonzero L € k(r)(9;) is called a telescoper
for w if L(w) is exact.

W Birkhauser
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3 Parametrized Poincaré’s lemma

The famous Poincaré’s lemma states that if B is an open ball in R”, any smooth closed
i-form w defined on B is exact, for any integer i with 1 < i < n. In this section, we
shall prove the following lemma which can be viewed as a parametrized analogue of
Poincaré’s lemma for /\ (M).

Lemma 5 (Parameterized Poincaré’s lemma) Let w € AP (M). If w is 3;-closed then
it is 0;-exact.

To prove the above lemma, we need some lemmas. Note that the annihilated ideal of a
D-finite element in the Weyl algebra k(t, x1, ..., X, 0, x,, . .., 0, ) isholonomic, as
demonstrated in [19] (or refer to [5, 23] for the proofs). Using a dimension argument,
the holonomic property implies the existence of a specific operator L in the annihilated
ideal. However, the proofs of two lemmas below are constructive, providing algorithms
for computing L.

Lemma 6 (Lipshitz’s lemma, see Lemma 3 of [32]) Assume that f is a D-finite
element over k(x). For each i = 1,3,4,...,n, there is a nonzero operator L €
k(x1,x3, ..., x3)(0xy, Ox;) such that L(f) = 0.

The following lemma is a generalization of Lipshitz’s lemma.

Lemma 7 Assume that fi, ..., fm are D-finite elements over k(X, t) and
ScCit,x1,..., X0, 0, 0x5 ..., O, )}

with |S| > n + 1. Then one can compute a nonzero operator L in k(S) such that
L(f;) =0foralli =1,...,m.

Proof For each § € {9;,dy,,...,0y,}andi = 1,...,m, let T; 5 be a nonzero oper-
ator in K (8) such that 7; s(fi) = 0. Set T; to be the least common left multiple of
Tis,....Tns. Then Ts(f;) =0foralli =1,...,mand § € {0, d,, ..., dy,}. The
lemma then follows from an argument similar to that in the proof of Lipshitz’s lemma.

O

Remark 8 Lemma 7 originally appears in [47] (see Lemma 4.1), where Zeilberger
proves the existence of the operator L in the setting of Weyl algebra and gives an
algorithm to compute L in the case of two variables. Furthermore, there is a Math-
ematica package called HolonomicFunctions developed by Koutschan which allows
one to compute L (see [25]).

Lemma9 Assume that f1, ..., fm are D-finite over k(x,t), I,J C {1,...,n} and
I NJ = . Assume further that V. C {x;, 0y li € {1,...,n]\({ U J)} with |V| =
n — |I| — |J|. Then one can compute an operator P of the form
L+Y 0 M+ Nji,,
iel jeJ

) Birkhauser
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such that P(f;) =0 foralll =1, ..., m, where L is a nonzero operator in k{{t, 9;} U
V), Mi, Nj € Wand Nj is free of x; foralli € I and j € J.

Proof Without loss of generality, we assume that / = {1,...,r} and J = {r +
1,...,r+s}wherer = |I|and s = |J|. Let

S=1{6,03U{dyli e JU{xjlj=r+1,....r+s}UV.

Then |S| =n+2 > n+ 1. By Lemma 7, one can compute a 7 € k(S)\{0} such that
T(f;)) =0foralll=1,...,m. Write

- Y aeatn
d=(d,,..., dr)el’;

\ivhere_Td € k(_{t, Oy Xr41s -+ -, Xrps} U VI\{O} and T'; is a finite subset of Z". Let
d = (d, ..., d,) be the minimal element of I'} with respect to the lex order on 7" .

Multiplying T by []:_, x;ji on the left and using the formula (2) yield that

r _ r
(l_[xlfii>T=aTa+28X[Ti 3)
i=1

i=1

where « is a nonzero integer and T; € k(S U {x;|i € I}). Write

o €] [}
Ia= Z Lex, iy Xy

e=(ey,...,e5)€l

where Le € k{{t, d;} U V)\{0} and I'; is a finite subset of Z°. Let € = (ey, ..., e5)
be the maximal element of I'> with respect to the lex order on Z*. Multiplying Tj by

[T., Bf; .; on the left and using the formula (1) yield that

S
(]’[ a;;‘ﬂ_) Ty=BLe+ Y Ljy 4
i=1

jelJ

where Z,- € k{{t, 0, Xr 41, ..., Xrgsy Ox, gy - - -5 Oy, JU V) and B is a nonzero integer.

Combining (3) with (4) yields the required operator P. O
Corollary 10 Assume that f1, ..., fim are D-finite over k(X,t), J is a subset of
{1,....n}and V. C {x;,0yi € {1,...,n]\J} with |V| = n — |J|. Assume fur-
ther that 0x,(fi) = O forall j € J andl = 1,...,m. Then one can compute a
nonzero L € k{{t, 9;} U V) such that L(f;) =0 foralll =1,...,m.

Proof In Lemma 9, set [ = (. O

W Birkhauser
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The main result of this section is the following theorem which can be viewed as
a generalization of Corollary 10 to differential forms. To describe and prove this
theorem, let us recall some notation from the first chapter of [43]. For any f € R, we
define dp(f) = 0 and

ds(f) = ax1 (f)dxl +- 4+ axs (f)dxA

for s € {1,2,...,n}. We can extend d; to the module /\(M) in a natural way.
Precisely, letw = Z;":l fim; where m; is amonomial in dxy, ..., dx,. Thendp(w) =
0 and

do(@) =YY "0 (fiddxj Amy =Y dxj A dy; ().

i=1 j=1 j=1
By definition, one sees that
dy(u Adxg) =ds—1(u) Adxy and dg(u) = ds—1 (1) + dxg A Oy, ().

Theorem 11 Assume that 0 < s <n,V C {Xg41,...,Xp, Oxpyys - .- Op, ) With [V] =
n—sandw € N\’ (M). Ifdsw = 0, then one can compute anonzero L € k{{t, 3,}UV)
and € NP1 (M) such that L(w) = dgp.

Remark12 1. If p = O,then w = f € Randd;f = O if and only if s = O or
Oy, (f) =0forall 1 <i <sifs > 0. Therefore Corollary 10 is a special case of
Theorem 11.

2. Note that the parametrized Poincaré’s lemma is just the special case of Theorem 11
when s = n.

Proof We proceed by induction on s. Assume that s = 0 and write

m
0= fim
i=1

where m; a monomial in dxq, dxz, ..., dx, and f; € R. By Corollary 10 with [ = @,
one can compute anonzero L € k({t, 9;}UV ) suchthat L(f;) = Oforalli =1, ..., m.
Then one has that

L(w) = Z L(fH)m; =0.
i=1

This proves the base case. Now assume that the theorem holds for s < ¢ and consider
the case s = £. Write

w=uANdx;+v

) Birkhauser



36 Page8of23 S.Chenetal.

where both © and v do not involve dx;. Then the assumption d;w = 0 implies that
de_ju ANdxy +dpv =dp—ju Adxp +de—1v +dxg A 8)(,(”) =0.
Since all of d¢—ju, d¢_v, 9y, (v) do not involve dxg, one has that dg_jv = 0 and
d¢—1(u) — 9y,(v) = 0. By the induction hypothesis, one can compute a nonzero
L ek({t,x¢,0}UV)andji e AP~ (M) such that
L) = de-1 (). )

We claim that L can be chosen to be free of x¢. Write
d
L= Njx{
o

where N; € k{{t, d;} U V) and Ny # 0. Multiplying L by 8)?[ on the left and using
the formula (2) yield that

JYxy

d
oL =" Njolx] =aNs+ Ni, (6)
j=0

where « is a nonzero integer and N € k{{t, x¢, 0, dy, }U V). The equalities (5) and (6)
together with dy, (v) = dg— (&) yield that Ng(v) = d¢—1 () forsome 7w € /\"’_1(/\/1).
This proves the claim. Now one has that
L(w) = L(u) Adxg +de—1 (1) = L(u) Adxg + dxg A By, () + de ().
Since L is free of X1yoons Xg, I:d( = dzi. This implies that
0= L(de(@) = de(L(@) = de—1 (L)) A dxg + dxe A de—i (95, (72))
= de-1 (L) = 9, () A dxe.

Note that fi can always be chosen to be free of dx,. Hence one has that dg—1 (Z(L_t) —
Oy, (1)) = 0. By the induction hypothesis, one can compute a nonzero L €

k({t, dy,. 8} U V) and 2 € AP~ (M) such that

L (L6 = 0., () = de-1 (). %

Write
e )
L= oM
j=el

W Birkhauser
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where M; € k({t, 9;} U V) and M,, # 0. Multiplying L by xf' on the left and using
the formula (2) yield that

x'L = BM,, + 3x, M

where f is a nonzero integer and M € k{{r, 3, Oy, x¢} U V). Hence applying xgl to
the equality (7), one gets that

BMe, (L) = 85, ()) = demr (5 ) + 8, (M (L) = 0, () ) )
Set L = SM,, L. Then one has that

L(@) = BMe, (L) = 0, () A dxe +de (D))
= (BMey (L) = 02, (1) ) A dxe + de(BMey (1))
= deo (6§ 1) A e+ 0 M (L0) = 85, () A ke + de(BMe, ()
= do (x{" 2+ M (L0 = 0, () + BMey (7)) -

The last equality holds because

det (W1 (L) = 95, ()) ) = Mde-y (L) = 0, () = 0.
[m}

Remark 13 Lemma 5 can be derived from the finiteness of the de Rham cohomology
groups of D-modules in the Bernstein class. To see this, let @ be a differential s-form
with coefficients in R and let M be the D-module generated by all coefficients of
o and all derivatives of these coefficients with respect to d;. By Proposition 5.2 on
page 12 of [6], M is a D-module in the Bernstein class. Assume that  is closed. Then
o (w) e H g (M), the s-th de Rham cohomology group of M, for all nonnegative
integers j. By Theorem 6.1 on page 16 of [6], H},,(M) is of finite dimension over

k(t). This implies that there are ay, ..., a, € k(¢) such that ZT:O aj B,j (w) =01in

Hj p(M), ie., Z?:o aj d/ (w) is exact. This proves the existence of telescopers for
the d;-closed differential forms. However the proof of Theorem 11 is constructive and
it provides a method to compute a telescoper if it exists.

The proof of Theorem 11 can be summarized as the following algorithm.

Algorithm 14 Input: € A’ (M) and V C {x;, dy,]i = s + 1, ..., n} satisfying that
dy(w) =0and |V|=n —s.
Output: a nonzero L € k({t, 9;} U V) such that L(w) = ds(u).

1. If w € R, then by Corollary 10, compute a nonzero L € k({t, d;} U V') such that
L(w) = 0. Return L.

) Birkhauser
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2. Write @ = u A dxg 4+ v with u, v not involving dx;. ~
3. Call Algorithm 14 with v and V U {x,} as inputs and let L be the output.

(a) Write L= Z?:o ijsj with N; € k({t, 9,} U V) and Ny # 0.
(b) Compute a i € AP~ (M) such that Ng(v) = ds_(f1).

4. Write Ng(w) = (Ng(u) — 0y, (1)) A dxs 4+ dg(i2). B

5. Call Algorithm 14 with Ngy(u) — 9, (1) and V U {0y, } as inputs and let L be the
output. ‘

6. Write L = Z?:el 3] M; with M; € k({t, 3} U V) and M,, # 0.

7. Return M, Ng.

4 The existence of telescopers

It is easy to see that if a differential form is d;-exact then it is d;,-closed. Therefore
Lemma 5 implies that given an w € A\” (M), to decide whether it has a telescoper,
it suffices to decide whether there is a nonzero L € k(t)(9d;) such that L(dw) = 0.
Suppose that

do = E aiy,..., ip+1dxi1 coedxpt, ai, apy1 € u.

I<ij<--<ipt1=n

Then L(dw) = 0if and only if L(a;,,..., ip+l) =0foralll <ij <--- <ipy1 <n.So
the existence problem of telescopers can be reduced to the following problem.

Problem 15 Given an element f € R and its minimal annihilating operator P €
K (0;), decide whether there exists a nonzero L € k(t)(0;) such that L(f) = 0.

Example 16 Let W(¢) be as in Example 1. Then W(¢) € R since it is rational in
X1, ..., Xs, t. Its minimal annihilating operator in K (9;) is

X1X2X3X4X5
P == 3, +

%(xl5 + xg + xg + xi + x55) — tx1x2x3x4x5.

Set L = 312- Then L is a nonzero operator in k() (d;) such that L(W (¢)) = 0.

Note that f is annihilated by a nonzero L € k(¢)(9;) if and only if P is a right-hand
factor of L, i.e. L = QP for some Q € K({(9,). For convenience, we introduce the

following definition.

Definition 17 An operator P € K (9;) is called (x, t)-separable if there is a nonzero
L € k(t)(d;) such that L = QP for some Q € K(9;).

Problem 15 then is reduced to the following one.

Problem 18 Given a P € K{9;)\{0}, decide whether P is (X, t)-separable.

W Birkhauser
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The above problem was called the separability problem in [13] that investigates the
possibility of eliminating the parameters x (not 7) by left-multiplying the operator P
by a specific operator. Many special cases of the separability problem had been studied
in [13] and we will address the general D-finite case in this section. A similar idea has
been successfully applied in the desingularization of linear differential operators. In
this process, multiplying P by an operator on the left enables the removal of factors
of the leading coefficient of P that correspond to the removable singularities, see for
example [17, 18]. It is important to note that desingularization focuses on removing
factors (in ¢) within the leading coefficient, whereas in our case, the objective is to
eliminate the parameters x present in all coefficients. The rest of this paper is aimed
at developing an algorithm to solve the above problem. Let us first investigate the
solutions of (X, #)-separable operators.

Notation 19
Cir={celU|d()=0}, Cx:={celd|Vxex, d,(c)=0}.

Assume that L € k(t)(9;)\{0}. By Corollary 1.2.12 of [38], the solution space of
L(y) = 01in U is a C;-vector space of dimension ord(L). Moreover we have the
following lemma.

Lemma 20 If L € k(t)(9;)\{0}, then the solution space of L(y) = 0 in U has a basis
in Cy.

Proof Let A( be the companion matrix of L(y) = 0, i.e.

0 1
0 1
Ap = .
0 1
—a —dai —ay ... —Am;m—1

wherem = ord(L)and L = 8"+, 19" "4 +ap.Set A; = Oforalli = 1,...,n.
Let 9y = 9;, 0; = 0y, fori =1, ..., n. Then the system

p(Y) =AY, a(Y)=A1Y,..., 9,(Y)=A,Y
satisfies the integrability conditions:
0i(Aj) —0j(A) = AjAj — AjA;
for all 0 < i < j < n. Therefore there is a solution V in GL,, ({/). Let v be the first
row of V. Note that det(V) is the Wronskian determinant of v and det(V') # 0. These

imply that v is a basis of the solution space of L(y) = 0. Since 9;(v) = 0 for all
1 <i < n, v has entries in Cy. O

As a consequence, we have the following corollary.

) Birkhauser
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Corollary 21 Assume that P € K(9;)\{0}. Then P is (X, t)-separable if and only if
the solutions of P(y) = 0 inU are of the form

> gihi. gi€Cr. hie CxnN{f el | Q(f) =0} ®)

i=1
for some Q € K(0;).

Proof The “only if" part is a direct consequence of Lemma 20. For the “if" part, one
only need to prove thatif h € Cx N {f € U | Q(f) = 0} then A is annihilated by a
nonzero operator in k(¢)(9d;). Suppose that h € Cx N{f e U | Q(f) = 0}. Let L be
the monic operator in K (9;)\{0} which annihilates & and is of minimal order. Write

-1
L= 3te+za13;, a; € K.
i=0
Then for every j € {1,...,n}
-1 . -1 .
0= dy,(L(h) = Y 8y, (@)d} () + L3y, (1) = Y . b, (@)} ().
i=0 i=0

The lastequality holds because 4 € Cx. By the minimality of L, one sees that dy; (a;) =
Oforalli =0,...,£—1andall j = 1,...,n. Hence a; € k(¢t) for all i. In other
words, L € k(t)(d;). O

For convention, we introduce the following definition.

Definition 22 (1) Wesay f € U is split if it can be written in the form f = gh where
g € Cyand h € Cy, and say f is semisplit if it is the sum of finitely many split
elements.

(2) We say a nonzero operator P € K (d;) is semisplit if it is monic and all its coeffi-
cients are semisplit.

The semisplit operators have the following property.

Lemma 23 Assume that P = Q1Q> where P, Q1, Q2 are monic operators in
K (0;). Assume further that Q, € k(t)[x, 1/r](d;) where r € k[x,t]. Then P €
k(t)[x, 1/r]{0;) if and only if Q1 is also.

Proof Comparing the coefficients on both sides of P = Q1 Q> concludes the proof. O
As a direct consequence, we have the following corollary.

Corollary 24 Assume that P = Q1 Q2 where P, Q1, Q2 are monic operators in K (9;).
Assume further that Q» is semisplit. Then P is semisplit if and only if Q1 is also.
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4.1 The completely reducible case

In Proposition 10 of [12], we show that given a hyperexponential function 4 over K,
ann(h) N k(t)(d;) # {0} if and only if there is a nonzero p € k(x)[t] and r € k(t)
such that

_ 9 (p)
a =

+r,

where a = 9;(h)/h. Remark that a, p, r with p # 0 satisfy the above equality if and
only if %((% —a) = (0 — r)i. Under the notion of (X, 7)-separable and the language
of differential operators, Proposition 10 of [12] states that 9; — a is (X, #)-separable if
and only if it is similar to a first order operator in k() (d;) by some 1/p with p being a
nonzero polynomial in 7. In this section, we shall generalize Proposition 10 of [12] to
the case of completely reducible operators. We shall use Iclm(Q1, Q») to denote the
monic operator of minimal order which is divisible by both Q1 and Q; on the right.
We shall prove that if P is (x, t)-separable and completely reducible then there is a
nonzero L € k(t)(9;) such that P is the transformation of L by some Q with semisplit
coefficients. To this end, we need to introduce some notations from [35].

Definition 25 Assume that P, Q € K(9,)\{0}.

1. We say P is the transformation of P by Q if P is the monic operator satisfying
that P Q = Alclm(P, Q) for some A € K.

2. Wesay P is similarto P (by Q) if there is an operator Q with gerd(P, Q) = 1 such
that P is the transformation of P by Q, where gerd(P, Q) denotes the greatest
common right-hand factor of P and Q.

Definition26 1. We say P € K(9;) is completely reducible if it is the Iclm of a
family of irreducible operators in K (9;).

2. We say Q € K(0;) is the maximal completely reducible right-hand factor of
P € K(9;) if Q is the Iclm of all irreducible right-hand factors of P.

Given a P € K (d;), Theorem 7 of [35] or Theorem 1.1 on page 4 of [37] implies that
P has the following unique decomposition called Loewy decomposition,

P=MAH.H _|...H

where A € K and H; is the maximal completely reducible right-hand factor of
H, ...H;.Foran L € k(t)(0;), it has two Loewy decompositions viewed as an opera-
tor in k(2)(9;) and an operator in K (9;) respectively. In the following, we shall prove
that these two decompositions coincide. For convenience, we shall denote by Py, —,
the operator obtained by replacing x; by ¢; € k in P.

Lemma 27 Assume that P, L are two monic operators in K (0;). Assume further that
P € k(t)[x, 1/r]{0;) withr € k[x,t], and L € k(t){9;). Let ¢ € k" be such that
r(c) #0.

1. If gerd(Px=c, L) = 1 then gcrd(P, L) = 1.
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2. Ifgerd(P, L) = 1 then thereis a € k" such that r (a) # 0 and gcrd(Pyx—a, L) = 1.

Proof 1. We shall prove the lemma by induction on n = |x|. Assume that n = 1,
and gerd(P, L) # 1. Then there are M, N € k(t)[x1](9;) with ord(M) < ord(L)
such that M P + NL = 0. Write

m—1 K
M=) ad, N=Y b
i=0 i=0

where m = ord(L). If the a;’s have a common factor ¢ in k(¢;)[x], then one sees
that ¢ is a common factor of the b;’s. Thus we can cancel this factor ¢. So without
loss of generality, we may assume that the a; ’s have no common factor. This implies
that My, —¢, 7 0and My, —¢, Px,=¢, +Nx,=¢, L = 0. Since ord(My,—=.,) < ord(L),
gerd(Py=¢;, L) # 1, a contradiction. For the general case, set Q = Py —¢,.
Then Qy,—c,.,....x,=c, = Px=c. This implies that gcrd(Q,=c,.... x,=c,» L) = 1. By
the induction hypothesis, gerd(Q, L) = 1. Finally, regarding P and L as opera-
tors with coefficients in k (¢, x2, ..., x,)[x1, 1/r] and by the induction hypothesis
again, we get gcrd(P, L) = 1.

2. Since gerd(P, L) = 1, there are M, N € K(9;) such that MP + NL = 1. Let
a € k" be such that r(a) # 0 and both My_, and Nx—, are well-defined. For such
a, one has that My—, Px—a + Nx=aL = 1 and then gcrd(Px—=a, L) = 1. O

Lemma 28 Let L € k(t)(9;). The Loewy decompositions of L viewed as an operator
in k(t)(9;) and an operator in K (9;) respectively coincide.

Proof We first claim that an irreducible operator of k(¢){d;) is irreducible in K (d;).
Let P be a monic irreducible operator in k(¢)(d;) and assume that Q is a monic
right-hand factor of P in K(9d;) with 1 < ord(Q) < ord(P). Then P = 00 for
some QO € K(d;). Suppose that Q € k(r)[x, 1/r](3,). By Lemma 23, Q belongs
to k(¢)[x, 1/r]{d;). Let ¢ € k" be such that r(¢) # 0. Then P = QX:CQX:c and
1 < ord(Qx=¢) < ord(P). These imply that P is reducible in k(¢)(9;), a contradiction.
So P is irreducible in K (9d;) and thus the claim holds. Let L = AH, H,_; --- H| be
the Loewy decomposition in k(¢)(d;). The above claim implies that H; viewed as
an operator in K (9;) is completely reducible. Assume that H; is not the maximal
completely reducible right-hand factor of L in K (9;). Let M € K (9,)\K be a monic
irreducible right-hand factor of L satisfying that gcrd(M, Hy) = 1. Due to Lemma 27,
there is a € k" satisfying that gcrd(Myx—a, H;) = 1. Note that My_, is a right-
hand factor of L. Therefore Mx—, has some irreducible right-hand factor of L as
a right-hand factor. Such irreducible factor must be a right-hand factor of H; and
thus gerd(Mx—a, H1) # 1, a contradiction. Therefore Hj is the maximal completely
reducible right-hand factor of L in K (9;). Using the induction on the order, one sees
that AH,.H,_1 - - - H is the Loewy decomposition of L in K (d;). O

Lemma 29 Assume that P is monic, (X,t)-separable and completely reducible.
Assume further that P € k(t)[x, 1/r]{(9;) with r € k[X,t]. Let ¢ € k" be such that
r(c) # 0. Then Px—c is similar to P.
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Proof Let L be a nonzero monic operator in k(7)(d;) with P as a right-hand factor.
Since P is completely reducible, by Theorem 8 of [35], P is a right-hand factor of
the maximal completely reducible right-hand factor of L. By Lemma 28, the maximal
completely reducible right-hand factor of L is in k(1)(3,). Hence we may assume
that L is completely reducible after replacing L by its maximal completely reducible
right-hand factor. Assume that L = QP for some Q € K(d,). By Lemma 23, O €
k(t)[x, 1/r]{0;). Then L = Ox—c Py=c, i.e. Px=c is aright-hand factor of L. We claim
that for a right-hand factor 7' of L, there is a right-hand factor L of L sat1sfy1ng
that gcrd(T L) =1and Icim(T, L) = L. We prove this claim by induction on s =
ord(L) ord(7T). Whens = 0, there is nothing to prove. Assume thats > 0. Then since
L is completely reducible, there is an irreducible right-hand factor L; of L such that
gerd(T, Ly) = 1. Let N = lelm(T, L1). We have that ord(N) = ord(T) + ord(L1).
Therefore ord(L) — ord(N) < s. By induction hypothesis, there is a right-hand factor
L, of L such that gerd(N, Ly) = 1 and Iclm(N, Ly) = L.Let L = Iclm(Ly, L,).
Then

= lclm(N, Ly) = lclm(T', Ly, Ly) = lclm(T, L).
Taking the order of the operators in the above equality yields that

ord(Iclm(T, L)) = ord(Iclm(N, L)) = ord(N) + ord(L»)
= ord(T) + ord(L1) + ord(L7).

On the other hand, we have

ord(Iclm(T, L)) < ord(T) + ord(L) < ord(T) + ord(L) 4 ord(L>).
This implies that

ord(Iclm(T, L)) = ord(T) + ord(L).

Sogerd(T, L) = 1 and then L is arequired operator. This proves the claim. Now let L
be a right-hand factor of L satisfying that gerd(Px=c, L¢) = 1 and lelm(Px=c, L¢) =
L.Let M € k(t)(0;) be such that L = M L. Then Px—, is similar to M. It remains to
show that P is also similar to M. Due to Lemma 27, gcrd(P, L¢) = 1. Then

ord(Iclm(P, L¢)) = ord(P) + ord(L¢) = ord(Px—c) + ord(L¢) = ord(I:).

Note that Iclm(P, L) is a right-hand factor of L. Hence lclm(P, L¢) = L and thus
P is similar to M. O

For the general case, the above lemma is not true anymore as shown in the following
example.
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Example 30 Let y = x;log(t + 1) + x2 log(t — 1) and

(t — D% + (1 + D%xy
=)t — Dxi 4+ (4 Dx)

P=032+

Then P is (x, t)-separable since {1, y} is a basis of the solution space of P = 0 in
U. We claim that P is not similar to Px—, for any ¢ € k2\{(0, 0)}. Suppose on the
contrary that P is similar to Px—. for some ¢ = (c1,c2) € k\{(0, 0)}, i.e. there
are a,b € k(x,t), not all zero, such that gcrd(ad; + b, Px—c) = 1 and P is the
transformation of Px—. by ad; + b. Denote Q = ad; + b. As {1, yx—c} is a basis of the
solution space of Px—¢, {Q(1), O(yx=c)} is a basis of the solution space of P = 0. In
other words, there is C € GL,(Cy) such that

1 ¢
b, byx=c | = (1, y)C.
< a<t+l+t—l>+ Vx c> (1,y)

Note that log(r 4+ 1), log(¢ — 1), 1 are linearly independent over k(x1, x2, t). We have
that b € C,\{0} and bc; = ¢x1,bcy = cxp for some ¢ € C;. This implies that
X1/x2 = c1/ca € k, a contradiction.

When the given two operators are of length two, i.e. they are the products of two
irreducible operators, a criterion for the similarity is presented in [31]. For the general
case, suppose that P is similar to Py—¢ by Q. Then the operator Q is a solution of the
following mixed differential equation

Pz=0 mod Px—c. 9)

An algorithm for computing all solutions of the above mixed differential equation is
developed in [41]. In the following, we shall show that if P is (x, #)-separable then Q
is an operator with semisplit coefficients. Note that Q can be chosen to be of order less
than ord( Px=¢) and all solutions of the mixed differential equation with order less than
ord(Px—¢) form a vector space over k(x) of finite dimension. Furthermore Q induces
an isomorphism from the solution space of Px—¢(y) = O to that of P(y) = 0.

Proposition 31 Assume that P is monic and completely reducible. Assume further that
P € k()[x, 1/r](0;) with r € k[x,t]. Let ¢ € k" be such that r(¢) # 0. Then P is
(x, t)-separable if and only if P is similar to Px—¢ by an operator Q with semisplit
coefficients.

Proof Denote m = ord(Px—c) = ord(P). Assume that {«y,...,a;} is a basis of

the solution space of Px—c(y) = 0 in Cx and P is similar to Px— by Q. Write
0 =Y a;d} where a; € K. Then

o] [02) Uy

!/ / !
al az o am

(Q(a1), ..., Qam)) = (ao, ..., am-1)
agm—l) aém—l) gD

and Q(«y), ..., Q(oy,) form a basis of the solution space of P(y) = 0.
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Now suppose that P is (x, t)-separable. Due to Lemma 29, P is similar to Px—c
by Q. By Corollary 21, the Q(«;) are semisplit. The above equalities then imply that
the a; are semisplit. Conversely, assume that P is similar to Px—c by Q and the a;
are semisplit. It is easy to see the Q(w;) are semisplit. By Corollary 21 again, P is
(x, t)-separable. O

Using the algorithm developed in [41], we can compute a basis of the solution
space over k(x) of the Eq. (9). It is clear that the solutions with semisplit entries
form a subspace. We can compute a basis for this subspace as follows. Suppose that
{01, ..., Q¢} is a basis of the solution space of the Eq. (9) consisting of solutions
with order less than ord(Px—.). We may identify Q; with a vector g; € K" under the
basis 1, 9y, ..., 9," ~! Let q € k(x)[t] be a common denominator of all entries of the
g;. Write g; = p;/q foreachi = 1,...,¢, where p; € k(x)[¢t]". Write ¢ = q192
where g is split but g; is not. Note that a rational function in ¢ with coefficients
in k(x) is semisplit if and only if its denominator is split. For ¢y, ..., ¢, € k(x),
Zle cig; is semisplit if and only if all entries of Zle cipi are divided by ¢g;. For
i =1,..., ¢, leth; be the vector whose entries are the remainders of the corresponding
entries of p; by ¢g1. Then all entries of Zf: 1 ¢ip; are divided by ¢g; if and only if
Zle cih; =0.Letey, ..., ¢ be abasis of the solution space of Zle z;h; = 0. Then
{(Q1,...,00)¢; | i =1,...,s}istherequired basis. Consequently, the required basis
can be computed by solving the system of linear equations Zle zih; = 0.

In the following, for the sake of notations, we assume that {Q1, ..., Q¢} is abasis of
the solution space of the Eq. (9) consisting of solutions with semi-split coefficients. By
Proposition 31 and the definition of similarity, P is (x, 7)-separable if and only if there
is a nonzero Q in the space spanned by Q1, ..., Q¢ such that gcrd(Px=c, 0) = 1.
Note that Q induces a homomorphism from the solutlons space of Px—¢(y) = 0 to
that of P(y) = 0. Moreover, one can easily see that gcrd(Px—c, Q) = 1 if and only
if Q is an isomorphism i.e. Q((xl), e, Q(ocm) form a basis of the solution space
of P(y) = 0 where {Oll, ..., 0y} is a basis of the solution space of Px—¢(y) = 0.
Assume that Q Z ao,,-a;' with ag; € K. Using the relation Py—_c(c;) = 0 with
j=1,. monehasthatforallj:1,...,m

m—1 ) ¢ m—1 )
Ofe)) = (Z ao,mﬁ-”) = aal
i=0

i=0

for some a1 ; € K. Repeating this process, we can compute a;; € K such that for all
j=1,...,mandl=1,...,m—1,

m—1 )
0 =>"ael.

i=0
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Now suppose that Q = Zle z; Q; with z; € k(x). One sees that the a; ; are linear in

21, ..., 2¢. Set A(z) = (a;, j)o<i, j<m—1 Withz = (z1, ..., z¢). Then one has that
o o Or) -+ Olam)
Aw | L= : : . (10)
Ay A ICTD L R ¢ A K
It is well-known that Q(ozl), e, Q(ozm) form a basis if and only if the right-hand

side of the above equality is a nonsingular matrix and thus if and only if A(z) is
nonsingular. In the sequel, one can reduce the problem of the existence of Q satisfying
gcrd(Q, Px—¢) = 1 to the problem of the existence of a € k(x)¢ in k(x) such that
det(A(a)) # 0.

Suppose now we already have an operator Q with semisplit coefficients such that
P is similar to Pyx—. by Q. Write 0 = sz;ol b; 8; where b; € K is semisplit. Write
further b; = Zj’:l hi,jB; where h; ; € k(x) and B; € k(¢)\{0}. Let Lo = Px—c and
(@)

let L; be the transformationof L;_; by 9, fori = 1, ..., m—1.Then L; annihilates o ; j
forallj =1,...,mand L; annihﬂatesﬁ,a;”foralu =1,....sandj =1,...,m.
Set

1
=lclm<{L,-—|i=0,...,m—1,l=1,...,s}>.
Bi

Then L annihilates all Q(ai) and thus has P as a right-hand factor. We summarize the
previous discussion as the following algorithm.

Algorithm 32 Input: P € K (9;) that is monic and completely reducible.
Output: anonzero L € k(t)(9;) which is divided by P on the right if it exists, otherwise
0.

1. Write

m—1

P=o"+ ) =9
i=0

where a; € k(t)[x], r € k[x, t].

2. Pick ¢ € k" such that r(c) # 0. By the algorithm in [41], compute a basis of the
solution space V of the Eq. (9).

3. Compute a basis of the subspace of V consisting of operators with semisplit coef-
ficients, say Q1, ..., Qg

4. Set Q Zl 13 Q, and using Q compute the matrix A(z) as in (10).

5. If det(A(z)) = 0O then return O and the algorithm terminates. Otherwise compute
a=(ay,...,a) €k’ such that det(A(a)) £ 0.

6. Setb; tobe the coefficient of d! in Z 1 a;Qjandwriteb; = 3% h; jB;j where
hi,j € k(x)and B; € k(t). Let Lo = Px—c and foreachi =1, ..., m —1 compute
L;, the transformation of L;_1 by o;.
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7. Returnlclm({Li%|i:0,...,m—l,j:1,...,s}>.
J

4.2 The general case

Assume that P is (X, t)-separable and P = Q10> where Q1, Q2 € K(d,). Itis clear
that Q5 is also (X, #)-separable. One may wonder whether Q is also (x, 7)-separable.
The following example shows that Q1 may not be (X, t)-separable.

Example 33 Let K = k(x,t) and let P = 8,2. Then P is (x, t)-separable and

07 = (o +——) (8 - —
L O "xt+1)

The operator d; + x/(xt + 1) is not (x, t)-separable, because 1/(xt + 1) is one of its
solutions and it is not semisplit.

On the other hand, the lemma below shows that if Q> is semisplit then Q; is also
(x, t)-separable.

Lemma 34 (1) Assume that Q1, Q2 € K(9;)\{0}, and Q> is semisplit. Then Q1Q> is
(x, t)-separable if and only if both Q1 and Q3 are (X, t)-separable.

(2) Assume that P € K(9;)\{0} and L is a nonzero monic operator in k(t){d;). Then
P is (x, t)-separable if and only if the transformation of P by L is also.

Proof Note that the solution space of lclm(Py, P»)(y) = 0 is spanned by those of
P1(y) = 0and P>(y) = 0. Hence Iclm( Py, P>) is (X, t)-separable if and only if so are
both P; and P;.

(1) For the “only if" part, one only need to prove that Q1 is (X, t)-separable. Assume
that g is a solution of Q1(y) = O0inl/. Let f be a solution of Q»(y) = ginl/. Such f
exists because U is the universal differential extension of K. Then f is a solution of
010>(y) = 0inU. By Corollary 21, f is semisplit. Since Q5 is semisplit, one sees
that ¢ = Q»(f) is semisplit. By Corollary 21 again, Q1 is (X, 7)-separable.

Now assume that both Q1 and Q> are (X, t)-separable. Let Q € K (0;) be such that
QQZ = L where L € k(t)(9;) is monic. By Corollary 24 and the “only if" part, Q
is semisplit and (x, 7)-separable. Thus lclm(Q1,_ Q) is (x, 1)- separable. Assume that
lelm(Q1, Q) = NQ with N € K (). Since Q is semisplit, by the “only if" part
again, N is (X, t)-separable. Let M € K(d;) be such that M N is a nonzero operator
in k(t)(d;). We have that

Mlclm(Q1, 0)02 = MNQQ> = MNL € k(1)(d,).

On the other hand, Mlclm(Q1, Q)Qz = MI\7IQ1 Q> for some M e K (9;). Hence
P = Q10> is (x, t)-separable.

(2) Since L is (x, t)-separable, we have that P is (x, #)-separable if and only if
lelm(P, L) is also. Let P be the transformation of P by L. Then PL = Iclm(P, L).
As L is semisplit, the assertion then follows from (1). m|
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Assume that P is a nonzero operator in K (9;). Let Py be an irreducible right-hand
factor of P. By Algorithm 32, we can decide whether Py is (X, 7)-separable or not. Now
assume that Py is (X, t)-separable. Then we can compute a nonzero monic operator
Lo € k(t)(d;) having Py as a right-hand factor. Let P; be the transformation of P by
Lo. Lemma 34 implies that P is (X, f)-separable if and only if P; is also. Note that

ord(P;) = ord(Iclm(P, Lgy)) — ord(Lg)
< ord(P) + ord(Lg) — ord(Pg) — ord(Lgy) = ord(P) — ord(Fp).

In other words, ord(P1) < ord(P).Replacing P by P; and repeating the above process
yield an algorithm to decide whether P is (x, t)-separable.

Algorithm 35 Input: a nonzero monic P € K (9;).
Output: anonzero L € k(t)(9d;) whichis divided by P on the right if it exists, otherwise
0.

1. If P = 1 then return 1 and the algorithm terminates.

2. Compute an irreducible right-hand factor Py of P by algorithms developed in [4,

40, 42].

Apply Algorithm 32 to Py and let L be the output.

4. If Ly = O then return O and the algorithm terminates. Otherwise compute the
transformation of P by L, denoted by Pj.

5. Apply Algorithm 35 to P; and let L be the output.

6. Return L{Lyg.

bt

The termination of the algorithm is obvious. Assume that L; # 0. Then L} = Q1 Py
for some Q) € K(9;). We have that P{Lg = Iclm(P, Lg). Therefore

LiLy= Q1PiLyp = Qilclm(P, Lg) = Q1QoP

for some Q¢ € K(9;). This proves the correctness of the algorithm.
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