J. Symbolic Computation (1986) 2, 237-260

Elementary and Liouvillian Solutions of
Linear Differential Equations

J. H. DAVENPORT

School of Mathematics, University of Bath,
Claverton Down, Bath, England

AND

M. F. SINGER

Department of Mathematics, Box 8205,
North Carolina State University, Raleigh, NC 27695-8205, U.S.A.

. (Received 5 November 1985)

Let L(y)=5b be a linear differential equation with coefficients in a differential field k, of
characteristic 0. We show that if L(y) =5 has a non-zero solution Liouvillian over k, then
either L(y) =0 has a non-zero solution u such that u'/u is algebraic over k, or L(y)=b has a
solution in k. If L(y) = b has a non-zero solution elementary over k, then either L(y)=0 has a
non-zero solution algebraic over k, or L(y)=b has a solution in k. This latter fact is a
consequence of the fact that if L(y) = b has a solution elementary over k, then it has a solution
of the form P(logu,,..., logu,), where P is a polynomial with coefficients algebraic over &
whose degree is at most cqual to the order of L(y), and the u; are algebraic over k. Algorithmic
considerations are also discussed.

1. Introduction

In this paper, we shall present some results concerning Liouvillian and elementary
solutions of linear differential equations. We start by giving some definitions. Let k < K
be ordinary differential fields with derivation '. The constant subfield C(K) of K is defined
to be the set of ¢ in K such that ¢’ =0. We say K is a Liouvillian extension of k if (1)
C(K) = C(k) and (2) there is a tower of fields k=K, = K; =...< K, =K such that for
each i=1,...,r, K;=K;_,(6;,) where either (a) 6;eK,_, or (b) 6/8,eK,_, or (c) 6, is
algebraic over K;_,. K is said to be an elementary extension of k if (1) C(K)=C(k)
and (2) there is a tower of fields k=K;c K, <...c K,=K such that for each
i=1,...r K, =K;_,(0) where either (a) for some u#0in K;_,, 8;=1u'/u or (b) for some
uin K;_y, 8i=u'6, or (c) 6, is algebraic over K;_,. We say w is Liouvillian {elementary)
over k if w belongs to a Liouvillian (elementary) extension of k. Qur definitions differ
from the standard definitions in that we assume that the extensions have the same field of
constants as the base fields. If C(k) is algebraically closed, then a differential equation,
with coefficients in k, has a non-zero solution in a Liouvillian (elementary) extension of k
possibly containing new constants, if and only if it has a solution in an extension of the
same type with no new constants. Therefore we could remove this restriction and restate
our results to allow for the possible introduction of new algebraic constants.
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Section 2 is devoted to proving:

THEOREM 1. Let k be a differential field of characteristic O with a,_,, . .., aq, bin k. If
L(y) = y"+a,_,y" P+ ... +agy=>
has a non-zero solution Liouvillian over k, then either:

(&) L(y) =0 has a non-zero solution u such that «'/u is algebraic over k, or
(i) L(y) = b has a solution in k.

This theorem generalises Theorem 2 of Davenport (1986) where the case n=2 was
treated. In Section 2 we also use Theorem 1 to show, when k& is an algebraic extension of
0(x), where x’=1 and Q denotes the rational numbers, that one can decide if L{y)=5b
has a Liouvillian solution, and if so find one.

Section 3 is devoted to proving the following generalisation of Liouville’s theorem on
integration in terms of elementary functions:

THEOREM 2. Let k be a differential field of characteristic 0 and let a,_,,..., a5, b be
elements of k. If
L(y) = Y 40,1 y" "+ . +a,y=b

has a solution elementary over k, then L(y)=>b has a solution of the form P(t,, ..., t,)
where P is a polynomial int,, .. ., t, of degree at most n with coefficients algebraic over k
and each t, is transcendental over k and satisfies t; = uj/u; for some non-zero u; algebraic over
k. Furthermore, if P(ty, ..., t,) is the homogeneous part of P of degree n and a, =0, then
the coefficients in P,(ty, ..., t,) are constants.

In Section 3, we shall discuss the relation between this theorem and Liouville’s theorem
and give an example to show that the coefficients of P and the u;’s do not necessarily lie in
k. In the process of proving Theorem 2, we shall also generalise work of Ostrowski (1946)
concerning the integration of elementary functions that are built up using only logarithms
(and no exponentials), Lemma 7, as well as showing that the vector space of elementary
solutions of L{s) =0 has a basis of a very particular form, Lemma 8. As a corollary to
Theorem 2, we shall also show the following ‘“‘elementary”” version of Theorem 1:

THEOREM 3. Let k be a differential field of characteristic 0 with a,._,, ..., dq, bin k. If
L) =y"+a,- "+ .. +agy=1>
has a non-zero solution elementary over k, then either:

(i) L(y) =0 has a non-zero solution algebraic over k, or
@ity L(y) =b has a solution in k.

This theorem generalises Theorems 1 and 4 of Davenport (1986) where the cases n=1
and 2 are treated. We end the section with a discussion of the problem of deciding if
L(y) =b has an elementary solution. Although we are not able to completely solve this,
we are able to reduce the problem to finding an effective procedure for the following:
given y,,.. ., y,, algebraic over Q(x), find a system L of linear equations with constant
coefficients such that ¢,y,+ ... +c,y, has an elementary anti-derivative if and only if
(¢, - .., c,) satisfies L. This problem can further be reduced (although we do not do so
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here) to a problem in algebraic geometry: given divisors D,, ..., D, on a curve C, find a
basis for the vectors of rational numbers ¢; such that Z¢;D; is a torsion divisor.
Section 4 concludes the paper with a discussion of open problems.

2. Liouvillian Solutions of Linear Differential Equations

Theorem 1 follows easily from parts (a) and (b) of Lemma 1 below. The proof of this
lemma involves several facts from the theory of Puiseux expansions. Let K be a function
field of one variable of characteristic 0, that is, K is a finite algebraic extension of a field of
the form k(), where ¢ is transcendental over k. It is known that for some m, we can embed
K in E((t'™)), the field of formal power series in t'/" with coefficients in k, the algebraic
closure of k, via a map that is the identity on k(t) (Chevalley, 1951, p. 64). Furthermore, if
D is a derivation of K that maps k into itself, then D extends to a derivation of k((t/")) in
such a way that for any element

i
u=y otm

izr

Du=Y (Doc,-)t;vi'l+(z (i/m)cx,-tﬁi"l)Dt

t=r

in k((t'/™) we have

(Chevalley, 1951, p. 114). We shall be interested in derivations D such that either Dtek or
Dt/tek, in which case this fact may be verified directly. Note that part (a) of Lemma 1 is
proved by Rosenlicht (1973) and parts (b) and (c) follow [rom Corollary 3 of Singer
(1976). We give a simplified presentation for the convenience of the reader.

LeEMMA 1. Let k be a differential field of characteristic O and let a,_, .. ., a5, b be in k. Let

L(y) = y"+a,- )"0+ . +agy.

{a) If L(y) =0 has a non-zero solution Liouvillian over k, then L(y) =0 has a non-zero
solution u such that w'/u is algebraic over k. :
b) If L(y»)=0 has no non-zero Liouvillian solutions and L(})=»b has a non-zero
Liouvillian solution z, then z is in k.
(©) If L(¥)=0 has no non-zero elementary solutions and L{y)=b has a non-zero
~ elementary solution z, then z is in k.

Proor. We first recall some facts about Ricatti equations. Let y be a non-zero solution of
L(y)=0and let w=y'/y. We see that y' = wy, y"' = w'y+w?y, y" = w"y+3w'wy+ wy, etc.
Substituting these expressions in L{y) =0 and dividing by y, we see that w satisfies a non-
linear differential equation of order n—1 of the form

R(w) = w'+f(w, w, ..., w1y =0,

where f is a polynomial of degree less than n. Conversely, if w satisfies R(w) =0, then
y=-exp ([ w) satisfies L(y)=0. R(w)=0 is called the Ricatti equation associated with
L(y) =0. Furthermore, the constant term of f(w, w/, . .., w" ™ V) (and therefore of R(w)) is
ao. Therefore R(w) has no constant term if and only if L(1) =0, i.e. L(y) has no term of
order 0. The Lemma is trivial if L(1) =0 so we may assume L(1)#0.

(a) From the preceding discussion, we see that it is sufficient to prove the following:
Let R(w) =0 be a Ricatti equation and let K be a Liouvillian extension of k. If R(w) =0
has a solution in K, then R(w)=0 has a solution algebraic over k. Replacing k by its
algebraic closure and proceeding by induction on the transcendence degree of K over k, it
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suffices to prove this when K is an algebraic extension of k(t) where t'ek or t'/tek. We
can expand any ueK in fractional powers of t7! as
u= z O(il";l
izp
where o, # 0. The integer p is called the order of u and is denoted by ord u. If ' ek we
have o
n o apt 0 +terms involving higher powers of t'm .

Ift'/tek, _
(2) v = (o~ (p/may(t /t))t m +terms involving higher powers of tm .

In either case, we have ord «' = ord u, so ord u® > ord u for all i = 0. We now claim that if
w satisfies R(w)=0, then ord w=0. If ord w<0, then ord (w")=n ord w while ord
(ftw, w', ..., W~ 1) = (n—1) ord w contradicting the fact that

R(w) = w'+flw,w, .., w" 1)=0.

If ord w> 0, then, recalling the fact that we are assuming f has a non-zero constant
term, ord f(w,w', ..., w" ) =0. Since ord (w")>0, we get a contradiction from

1
W fw, W', ..., w" ) =0. Therefore ordw=0. Setting w=oag+a;tm+... and
referrmg back to (1) and (2), we have that w® = ¢ +terms involving positive powers of

1
t”m, Comparing coefficients of (t"m)° in R(w) =0, we see that R(x,) = 0. So R(w) =0 has
a solution in k.

(b) Let K be a Liouvillian extension of k containing a solution u of L(y)=b, b#0.
We shall first show that u is algebraic over k. Using induction on the transcendence
degree of K over k, we may assume that K is algebraic over ky(t), where k, is the
algebraic closure of k and '€k, or t'/tek,. Expanding u in fractional powers of t ™%, we
have

i
u=>y ot m,
izp

where each «; eko and a, #0. If 'k, thcn as before, we have u’ = ot 'n+ higher powers
1

of t7m, u' =yt m+h1gher powers of ¢t"m, etc. Furthermore, if p#0, we can compare
coefficients of ¢ “m in L(u)=>b and deduce that L(x,) =0, contradicting the fact that
L(y) = 0 has no non-zero Liouvillian solutions. If ¢'/tek, then
' = ey (p/moy(¢ /1)t i+
terms involving higher powers of t_%
= (apt'ﬁ)’—f-terms involving higher powers of t”"li.
Similarly, 1’ = (ocpt—%)” terms involving higher powers of t'ﬁ. Therefore, the t'ﬁ term of

L{u) is of the form L(ocpt'%). If p#0, we would have a Liouvillian solution of L(y) =0, a
contradiction. Therefore, in both cases, we have p=0 and L(a,)=b. This implies that
L{wg—u) =0, 50 u =04 ky. We now have that u is algebraic over k and wish to show that
u is in k. Let Tr denote the trace function from k(u) to k. We then have that
mb = Tr(L(u)) = L(Tr(u)) for some integer m. Therefore u—(1/m)Tr(u) is a Liouvillian
solution of L(y) =0 and so u= (1/m)Tr(u) k.
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(¢) The proof is identical to that of part (b) once one replaces all occurrences of the
word Liouvillian with the word elementary. 0O

The following example, from Davenport (1986), shows that Theorem 1 cannot be
improved.

ExaMmrLE 1. Consider the equation y'-+y = 1/x. This has a solution,

y =exp(—x) ([(l/x) exp X>,

that is Liouvillian over C(x), C being the complex numbers. By degree arguments, one
can show that neither y'+y = 1/x nor y'+y =0 have non-zero solutions in C(x) (or, by
elementary galois theory, do not have non-zero solutions algebraic over C(x)) but, of
course, ¥ +y =0 has a solution u = exp (—x) such that u'/u e C(x).

We now turn to the problem of deciding if L(y) =b has a Liouvillian solution and
finding such a solution if it exists. When k is a finite algebraic extension of Q(x) and L(})
has coefficients in k, the second author showed how to find, in a finite number of steps, a
basis for the vector space of Liouvillian solutions of L(y)=0 (Singer, 1980). If, in
addition, b is in k, this algorithm can be used to decide if L(y)=25b has a Liouviilian
solution. Since we shall present a better algorithm below, we will only give an outline.
Define a new homogeneous linear differential equation L,(y)= Ly(L(y)) where
Lo(y) =y —(b'/b)y. Any solution of L(y)=b will be a solution of L,(y)=0. Using the
algorithm of Singer (1980) we construct a basis y,,..., ¥, for the vector space of
Liouvillian solutions of L (y) =0. Let z, =L(y,), 2, =L(¥3), - . -» Zm = L(¥). We must
now decide if b is a constant linear combination of z,, ..., z,,. First, we find a maximal
linearly independent subset of z,, ... z,. To do this we need only look at various
Wronskian determinants W(z;,, ..., z;) and decide which are 0 and which are not. Say
{z,, ...z} form a maximal linearly independent set. We then decide if Wr(b, z;, . . ., 29 is
zero or not. If it is not zero, then L(y)=b does not have a Liouvillian solution. If
Wr(b,z,,...,2,)=0, then L(y)=>b will have a solution of the form ¢,y;+ ... +¢. ),
where the ¢; are constants that can be determined from the minors of the Wronskian
matrix of Wr(b, z,, . . ., z,).

This approach to the problem has several drawbacks. The first is that although we start
with an nth order differential equation, we are immediately forced to find the Liouvillian
solutions of an (n+ 1)st order differential equation. Since the algorithm for finding such
solutions increases greatly in difficulty as » increases, and, in fact, has not been
implemented beyond the case n=2, we would hope to avoid this. Second, in this
algorithm, we are forced to perform calculations in a (possibly complicated) Liouvillian
extension of k. This again could make the calculations very difficult. The above
considerations allow us to give an algorithm that avoids these pitfalls. We need the
following two lemmas before we can give the algorithm.

LEMMA 2. Let k be a finite algebraic extension of Q(x) and let k[ D] be the ring of linear
differential operators with coefficients in k. Let A be an n x n matrix with entries in k[D] and
B an nx 1 matrix with entries in k. T hen one can decide in a finite number of steps if AY =B
has a solution Y that is an nx 1 vector with entries in k and if so, find such a Y.

PROOF. We may write k==Q(x,«) where « is algebraic over Q(x) of degree N.
La,...,a¥ ! will form a Q(x) basis of k over Q(x). Define new vector valued variables
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Y, i=0,..,N—1 and set Y=Yy+o¥+...+a" " 'Yy_,. We may also write
A=Ay+aA;+... +a¥ Ay, and B=By+0oB,+ ... +a¥ " 1By_,, where the A; have
entries in Q(x)[D] and the B; have entries in Q(x). Substituting these expressions into
AY = B, replacing derivatives of a by their known expressions in terms of 1,a, ..., aV"?,

multiplying out and again rewriting in terms of 1, a, ..., 2™~ ! we get

AoYo+aA Y+ ...+ Ay Yo =Bo+aB, + ... +a¥ 'By_,,

where the A, have entries in Q(x)[D]. Comparing powers of «, this latter equation is
equivalent to AY =B, where A is an nN x 1N matrix and Y and B are nN x I matrix
given by

A,
- A, 0
A=
0
‘KN-I
Y,
v=| :
YN—l
By
B :
By

Solving AY = B over k is equivalent to solving AY =B over Q(x). We therefore have
reduced the problem to proving the lemma when k = Q(x).

We now make a further reduction. As noted by Poole (1960, pp. 33-41) we can find
nx n matrices U and V with entries in Q(x)[D] such that C = UAV is a diagonal matrix.
Furthermore, U will have a left inverse U~! and V will have a right inverse V™!, Y is then
a solution of AY =B if and only if W=V ™'Y is a solution of CW =UB. If we write
W =(w;,...,w,)" and UB=(f1,...,f,)T, then CW =UB can be written as

Ll(W1) =f)
Ly(wy) =f3
L) = fos

where the L; are linear differential operators with coeflicients in Q(x). Therefore, to prove
the lemma, it is enough to be able to decide if L(y) = f has a solution y in Q(x), where L is
a differential operator with coefficients in Q(x) and fis in Q(x). An algorithm for this is
given by Singer (1981, p. 667). O

The following is an example of the method described in Lemma 2.

ExampLE 2. Let k = Q(x, \/E) and n=1. We wish to decide if

Y+/xy = (D4 /x)y = 1+x/x
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has a solution in k and, if so, find such a solution. Letting y = Y, + Yl\/;c, we have

(DYy+xY)) +(Yo+(D+(1/2x)Y) = x+ x./x

or in matrix notation
) ( 0) (1)
i D 1 Y,/ \x

2x

This is the equation AY = B. We now perform elementary row column operations on A to
reduce it to a diagonal matrix. These are done in the following order: (1) Subtract
(D+(1/2x)) times the first column from the second column (this corresponds to
multiplying on the right by V, below). (2) Subtract D times the second row from the first
(this corresponds to multiplying by U, on the left). (3) Interchange the first and second
row (this corresponds to multiplying by U, on the left). We then have

C = UlUlAVI = 1 0 ]

1 1
0 —D>*——D+—

2x + 2x? +x
where

0 1 0 0 1
We denote U,U; by U and V,; by V. We must now solve CW = UB, that is

et ) )=
1 1 w,) \0/
D2 — !
0 -b 2x D+ a2 T*
This corresponds to the two linear equations W, = x and
WY+ (1/2x)W, — (1 2x*) W, —xW, = 0.

The only solution in Q(x) of the second equation is 0 as can be seen by expanding W, in
partial fractions and comparing degrees. Computing Y = VW, we see that Y, =x, Y; =0.

So y=x is a solution ofy’+\/;y= 1+x\/§.

1
1 —(D+=—
1 ~D 0 1 ( 2x>

LEMMA 3. Let E = F be differential fields with C(E)= C(F) and let a,_,, ..., a9 and b be
elements of E. Let @€ F be transcendental over E and satisfy 0'/6cE. If

L(y) = y"+a,_y" D4+ ... +agy = b

has a solution in E(8), then it has a solution of the form B6 with Be E. Furthermore, B will
satisfy a linear differential equation Ly(y) = b where the coefficients of Lo(y) lie in E and
can be determined from a,_1, . . ., ay and 8'/6 and any solution B of L(y) = b will determine
a solution BO of L{y) = b0.

PrOOF. Let ueE(f) be a solution of L(y)=>b0. We claim that the only irreducible
polynomial p in 6 that could possibly divide the denominator of u is p=46. To see this
assume that p# 6 is an irreducible polynomial dividing the denominator of u. Since p’
does not divide p, we can apply L to the partial fraction decomposition of u and conclude
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that p divides the denominator of L{u). Since p does not divide the denominator of b6, we
have a contradiction. Therefore,

u=B_,07"+...+By+B,0+...+B,&.

For each i, L(B;#") is a monomial in @ of degree i. Therefore, comparing powers of 8 in
L(u) = b, we have L(B,0)= b6. Since &'/0 € E, we can write L(B, 8) = Ly(B,)6 where L, is
a linear operator whose coefficients lie in E and can be determined from a,., ..., 4
and 8'/6. 01

We now present our algorithm based on Theorem 1. In fact we shall prove a stronger
result below.

PROPOSITION 1. Let k be a finite algebraic extension of Q(x) and let a,_4, . . ., ag, b and u be
in k. Let n satisfy #'/n = u and assume C(k(n)) = C(k). Furthermore, if  is algebraic over k,
assume that we are given the minimum polynomial of v over k. One can then decide, in a
Jfinite number of steps, if

L(y)=y"+a, . y" "+ ... +agy = by

has a Liouvillian solution, and if it does, produce such a solution.

ProoFr. We shall proceed by induction on n. For n=1, L(y) = y' +a,y = by always has a

Liouvillian solution
y = exp (—- Jao) an exp (jao).

Now assume that the proposition is true for equations of order <u. If L(y)=bn has a
Liouvillian solution, then Theorem ! implies that either L(y) = by has a solution in k(#)
or L(y)=0 has a solution w such that w'/w is algebraic over k. Let us first decide if
L(y) = by has a solution in k(n). If n is algebraic over &, Lemma 2 allows us to decide if
L(y) = by has a solution in k(x) (a finite algebraic extension of k) and find one if it does. If
# is transcendental over k, Lemma 3 implies that if L(y) = by has a solution in k(#), it has
one of the form Bn, where B is in k and satisfies a differential equation of the form
Ly(y) = b whose coefficients can be computed from a,.4, .. ., ¢y and u, We use Lemma 2
to decide if Lo(y) = b has a solution and find one if it does. If B is such a solution, then By
satisfies L(y) = by. Therefore we can assume that L(y) = bn has no solution in k(y). Let us
now decide if L(y) =0 has a solution w such that w'/w is algebraic over k. Theorem 4.1 of
Singer (1980) allows us to decide this question. If L(y)=0 has no such solution,
Theorem 1 implies that L(y) =b has no Liouvillian solution. If L(y)=0 has such a
solution, then Theorem 4.1 of Singer (1980) allows us to find a v, algebraic over k such
that any element { satisfying {'/{ = v also satisfies L(y) = 0. For any such {, we can define
a new variable y, by y={y,. We then have L({y;)=(L{(¥})){ where L, is a new
differential operator of order n—1 whose coefficients lie-in k(v) and can be determined
from the coefficients of L and v. Furthermore, if y satisfies L(y) = by, then y| will satisfy
Li(y)) =bn{ ™" (where y, = y¢{ ™). Note that 6 =n{ ™" satisfies 8'/6 = u—~v. Conversely, if
z is a Liouvillian solution of L,(z) = b8 where 8 is any solution of /0 =u—v and ( is any
element satisfying ('/{ =v, then y={fz is a Liouvillian solution of L(y)=bn. Using
techniques of Risch (1970) or Baldassarri & Dwork (1979, pp. 68-71), we can determine if
0'/60 = u—v has an algebraic solution and find one if it does (by finding 6 we mean we
have determined its minimal equation). If this latter equation has an algebraic solution,
denote this by . If it does not have an algebraic solution, we can formally adjoin a
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transcendental solution, which we also refer to as 8. Note that C(k(v, 8)) is at worst
algebraic over C(k). Let k, be the algebraic closure of k in k{v,8), no=>5b6 and
uo=u—o+b'/b. We then apply the induction hypothesis to decide if L,(z) =1y, has a
Liouvillian solution and produce one if it does. By the above discussion, this is enough to
determine if L(y) = by has a Liouvillian solution. 0O

Note that our procedure does not increase the order of the differential equation and
that all calculations can be performed in algebraic extensions of Q(x). '

The following example illustrates the method described in Proposition 1.

EXAMPLE 3. Let k = Q(x), H = exp (x?) and consider the equation
Yy =2y +y=(2x—1)e*.

The first step in the algorithm is to determine if this equation has a solution in k(). If it
does, the solution will be of the form Bn where Bek and B satisfies

B"+2(x—1)B'+(3+4x*)B = 2x~1.

If B = p/q where p and q are relatively prime elements of Q[x], ¢ monic, one sees (using
partial fractions) that g = 1. Therefore Be Q[x]. Comparing degrees we see that no such B
can exist.

We now must determine if y”—2y'+y =0 has a solution { such that {'/{ is algebraic
over Q(x). An aigorithm for this is outlined by Singer (1981). We shall only test to see if
y"—2y'+y=0 has a solution { such that {'/{ is in Q(x) and use the simpler algorithm
referred to in Lemma 3.4 of Singer (1981) (since y”—2y'+ y = 0 has constant coefficients
we immediately see that ¢ is such a solution, but using this algorithm will be instructive).
Write { =exp (j R) where Re Q(x) to be determined. Since

{"—20'+{ =(R"+R*=2R+1){ =0,
R satisfies R'+R*~2R+1=0. If ceQ is a zero of the denominator of R, we may write
_a—n o—n+1
T (x—c)  (x—o)!

Substituting the expression in R'+R?*—2R+1=0 and equating coefficients, we see that
n=1and «®,—&, =0 or «_, = 1. This implies that

1 1
= G—c) +...+ ——“(x—c,,,) +p(x)

for some p(x)e Q[x] (of course, we have not yet determined the ¢; or even how many of
them there are). We now determine the order of R at infinity. Let

R=oa,x"+o, (X" ' ... Fog+a_ x '+....

Substituting this expression in R'+R?—2R+1 we see that n=0, so p(x)=ceQ.
Furthermore, the x° term in R'-+R*—~2R+1is ¢?—2c+1 so ¢ =1. Therefore

1 1
zexp( Qc—-c_1)+"'+(x—cm) +1)
=/(x) &%,
where f(x)=(x—c¢;)...(x—c,). Substituting this expression for { into y'=2y4+y=0
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yields #"—2¢'+n=f"e*=0, so f(x)=co+c,x. Any { will serve our purposes, so let
co=1,¢,=0and {=e".
Proceeding as described in Proposition 1, we let y=¢e*y,. We then have

y'=—=2y+y=e"y =(2x—1)e*.

Therefore y; = (2x~1)e¥ ~*. Rewriting this as (y})' = (2x—1)e™ %, we have y; =¢¥ "
S0
y= e~ J‘ex2~x.

3. Elementary Solutions of Linear Differential Equations

Although our aim is to prove Theorem 2, a statement about elementary solutions of
differential equations, we will first have to take a closer look at Liouvillian solutions, We
shall need some facts from the Galois theory of differential equations. Let k be a
differential field of characteristic 0 with algebraically closed subfield of constants. Let

L(y) =y +a,- )" D+ . +a,y=0

be a linear differential equation with coefficients in k. We say E is the Picard—Vessiot
(P.V.} extension of k corresponding to L(y)=0 if. (1) E=k<{y,,...,y,> (.. E is
generated over k by yy, ..., y, and all their derivatives) where y,, .. ., y, are solutions of
L(y) =0, linearly independent over C(k), and (2) C(k) = C(E). It is known that given k
and L(y) as above, the corresponding P.V. extension exists and is unique up to
isomorphism (Kolchin, 1973, p. 412). Let E=k{y,,..., y,> be a P.V. extension of k
corresponding to L(y) =0 and let ¢ be a differential k-automorphism of E. Since o(y,)
satisfies L(y) =0, we have that

o(y) = _Zl Cii Yy
i=

for some constants ¢;;. From this fact, we can deduce that the group of differential
k-automorphisms of E is isomorphic to a group of invertible n x n matrices with entries in
C(k) via the map identifying o with (c;;). The group of differential k-automorphisms of E
over k is called the Galois group of E over k and is denoted by G(E/k). It is known that
an element ueE is actually in k if and only if ou = u for all ¢ in G(E/k) (Kolchin, 1973,
p. 398).

A differential field K is said to be a primitive (logarithmic) extension of k if K is a
Liouvillian (elementary) extension of k and the elements used in building the tower from k
to K are either algebraic or integrals of elements in the previous field (logarithms of
elements in the previous field). u is said to be primitive (logarithmic) over k if u lies in a
primitive (logarithmic) extension of k.

LeMMA 4. Let k be a differential field of characteristic O with an algebraically closed field of
constants. Let a,_ 1, ..., ay be in k and let E be the P.V. extension of k corresponding to

L(y) =y" +a,- 1 y" "+ ... +ay=0.
(@) If u is a solution of L(y)=0 and C(k{u))= C(k) then there is a differential
k-isomorphism of k{u) into E.

(b) If L(y) =0 has a non-zero Liouvillian (elementary, primitive, logarithmic) solution,
then for some r, 1 <r<n, L(y)= L,_ (L)), where L,~, and L, are linear differential
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operators of order n—r and r respectively with coefficients in k and the P.V. extension of k
corresponding to L,(y) =0 lies in a Liouvillian (elementary, primitive, logarithmic) extension
of k.

Proor. (a) Let E be a P.V. extension of k associated with L{y)=0 and let
k{ud<z,, ..., z,> be the P.V. extension of k{u) associated with L(y) =0. Since z,,...,z,
form a basis for the set of solutions of L(y) =0, we have that

n
u=7y ¢z
i=1

for some c¢,eC(k{ud)= C(k). Therefore uek{z,,..., z,». Since P.V. extensions are
unique, there exists a k-isomorphism o mapping k{z,, ..., z,> onto E. g restricts to an
isomorphism of k{u> into E.

(b) We shall prove this in the Liouvillian case, the other case following in a similar
manner. Let E be the P.V. extension of k corresponding to L(y)=0. If L(y)=0 has a
Liouvillian solution then, by part (a), we can assume L(y)= 0 has a Liouvillian solution
in E. Let V be the C(k)-vector space of such solutions and let y,,. . ., ». be a basis for this
space. Let

Wr(y, Vs« o Vo)
Ly =~ de,
Wr(yiv cts yr)
where Wr(y,, ..., 5} is the Wronskian determinant. We claim that L,(y) has coefficients

in k. First note that any o€ G(E/k) will leave V invariant. Therefore ¢ restricted to V can
be represented by an rxr matrix (c;) with entries from C(k). If we apply o to the
coefficients of L,(y) and denote this by If(y), we have
Wr(y= OVis + e ns ayr)
Wr(ayy, . .., oy,)
— det (Cl'j) ) Wr(y’ Yiseon yr)
det (c;)  Wr(yis -0 1)

=L(y).
Therefore, the coefficients of L,(y) are left fixed by all ¢ in G(E/k) and so lic in k., We can
find b,_,~4, ..., by in k so that the operator

Lyy) = L) =Ly = by -y (LW L —=bo (L (1))
= L(y)— L, - (L))

has order equal to s <r. L(y) =0 will have r linearly independent solutions y,, ..., ¥, 50O
it must be identically zero. Therefore L(y)=L,-(L{y). The P.V. extension of k
corresponding to L.(y) = 0 is isomorphic to k{y,, . . ., ¥,». Since each y, is Liouvillian, this
P.V. extension lies in a Liouvillian extension of k. [

L(y) =

LEMMA 5. Let k be a differential field of characteristic O and let a,_ ., . . ., a, be elements of

k. If
L(y) = y"4a,_ y" V... +aey=0

has a non-zero elementary solution, then L(y) =0 has a non-zero solution u such that
wiu=up+ Y, cu/u,

where the u; are algebraic over k and the c¢; are constants algebraic over k.
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ProoF. We may assume that k has an algebraically closed field of constants, By part (b) of
Lemma 4, we may write L(y) = L,_ (L)) for some r, 1 <r=<n, where L,., and L, are
linear operators with coefficients in k and where the P.V. extensions E of k associated
with L(y) = 0 lies in an elementary extension of k. By part (a) of Lemma 1, L(y) =0 has
a solution u such that u'/u is algebraic over k and by part (a) of Lemma 4, we may assume
ueE. Therefore u is elementary and so {u'/u =1log u is elementary. By Liouville’s theorem
(Theorem 3 of Rosenlicht (1976), we have that u'/u =up+ Y ¢,uj/u; for some u; algebraic
over k and constants ¢; algebraic over k. 3

LeMMA 6. Let k be a differential field of characteristic 0 and let a
ink, If

., Qg, b be elements

n—1s - -

L(Y) = y(")'*'an—1y("_l)+ R +aOy = b -
has a non-zero solution in a primitive extension of k, then either:

(i) L(y) =0 has a non-zero solution in an algebraic extension of k, or
(ii) L(y) = b has a solution in k.

PrOOF. Note that we do not exclude the case b=0. Let K be a primitive extension of k
that contains an element w such that L(w)=b. We proceed by induction on the
transcendence degree of K over k.

Assume that the transcendence degree of K over k is 0. If b =0, we are done. If b0,
fet Tr denote the trace function from K to k. We then have L(Tr(w)) = Nb for some
integer N. Therefore L((1/N)Tr(w)—w)=0. Either (I/N)Tr(w)—w =0, in which case w is
in k, or (1/N)Tr(w)—w 50, in which case L(y) = 0 has a non-zero solution in an algebraic
extension of k.

We now assume that K is algebraic over F(8) where 0’ € F and where the transcendence
degree of F over k is less than the transcendence degree of K over k. We again treat
separately the cases b#0 and b=0.

If b #0, we expand w in fractional powers of 6~ and write

[}
w=) o m

izp
. . _r . . .
with the a; algebraic over F. Since ('€ F, we have w' = a0 m+terms involving higher

1
powers of 8 m, If p#£0, we compare coefficients of 0”% in L(w)="5 to conclude that
L(a,) =0. Therefore L(y) =0 has a non-zero solution algebraic over F and by induction,
this equation will have a non-zero solution algebraic over k. If p=0, we have L(a,) = b
and so, again by induction, we can conclude that L{y) = b has a solution in k or L(y) =0
has a solution algebraic over k.

If b=0, we may assume k is algebraically closed and use part (b) of Lemma 4 to
conclude that L(y) = L, -,(L,(y)) where L,_, and L, are linear operators with coefficients
in k and where the P.V. extension E of k corresponding to L,(y) =0 lies in a primitive
extension of k. Parts (a) of Lemmas | and 4 imply that L{y) =0 has a solution u in E
where u'/u is in k. Therefore L{y) =0 has a solution u in an extension k(8,, ..., 8,) of k,
having the same constants as k, where (i) '/u is in over k and (ii) for each i, 1 i< m,
either 6, is algebraic over k(6,, ..., 6, ) or 8;isin k(8,, .. ., 6;,-,). Since &), and u'/u are in
k(8y, ..., 06,-), Theorem 2 of Rosenlicht (1976) allows us to conclude that u is algebraic
over k(0,, . . ., 8,,—). Repeating this argument for 8,,_,, .. ., 6; we finally conclude that u
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is algebraic over (and therefore a number of) k. Since u is a non-zero solution of L(y) =0,
we have L(u)=0. 3

Parts of the next lemma appear implicitly in Ostrowski’s 1946 paper. Given a
differential field k of characteristic 0 and an element uek, u # 0, either there is an element
vek such that v' = u'fu or C(k(¥)) = C(k), where ¢ is transcendental over k and t' =u'/u
(Risch, 1969, p. 172). Using this fact, we can construct a field, denoted by k(log), that has
the following properties:

(i) C(k(log))= C(k).
(i) k(log) is a purely transcendental extension of k generated by a set of algebraically
independent elements {t;}, where for each i, there exists a u; ek such that ¢ = uj/u;.
(iii) T uek, u+#0, there exists a t & k(log) such that ¢' = u'/u.

We let k[log] denote the differential ring generated over k by the ¢;. If tek(log) and
satisfies t'ek, then the Kolchin-Ostrowski theorem (Corollary of Rosenlicht (1976))
implies that t=3) ¢;t;+v where each ¢, is a constant, the sum is finite and vek. In
particular, if {7;} is some other set of elements satisfying (i), then k[{7;}]=k[{t;}]. We
shall fix, once and for all, a set {¢;} satisfying (ii).

LEMMA 7. Let k be a differential field of characteristic zero and let k(log) be as above. Let b
be an element of k[log] that is a polynomial in the t, of total degree at most n and let ack.

(@) If y =b has an elementary solution, then it has a solution g in k[log), where g is a
polynomial in the t, of total degree at most n+ 1. Furthermore, the terms of degreen+1ing
have constant coefficients.

(b) If y +ay=D>b has a solution in k(log), then it has a solution g in k[log], where g is a
polynomial in the t; of total degree at most n+1,

ProoF. The proof is by induction on r, the number of ¢, that appear in b.
(i) »=0. Note that in this case b has total degree 0 in the ¢;.

(a) From Liouville’s theorem we can conclude that y' =b has a solution of the form
y=ug+ ) ¢;logu;+d where the c,, d are constant, u,ek and the log u; are in k(log). As
already noted, the Kolchin—-Qstrowski theorem implies that each log u; may be written as
a linear polynomial in the z;, s0 ' =b.

(b) Let wek(log) be a solution of y'+ay =b. If y+ay=0 has a solution u in k, let
w=uwuv. v satisfies (uv) +auv="> so v' =b/u. Since v is elementary, Liouville’s theorem
implies that v is a polynomial of degree at most 1 in the t;, so w=uv satisfies the
conclusion of the Lemma. Therefore we can assume that ' +ay = 0 has no solution in k.
We now claim that y'+ay =0 has no solution in k(log). If u e k(log) were a solution of
¥y +ay=0, then uek(t,,...t,) for some »n. Since /uck and tjek for i=1, ..., n, the
Corollary in Rosenlicht (1976) implies that u would be algebraic over k. Since k(t,, .. ., t,)
is a purely transcendental extension of k, we would have uek, a contradiction. Now, let
wek(ty, ..., t,) for some n. We shall now show by induction on »n that wek (an even
stronger conclusion than our Lemma). If n = 0, we are done. Let K = k(t, ..., t,_;) and
let t=t¢,. We first claim that we K[t]. If not, then some irreducible polynomial p in ¢
divides the denominator of w and we may write

wela Ay

o =1
b
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Substituting this expression into y'+ay =5 we have

—oap'A, aA
e T 2

Since pfp'A,, we have a contradiction. Therefore weK[t] and we may write
w=A,t"+ ...+ A, Substituting into y'+ay =25, we have

A"+ (mA, U+ Ay "+ 4ad, "+ .. =b.
If m> 0, we have A, +aA,, =0, contradicting the fact that y'+ay = 0 has no solutions in
k(log). Therefore, we K and by induction we k.

(ii) r>0. Let ¢ be one of the ¢; appearing in b and let b=b,t"+ ... +b, where the b,
are polynomials in r—1 of the t;,, say ty,..., t.,, of degree at most n—i. Let
K = k(ti, e ey tl“"l)‘

(a) If y = b has a solution in an elementary extension of k, then b = wy+ " ¢,wj/w, for
some w;e K(t) and constants c;. Let

wo = Byt ..+ Byt 3 TS

.= b.

be the partial fraction decomposition of w, where the p;eK[t] are monic and irreducible
and let w;=d, [| p}, ;€K and n; natural numbers. We then have

byt"+ ... +by = B,t"+mB,t" W /u)+ ... +Bg
B D
(252 +gex” f+z x

where ¢’ =u'/u. Comparing degrees we have that m= n+1 and B, =0. Furthermore,

(ZZB“> =0 and ZC,ZE&=O.
1 7 b
Therefore, the B; and 4, satisfy
B,,=0

by = (n+ DB, (' /u)+B,
bn—l = an(uI/u)+B;l—1

b, = 2B,(u'/u)+ B,
d
= B,(u'/u)+By+ Y ¢ Z’

Since B,., is a constant and B, satisfies B,=b,~n+1)B,,(/'/u), the induction
hypothesis implies that B, is a polynomial of degree at most 1 in k[t,, .. ., t,_,], with the
terms of degree 1 having constant coefficients. Since B,, s satisfies B,_; = b,_; —nB,(u'/u),
B,_, is a polynomial of degree at most 2 in k[t,, .. ., t,_,] with terms of degree 2 having
constant coefficients. In this way, we have for i=1,... ., n, B;is a polynomial of degree at
most n—i+1 in k[t,, .. ., t,— ] with terms of degree n—i+ 1 having constant coefficients.
By+Y. ¢;log d; satisfies y' = b+ B,(u'/u). Therefore, by the induction hypothesis, this
latter equation has a solution B that is a polynomial in k[log] of degree at most n+ 1 with
the terms of degree n+1 having constant coefficients. Furthermore, we have
By+Y ¢;log d;= B+c where ¢ is a constant. We would be done if we knew that the d,
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were in k (at this point we only know they are in K). We have
Y ¢id; +(By—B) = 0.

Using a standard trick (Rosenlicht, 1976) we may assume that the ¢; are linearly
independent over the rationals. Since By, B and the d; are in k(log), we may apply
Theorem 2 of Rosenlicht (1976) to conclude that the d; are algebraic over k. Since k(log) is
a purely transcendental extension of k, we have that the d; are in k. Therefore
By=B—Y c/logd;+c. As noted before, the Kolchin-Ostrowski theorem implies that
each log d, is a linear polynomial in the t; with constant coefficients, so the right-hand side
is a polynomial of degree at most n+1 in the t;, whose terms of degree n+ 1 have constant
coeflicients.

(b) Let wek(log) be a solution of y'+ay=>. If y'+ay=0 has a solution u in k, let
w = up, v satisfies (uv) +auv = b, so v' = bfu. Since b/u is a polynomial of degree » in the ¢;,
part (a) implies that v is a polynomial of degree at most n-+1 in the t;. So w==up will
satisfy the conclusion of the Lemma. Therefore, we may assume y'+ay=0 has no
solution in k. This implies as before, that y'+ay =0 has no solution in k(log). We now
will show that weK[t]. If not, some irreducible polynomial p in t divides the
denominator of w and we may write

Aa Aa—l
W= pa + pa——l +.
Substituting into y'+ay = b, we have
—ap'A ad,
a’il"+...+ —+...=Dh.
p p

Since pfp'A, and beK[1], wc- would have a contradiction. Therefore, we have
w= B t"+ ...+ B,. Substituting, we have

Byt™ +(mB,t' + By, _ )" "1+ .. +aB,t"+ .. =b,t"+....

Since y'+ay = 0 has no solution in k(log), we have m=n and B, +aB,=b,. Since we can
have at most one solution of y'+ay = b, in k(log), we can apply the induction hypothesis
to conclude that B, is a polynomial in the ¢; of degree at most 1. Furthermore, since
B,ek[ty, ..., t,~1] we conclude that B, is a polynomial in t,, . . ., t,., of degree at most 1.
B, satisfies y'+ay =b,., —nB,t'. Since the right-hand side of this equation is a
polynomial of degree at most 1 in ¢,,...,t,_; we can again apply the induction
hypothesis to conclude that B,_, is a polynomial in ¢, ..., t,_, of degree at most 2. In
this way we see that each B, is a polynomial of degree at most n—i+1in t(, ..., ¢, -1,
Therefore, w is a polynomial of degree at most n+1int,, ..., t. O

The next lemma shows that the space of elementary solutions of a homogeneous linear
differential equation has a basis of a very special form.

LEMMA 8. Let k be an algebraically closed differential field of characteristic O and let
L(y) =0 be an nth order homogeneous linear differential equation with coefficients in k.
Then there exists a differential field K such that C(K)=C(k) and elements
u,0,i=1,...,m, in K such that

(1) Each u;ek[log] is a polynomial of degree at most n—1.
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(ify Each 6; satisfies ,
v,
010 = vig+ ¥ ciy 2
Uij
Jor some v;;€k and constants c;;.
(@it) {u,64, ..., u,0,} forms a basis for the space of elementary solutions of L(y) =0.

ProoF. Note we do not conclude that the 6, are transcendental over k. The proof proceeds
by induction on n. By Lemma 5, if L(y) =0 has an elementary solution, it has a solution
8 #0 such that 6/60 = v+ Y. ¢,(vj/v;) for some v,ek and constants ¢;. If n= 1, then {6} is
the desired basis. Now assume the lemma true for equations of order less than n. Let
y=0Y and substitute into L(y) = 0. We then have that y satisfies L(y) =0 if and only if ¥
satisfies L(Y’) =0, where L is a linear operator of order n—1 with coefficients in k.
Therefore, the map ¢(y) = (y/8) is a linear map of the space of elementary solutions of
L(y) =0 onto the space of elementary solutions w of L(y)=0 such that w has an
elementary anti-derivative. We wish to construct a good basis for the image of ¢. To do
this, let {u, 0y, ..., u,0,} be a basis for the space ¥ of all elementary solutions of L(y) =0
where the u;, 6, satisfy (i) and (ii) above. Let S be the set of elements z of V satisfying (a)
z = uv where uek[log] is a polynomial of degree at most n—2 and v'/v = wj +Z c(wi/wy)
for some w; € k and constants ¢; and (b) z has an elementary anti-derivative. We claim that
S spans the image of ¢. Let w be in the image of ¢, i.e. w is a solution of L(y) =0 and w
has an elementary anti-derivative. We may write w = ) ¢;u,6,. By combining terms where
8,/0,€k for i # j, we may write w= z;6, where each z;e k[log] is a polynomial of degree
at most n—2 and 6, are as before and satisfy 6,/0,¢k for i#j. Since 6,/0, satisfies
(0./6)/(0,/8)ek and 0,/0,¢k, repeated application of Theorem 2 of Rosenlicht (1976)
shows that 6,/0;¢k(log). Since w has an elementary anti-derivative, Theorem 2 of
Rosenlicht (1975) implies that each z;6; has an elementary anti-derivative and so is in S.
Therefore S spans the image of ¢. Let {u,v,, ..., u,,} be a maximal linearly independent
subset of S. We then have that 6, 0 fu, vy, . . ., 8 fu,v, is a basis for the space of elementary
solutions of L(y) =0. We will show that it is of the desired form. For each v; that is not
algebraic over k(log), Theorem 2 of Rosenlicht (1975) implies that u,v; will have an anti-
derivative of the form Uy, for some U, in k(log). Since U, satisfies y’ -+ (vi/v;)y = u;, part
(b) of Lemma 7 implies that U; may be chosen to be in k[log] and to be a polynomial of
degree at most n— 1. For each v; that is algebraic over k(log), we again have that v, must
be in k. Therefore, uv; e k[log] is a polynomial of degree at most n—2, so by part (a) of
Lemma 7, juiuiek[log] is a polynomial of degree at most n—1. [

LEMMA 9. Let k be an algebraically closed differential field of characteristic O and let
A,—1, - - - g, b be elements of k. Let 0 satisfy 6'/0ck and C(k(0)) = C(k). If

L(y)=y"+a,.1y" " V+...+apy =bb

has a solution elementary over k, then L(y) =b6 has a solution of the form B8, where
Bek[log] is a polynomial in the t; of degree at most n.

ProoF. We proceed by induction on n. Let w be an elementary solution of L(y) = b6. If
n =0, then w = (b/a,)8. Now assume that the result is true for equations of order less than
n. If L(y) = 0 has no elementary solution, then part (c) of Lemma 1 implies we k(8). If 8 is
in k, we may write w= (w0 1)0 to satisfy the conclusion of the Lemma. If 8 is
transcendental over k, then Lemma 3 implies that L(y) = b has a solution of the form Bf
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with B in k, so we again can satisfy the conclusion of the lemma. Therefore we may
assume that L(y) =0 has an elementary solution. Lemma 5 implies that L(y}=0 has a
solution of the form #» with #'/y=wo+2. c(wi/w), where the w,ek and the ¢, are
constants. Since k is algebraically closed, we may select such an # that also satisfies
C(k(8, n)) = C(k) (cf. Risch, 1969). Letting w = yv we see that v satisfies L, ,(v') = byé~*
where L,_, is an operator of order n—1 with coefficients in k. Since v is elementary, we
may apply the induction hypothesis and conclude that L, _,(y) = bfn~' has a solution of
the form BOn~! where Bek[log] is a polynomial in the t; of degree at most n— 1. Since v/
and BOy~! satisfy the same inhomogeneous linear differential equation, we have that
v =BOn~ '+ u,6, where {,0;} forms a basis for the elementary solutions of L, _.,(y)=0
as in Lemma 8. Letting 0, =07 ~! and combining terms, we may write v’ =uy6,+ Y 4,6,
where 6,/6,¢k for i+#j. Since v is elementary, we may apply Theorem 2 of Rosenlicht
(1975) and conclude that each u;6, has an clementary anti-derivative. If 8, is
transcendental over k, then u;6; will have an anti-derivative of the form U;6; where U,
satisfies U+ (6:/0)U;=u;, so by part (b) of Lemma 7, U; may be taken to be a
polynomial in k[log] of degree at most n. If 6, is algebraic over k (and therefore in k), then
0, is a polynomial in k{log] of degree at most n— 1, Part (a) of Lemma 7 implies that it
has an anti-derivative in k[log] of degree at most n. This polynomial may be written as
U,0;, where U, is a polynomial of degree at most n. Since v = Uy, +) 4,6, we have
y=on=Uybyn+) ubn. Since Y U;6;1 is a solution of L(y)=0 and 6,=01n"* we have
that Uy0 is a solution of L(y) = bf of the desired form. 0O

We can finally give the

PrOOF OF THEOREM 2, If we let 6 =1 in Lemma 9, we get the first part of the conclusion of
Theorem 2. Now assume ay= 0. If L(y) =5 has an elementary solution w, w' satisfies

Ln—l(y) = y("_l)'*'an—ly("_Z)"" coetay = b.

Using the first part of Theorem 2, we can conclude that L,_(y)=5 has a solution

Pyek[log] that is a polynomial of degree at most n—1 in the ¢;. Since w' and P, satisfy

the same inhomogeneous linear equation, we may write w' = Po+ ). ¢,u,0;, where {u,6;} is

a basis for the elementary solutions of L,_;(¥)=0 as in Lemma 8. Combining terms if
necessary, we may write w' = wqy0,+ . w,0; where 6, =1, 6,/0,¢ k(log) for i #j and each

w,ek[log] is a polynomial of degree <<n—1 in the f,. Since w is elementary each w;8; will

have an elementary anti-derivative. In particular, Lemma 7 implies that wy6, = w, has an

elementary anti-derivative Pek[log] that is a polynomial in the t; of degree at most n,

whose terms of degree n have constant coefficients. Since {3 w;6, is a solution of L(y) =0,

we have L(P)=b. O

The following lemma shows that the P above may be of degree n and that when ap #0,
the coefficient of the highest degree term need not be constant.

Lemma 10. If m and n are integers, with n= 0, and c is a constant, then y = (c/x™ log"x
satisfies a linear differential equation of order n with coefficients in Q(x).

Proor. We proceed by induction on n. When n=0, y satisfies y =c¢/x". For n>0, let
z=x™y. We then have z' = (nc/x) log" ! x, so by induction, z’ satisfies a linear differential
equation of order n—1. Therefore z satisfies an nth order linear differential equation
L(z) = b. If we replace z by x™y and rearrange terms, we see that y satisfies a linear
differential equation of order n. 0
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Liouville’s theorem on integration in finite terms, Theorem 3 of Rosenlicht (1976) says
that if an element v of a differential field k has an elementary anti-derivative, then
v =g+ Y, cfui/u;), where each u;e k and each ¢, is constant. If we apply our Theorem 2 to
the differential equation y' = v, we may conclude that » has an anti-derivative of the form
v5+ Y. d;log v;, where the d; are constant and the v, are only algebraic over k. We need an
additional argument to show that the v; are actually in k. We may write v = v}, + 3 ci(vif)
with the v;e k, an algebraic extension of k. Letting Tr denote the trace function from k, to
k, we have nv =Tr v=(Tr vo) + 3 c,(Nv,)/Nv;, where Ny, is the norm of v; and n is some
integer. Letting uy=(1/n)Truv,, ;= Nv;, and ¢,=(1/n)d;, gives the conclusion of
Liouville’s theorem. This raises the question of whether or not we can improve
Theorem 2 to conclude that the u, are actually in k. The following example shows that we
cannot.

ExaMpLE 4. Let t = e**+1 and consider the differential field k = C(x, t). The differential

equation
t t+1 ),
v+ (2t> (t(t—l))t

has an elementary solution. In fact, all solutions are of the form

y=2+ \—;_mlog (j"i':) \—;;,

where ¢ is a constant. We claim that we cannot write any such y as y=> u;log v;+w
where u;, v; and w are in k. Assuming the claim, we can conclude that the first part of
Theorem 2 cannot be improved. To prove the claim assume y= ) u,log v, +w as above.

We then have that
()
= log

Ji+1

and the log u; are algebraically dependent over k(\/f). The Kolchin—Ostrowski theorem
implies that there are constants ¢; and a, b in k such that

6+ c;logv; = a+b\/f.

1)J+Zc —a+(b’+-b)\/'
Note that b 50, since \ﬁ ¢ k. Since ¢’ = 2(t— 1), we have
v 17

t—(?:—lj 't‘_b"i"““b

If we write b = p/q where p, ge C(x)[e**], p and q relatively prime and g monic, then
comparing the partial fraction expansions of both sides of the last equation allows us to
conclude that ¢ = 1. We therefore have

2 = (e + )b +e**b,

where b=b,,(e**)"+ ... +by, b;e C(x). Comparing highest powers of e** we get
0 = b,, +(2m+ 1)b,,. This yields a contradiction, since this latter equation has no non-zero
solution in C(x).

Differentiating, we have
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We can also show that the second part of Theorem 2 cannot be improved. The function
y above has an elementary integral given by

fy 2%+ = Iog <§+ >+ log<£:).

Therefore all solutions of
" t , t+1
v (2:) (t(t—l)) +1

1 -1 t—1
2x+§10g2 (—\[—t——> +¢; log (\/_ ) +c,,

Jr+1 Ji+1
where ¢, and ¢, are constants.
To show that the second part of Theorem 2 cannot be improved, we must show that
such an element cannot be written as w+)_ u; log v; with w, u;, v, algebraic over k. If it
could, we would then have

are of the form

0% =w+) ulogu,.
We may assume that the loguv, that appear with non-zero coefficients in this latter
expression are algebraically independent over k. The Kolchin-Ostrowski theorem allows
us to conclude that 8 = ¢;log v; for some constants ¢;. Substituting this expression in
the above formula and using the fact that the log v, are algebraically independent over k,
we have that all the u, and ¢, are 0. This implies that 0 is algebraic over k. The Kolchin—-
Ostrowski theorem implies that § would then be an element of k(\/z), ie f= a+b\/f for
some a, bek. The discussion in the preceding paragraph shows that this is impossible.
We now come to the

PrOOF OF THEOREM 3. By Theorem 2, L{y) =b has a solution in k[log]. By Lemma 6,
either L(y) =0 has a solution algebraic over k or L(y) = b has a solution in k. O

The following example from Davenport (1986) shows that Theorem 3 cannot be
improved.

ExAMPLE 5. The equation
+ 1 _x+l1
Y 2x y= x(x—1)

2 -
—=log <‘/; 1).
Jx O \x+1
Using partial fraction decompositions, one can show that y'+y/2x = (x + 1)/x(x—1) nor
y' 4+ y/2x = 0 have solutions in C(x), yet y'+y/2x =0 does have the solution y= 1/ﬁ,
which is algebraic over C(x).

We end this section with a discussion of the problem of deciding if L(y)=b has an
elementary solution. In what follows, Q will denote the algebraic closure of the rationals.

has the elementary solution

y=2+

LEMMA 11. Let k be an algebraic extension of Q(x) and L(y)=0 a linear differential
equation with coefficients in k with associated Picard-Vessiot extension K. One can
effectively find elements u,,...,4,, algebraic over k such thar y,=exp([u,),...
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Y = €XP (] ) satisfy L(y)=0 and any z in K that satisfies L(y) =0 with z'[/z algebraic
over k lies in the Q span of yy, . . ., Y-

PrOOF. In 1981 Singer gave a procedure to decide if L(y) =0 has a solution y, such that
¥1/y, = u, is algebraic over k and to find such an element if one exists. If no such element
exists we are done. Otherwise, let y = y, Y and substitute in L(y) = 0. Y’ will then satisfy a
homogeneous linear differential equation L(y)=0 of order lower than L(y)=0. By
induction, find vy, ..., v,, algebraic over k such that z; =exp (fv,), ..., z,=exp ([0
satisfies the conclusion of the lemma for L(y). Since k is algebraically closed, z,, . . ., z,
can furthermore be chosen so that C(k(z,, . . .. Z,, vy, . . ., 1,)) = C(k). One easily sees that
any solution z of L(y)=0 with z//z algebraic over k, lies in the Q span of w, =y,
we=y, [z, .. > Wy =y [2,. If each of the w; had algebraic logarithmic derivative we
would be done. In general, we must find a maximal linearly independent set of vectors
(Cis. -0 Cryy) in (O)*! such that c,w,+...+¢,4 W,4; has logarithmic derivative
algebraic over k. Let ¢c;w, + ... +¢,, W, have logarithmic derivative algebraic over k.
Dividing by y, and differentiating, we see that z=c,2,+ ... +c.. 2, has an anti-
derivative whose logarithmic derivative is algebraic over k. Combining those z; such that
z,/z; are algebraic over k and renumbering, we have z=p,z, + ... +p,z,, where z;/z; is
not algebraic over k and each p; is of the form Y ¢;h; where h;; is algebraic over k.
Theorem 1 of Rosenlicht (1975) implies that z = p;z, for some i. (To effectively test if z;/z
is algebraic, note that (z;/z)'/(z;/z) = v;—v;. w'/w = v,—v, has a solution w algebraic over &
with C{k(w)) = C(k) if and only if all solutions w of this equation with C(k(w)) = C(k) are
algebraic over k (Risch, 1969). The techniques of Risch (1970) allow one to effectively
decide this question.) Therefore, for each i, we must find a maximal linearly independent
set of (5, .. ., 6,4 ) such that (3 ¢;h;))z; has an anti-derivative z with z'/z is algebraic over
k or not. If z, is not algebraic over k and if (3 ¢;h,;)z; has an anti-derivative z such that z'/z
is algebraic over k, then Theorem 2 of Rosenlicht (1975) implies that it has an anti-
derivative of the form az for some a in k({h;},v,). Furthermore, a satisfies
d +v,a=Y, chy. Using the Main Theorem of Risch (1968, p. 7), we can find a maximal
linearly independent set of (¢,, . .., ¢, ) such that this equation has such a solution a,
(An alternative approach would be to generalise the techniques developed in Lemma 2 to
handle the case where B contains parameters.) Now assume z; is algebraic over k. If
(3 ¢;h;5)z, has an anti-derivative z such that z'/z is also algebraic over k, then z is algebraic
over k (Rosenlicht, 1975). In this case a'= (3 ¢;h;)z; has a solution algebraic over
k({h;;}, z;) and so, by taking traces, must have a solution in this latter field. We can again
use the Main Theorem of Risch (1970) to find a maximal linearly independent set of
(¢as - . -, Coy 1) such that this equation has a solution a. O
The foilowing is an example of the method described in Lemma 11,

EXAMPLE 6. Let k= Q(x) and

L(y)y = y" —(@x+3)y" +(@x* +8x+ 1)y ~(4x? +4x—1)y =0.
We must determine if this equation has a solution y such that y'/y is algebraic over k. We
use the algorithm of Lemma 3.4 of Singer (1981) (as in Example 3) to determine if

L(y)=0 has a solution y such that y'/y is in k and find that y =e¢* is such a solution.
Letting y=¢Y, we sec that Y’ satisfies

L(y) = y'—4xy +(4x>=2)y = 0.
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Inductively (and omitting the details) we find that
zy =exp (x?) =exp ([x/2) and z, = xexp (x?) = exp (f (x/2)+(1/x))

satisfy the conclusion of the lemma for I(y) =0.

We must now check to see if z,/z, k. Since (z,/z,Y/(24/2,) = 1/x, we must decide if
w'/w = 1/x has a solution algebraic over k. We shall only test to see if this equation has a
solution in k (since it does). Partial fractions and a degree argument allow us to conclude
that w = x is a solution. Therefore z,/z, ek.

The algorithm now has us determine those constants ¢; and ¢, such that (¢, +¢,x)z,
has an anti-derivative whose logarithmic derivative is algebraic over k. Since z, is not
algebraic over k (i.e. w' —2xw =0 has no non-zero solutions algebraic over k), (¢, +¢,x)z,
will have such an anti-derivative if and only if it has one of the form az, for some aek,
Therefore we must find those constants ¢, and c, such that a'+2xa=c;+c,x has a
solution a in k. We follow the procedure for this as given by Risch (1969). Let a=p/q
with g monic and p and g relatively prime elements of Q[x]. A partial fraction argument
shows that g=1. Comparing degrees, one can show that pe(Q. We then have
p'+2xp=2xp=c, +c,x, s0 ¢; =0 and ¢, is arbitrary. Therefore (¢, + ¢, x)z has an anti-
derivative z such that z//z is algebraic over k if and only if ¢, =0. We can therefore
conclude that

B=¢ = xz = e

satisfy the conclusion of Lemma 11.

LEMMA 12. Let k be an algebraic extension of Q(x) and L(¥)=0 a linear differential
equation with coefficients in k.

(i) One can decide in a finite number of steps if L(y) =0 has a non-zero elementary
solution and if so find vy, . . ., v, algebraic over k and ¢y, ..., c, in Q such that any
solution of y'[y = v+, ¢;v}/v; is a solution of L(y)=0.

(ii) One can decide in a finite number of steps if L(y)=0 has a non-zero algebraic
solution and, if so, find one.

PROOF. (i) Let y,, . . ., ¥, be as in the conclusion of Lemma 11. We claim that L(y) =0 has
a non-zero elementary solution if and only if, for some i, y; is elementary over k. The
sufficient condition is obvious. To prove the necessary condition, we note that if L(y)=0
has a non-zero elementary solution, Lemma 5 implies that L(y)=0 has a non-zero
solution y, elementary over k, such that y'/y is algebraic over k. We may write, after
possibly renumbering the y;’s, y=d, y, + ... +d,,¥,, for some d, in Q with [] d; #0. If we
differentiate this m— 1 times, we get

y(j) — dl p](uj)yl 4+ ... +d,,,1)j(“m)Ym

for j=0,...,m—1, where each p, is a differential polynomial with constant coefficients.
This gives a system of linear equations for the y, The determinant of the coefficient

matrix is
(H dl)(H yi)NIW"(yla LY ym) # 0.

Therefore, we can solve for the y’s in terms of the y?, 0 <j<s~1, and the p(u,),
0<j<m—1,1<i<m. Therefore, each y, 1 <i<s is elementary. Note that y, elementary
implies that yi/y; has the form described in the conclusion of this lemma. Therefore, to
decide if L(y) =0 has a non-zero elementary solution, we find u;, . . ., u,, as in Lemma 11
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and, using the results of Risch (1970), decide if any of these has an elementary anti-
derivative.

(i) Let y,,..., ¥, be as in Lemma 11, Note that any algebraic solution of L(y)=0
must lie in the Q span of these elements. Therefore the same proof as in (i) shows that
L(y) =0 has a non-zero algebraic solution if and only if at least one of the y; is algebraic.
One can decide this using results from Risch (1970). O

Let F be a differential field of characteristic 0 with constant subfield C. We say that we
can solve the problem of parameterised integration in finite terms for F if;

(a) For any elements f}, .. ., f, of F, one can determine in a finite number of steps a
system L of linear equations in N variables with coefficients in C such that
difi+ ... +dyfy has an integral in an elementary extension of F for d,,...,dy in the
algebraic closure C of C if and only if (d,, . . ., dy) satisfies L. For each (d,, . . ., dy) in C¥
satisfying L one can find, in a finite number of steps vy, in F, v; in CF and ¢; in C for
i=1,... msuch that

dlfl +.o +deN = Ulo+clv’1/ul+ e +C,,,U:,,/U,,,.

by Letf, gi,i=1,..., m be elements of F. One can find, in a finite number of steps,

hy,...,h in F and a set L of linear equations in m+r variables with coefficients in C,
such that Y +fy=3 c;g; holds for yin F and ¢; in C if and only if y =" y;h; where the y,
are elements of C and (¢, .. ., Co> V1 - - > ) satlsfy

In 1976, Mack showed that the problem of parameterised integration in finite terms can
be solved in any purely transcendental elementary extension of C(x), C a finitely
generated extension of Q. This result was extended in the appendix of Singer et al. (1986)
to include regular log-explicit extensions of C(x). We need to use the fact that if we can
solve the problem of parameterised integration in finite terms for a field F, then we can
solve this problem for any purely transcendental elementary extension of F. The proofs
appearing in Mack (1976) or Singer et al. (1986) immediately yield this result.

PROPOSITION 2. Let k be an algebraic extension of Q(x). Assume that one can solve the
problem of parameterised integration in finite terms for all algebraic extensions of k. Let
L(y) = b be a linear differential equation with coefficients in k.

(i) One can find, in a finite number of steps, a basis y,, . . ., y,, for the space of elementary
solutions of L(y) = 0. Furthermore, these elements may be chosen to lie in a purely
transcendental extension of an algebraic extension of k.

(ii) One can decide in a finite number of steps if L(y) = b has an elementary solution and,
if s0, find one that lies in a purely transcendental elementary extension of an algebraic
extension of k.

ProOF. (i) Use Lemma 12 (i) to decide if L(y) =0 has an elementary solution and, if so,
find one, say y,, such that y}/y, is algebraic over k. Substituting y = y, Y into L(y) = 0, we
get a homogeneous linear differential equation L(y) = 0 that is satisfied by Y’. Arguing by
induction, we can find y,, ..., ¥, that lie in a purely transcendental elementary extension
of an algebraic extension of k. Using the remarks immediately precedlng this proposition,
we can find a system L of linear equations with coefficients in Q such that
d, 3+ ...+d.y has an elementary anti-derivative if and only if (d,, ..., d,) satisfies L.
From L we can find a basis y,,..., y, for the space of d,y,+... +d,.)'1, that have
elementary anti-derivatives. These anti-derivatives can be chosen to lie in a purely
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transcendental elementary extension of an algebraic extension of k. Therefore
Vs Vi Vas oo Wy fy,,,, forms a basis of the desired type for L(y) =0.

(il Using (i) we could argue as we did in the Liouvillian case in the paragraph
immediately following Example 1. This forces us to consider linear differential equations
of order one more than the equation we want to look at. Using Theorem 3 we can avoid
this. To decide if L(y) = b has an elementary solution, we first use Lemma 2 to decide if
L(y) =b has a solution in k. If it does we are done. If not, use Lemma 11 (ii) to decide if
L(y)=0 has a non-zero algebraic solution. If not, then L(y)=> does not have an
elementary solution. Otherwise, let y, be such a solution. Substituting y=y,Y into
L(y) = b, we see that Y’ will satisfy a linear differential equation L(y) = b with coefficients
algebraic over k and order one less than the order of L. Arguing inductively, we decide if
L(y)=D) has an elementary solution y of the prescribed form. If not, then the original
equation will have no such solution. Otherwise we must decide if there exist constants
ds. ..., d,in Q such that y+d,¥,+ ... +d, ¥, has an elementary anti-derivative where
P> Y25 . . ., ¥, forms a basis for the space of elementary solutions of L(y)=0. If such
constants exist, then y, [(§+d,¥.+ ... +d,¥,) is a non-zero elementary solution of
L(y)=b. If not, then L(y)=b has no such solution.

4. Final Comments

In Section 3 we reduced the problem of deciding if L(y) = b has an elementary solution
(where this equation has coefficients in an algebraic extension of Q(x)) to showing that the
problem of parameterised integration in finite terms can be solved for algebraic extensions
of Q(x). We know that part (b) of this problem can be solved for such fields (cf. Risch,

1968). We feel that a solution of this problem would be of independent interest (cf.
Davenport, 1984b, Problem 6).

Another open problem is to extend the results of Singer (1981) to include equations
L(y) =0 that have coefficients in a given Liouvillian or elementary extension of Q(x).
Even the following problem is open: Let K be an elementary extension of @(x) and let
L(y)=0 be a homogeneous linear differential equation with coeflicients in K. Decide if
L(y) =0 has a solution in K. When the order of L is one, Risch (1968, 1969, 1970) solved
this problem. A solution of this problem for arbitrary n would be a starting point for
generalising the results of Singer (1980) as well as being useful in giving a simplified
presentation of the general Risch (1968) algorithm.
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