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This note is a companion to the paper "Differential Galois Theory of Difference
Equations" by the same authors. In a previous version of this note (and in Example
3.14 of this paper) we claimed that for the g-hypergeometric equation with prarameters
restricted as below, the associated 66-PV extension has differential transcendence
degree 3. We have since founds gaps in the proof of this claim. Nonetheless, we are
able to show this claim when we further restrict the paprameters. In the following we
show how MAPLE can be used to verify these cases.

We shall consider the equations

y(@*%) -[(atb)x-(1+c/q))/(abx -c/q)ly(qx) + [(x-1)/ (abx ~¢/q) Jy(x) =0

where a = b c ds a6€q a’ € q% . We shall show in the cases when

2 -3 -5 2 2 :
a —q,q q q ,q ,q ~and whena™ =q, a # q (thatis,a=-q),
the associated —PV extension has differential transcendence degree 3. The
MAPLE code we give below can be easily altered to test for other values of

2 : : : :
a~. We suspect that this result is true in general but, as we said above, we do not have
a proof.

In the paper "Differential Galois Theory of Difference Equations", we showed that for
a difference equation o(Y) = AY over C(x) with difference Galois group SL (C), the

differential transcendence degree is less than n°-1 if and only if there exists a matrix B
in gl (C(x)) such that 6(B) = ABA™! + 8A A”!, where §=xd/dx. This latter equation is

an n® x n’ system in the entries of B. In section 1, we shall derive this system for the
above family of g-hypergeometric equations. In section 2, we shall derive a scalar
 equation for one of the entries of B.

1. The equation for B.

The matrix equation associated with our scalar equation above is 6(Y) = AY. We
calculate A below

i> with(LinearAlgebra):



> MM:=simplify(Matrix([[O0,1],[ (1-x)/(a*b*x - c/q),((atb)*x -(1+
c/q))/(a*b*x-c/q)11));

0 1
MM=| (-1+x)g xqatxgqb—g—c 1)
abxg—-c abxg—rc
> M1 :=subs (c=q,MM) ;
0 1
M= (-1+x)g xgatxqgb—2g4 (2)
abxg—gq abxg—gq
i> A:=simplify(subs(b=a,M1));
0 1
A= -1+x 2 (xa—1) A3
2 2
a x—1 a x—1

| We now calculate the system associated to 6(B) = ABA'! +5A A7
[> Bt:=Matrix([[u,v],[w,z]]);

u v
Bt= (C))
w z
> B:=Matrix([[Bt[1,1]],[Bt[1,2]],[Bt[2,1]1],[Bt[2,2]]1]);
u
14
B= )
1%
z
(> Ct:= A.Bt.A"(-1);
_||2w(xa—1) __w(azx—l)
cr: ez )y, e am ©)
2[_ti+xwﬁ+2Uf—lﬁv)ua_U
a x—1 a x—1 B k1+xﬁ/+2(xw—ﬂz
-+ & r—1 Fr—1
(-1+x)u 2(xa—1)w 2
(— 7 + > ) (a x—-l)
B a x—1 a x—1

-1+x

> C:=Matrix([[coeff(Ct[1l,1],u),coeff(Ct[1l,1],Vv),coeff(Ct[1l,1],w),
coeff(Ct[1,1],2)],

[coeff(Ct[1,2],u),coeff(Ct[1l,2],Vv),coeff(Ct[1,2],w),coeff(Ct[1,
2]1,2)1,
[coeff(Ct[2,1],u),coeff(Ct[2,1],V),coeff(Ct[2,1],w),coeff(Ct[2,
11,2)1,
[coeff(Ct[2,2],u),coeff(Ct[2,2],Vv),coeff(Ct[2,2],w),coeff(Ct[2,
2]1,2)11);




0 0 2 (xa—1) |
-1+x
2 —
0 0 cax—1 0
-1+
C= )
2(xa—-1) -l+w 4 (xa—1) 2(xa—1)
i x—1 A x—1 (azx—l)(—l-l—x) i x—1
{ 0 J2(raz 1) 0
-1+
(> ddA:= map(diff,A,x);
0 0
ddd=| 1 (-1+x)d® 24  2(xa—1)d
2 2 2 2
ax—1 (azx—l) a x—1 (azx—l)
> XX:=Matrix([[x,0],[0,x]1]);
x 0
XX =
0 x
> dA:= simplify(Multiply(XX,dda));
0 0
_ 2
dA = _x(—l—l—a) 2xa(-1+4+a)
2 2
(azx—l) (czzx—l)
(> Et:= dA.A"(-1);
0 0
Ef= _2x(—1+a2)(xa—1) N 2xa(-1+a) X(‘1+02)
2 2 2
(azx—l) (-1+x) (azx—l) (” x—l)(—l—l—x)
> E:= simplify(Matrix([[Et[1,1]],[Et[1,2]1],[Et[2,1]],[Et[2,2]1]));
0
0
2(-1+a)x
=1 "
(azx—l)(—l—l—x)
x(—l—f—az)
(azx—l)(—1+x)

| where C and E are as above.

2. The scalar equation for v.
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®

®

(10)

an

(12)

[ The associated system for B (now written as a colum vector as above) is 6(B) = CB+E,



To compute a scalar equation for the component v of the vector B, we proceed as
follows. We will compute matrices C; and E; such that G'(B) = CB+E, Let ¢
denote the entry in second row of C; and e; denote the entry of the second row of
E.. We will find elements y, such that X y. ¢c. =0. We then will have the scalar
equation X vy, Gi(V) =X vy, e . Note that if e = (0,1,0,0), then for any matrix M, eM

| 1s the second row of M.
[> e:=Matrix([[0,1,0,01]);

e=[0100] (13)
B slC:=subs (x=q*x,C);
0 0 2(xga—1) I
-l +xg
& xg—1
0 0 it 0
s/C = 2 a4
2 (xga—-1)  -l+uxg 4 (xga—1) 2(xga—1)
@rg—1  dxg—1 (ixg—1)(-1+xg) axg—]
| 0 _2(rga=1) 0
-l +xg
> s2C:=subs (x=q*x,s1C);
§2C = 15)
[ 2(xrg*a—1 -
O : (rga=1) 1
-l +uxg
azxqz—l
0 0 R 0
-l +xg
2
_2(xqzd—1) ) —1+xq2 4(xqza—l) 2(xqza—1)
dzxqz_l azxqz—l (azxqz—l)(—l—l—xqz) dzxqz_l
2
. 0 _2(xq a 21) 0
-l +xg

=> s3C:=subs (x=qg*x,s2C);
s3C = 1e)




3 —
0 0 2 qu a 31) 1
-l1+uxg
azxqs—l
0 0 3 0
-1+xg
) 2(xq3a——1) ) —1-+xq3 4(xq3a——1)2 2(xq3a——1)
Frg—1 dxgd—1 (Fxg—1)(-1+x7) drxg -1
3 —
. 0 2(xq’ a 31) 0
-l +xg
=> slE:=subs (x=q*x,E);
0
0
) 2(-1+a)xg ;
B = (azxq—-l)(—14—xq) a7
xq(—l-%az)
(@ xg—1) (-1+xg)
> s2E:=subs (x=q*x,s1E);
[ 0
0
2(—1-|—a)xq2
2F = - 18
’ (azxqz——l)(—l4—xq2) (13)
xqz (—l—i-az)
(azxqz——l)(—l%—xqz)

Since C, =1, we have
> cO:=e:
Since C; = C, we have
> cl:= Multiply(e,C):
Since C, = o(C)C, we have
> c2:=simplify(Multiply(e,Multiply(slC,C))):
Since C, = 6%(C)o(C)C, we have
> c3:= simplify(Multiply(e,Multiply(s2C,Multiply(slC,C)))):
A priori, there will be a dependence among €0,e1,e2,e3,e4 but in this case there is
actually a dependence among e0,el,e2,e3. To find such a dependence let
> MM:=Transpose (Matrix([[cO0],[cl],[c2],[c3]1])):
| The dependence will be given by the following element of the nullspace of this matrix.
> VV:=(Transpose(op(1l,NullSpace(MM))));




(-1+x) (azxqz—l) (xga—1)

Vy=1- ,
(ra—1) (a2xq— 1) (—1 -I—xqz)

19)

(a2x+3+3xzqa2+xq—4xqa—4xa) (azxqz— 1)
(azx— 1) (a2xq— 1) (—1 +xq2)

3

B (azxqz— 1) (xga—1) (azx+3+3xzqa2+xq—4xqa—4xa)
(-1 +xq2) (czzxq— 1)2 (xa—1)

, 1

Letting y, ; be the ith entry of this vector, we have that o v)+ yzcz(v) + y0(v) +
YoV= €3 TYy,6y, T yi€; *yoey. Clearly ¢, =¢; =0. A calculation shows that E,
=6(C)E + o(E) and E, =6%(C)o(C)E + 6%(C)o(E)+ 6%(E) so

> e0:=0;
el =0 (20)
> el:=(e.E)[1,1];

e/ =0 21)

(> e2:=(Multiply(e,Multiply(slC,E)+slE))[1,1];
2 (azxq— 1) (-1+a)x

(-1+xgq) (azx— 1) (-1+x)

> e3 :=Multiply(e, (Multiply(s2C,Multiply(sl1lC,E))+Multiply(s2C,slE)+
s2E))[1,1];

1 2 2 8 (rga—1)" (-14+a)x
F= —1) |- 23
“ —1+xq2 [(a e )[ (azxq—l)(—l-l-xq) (azx—l)(—l—l-x) @3

]+ Z(azxqz—l)(—l—l-a)xq
(—1 +xq2) (azxq—l) (-1+xq)

el =

(22)

2(xrga—1)x(-1 +a2)
(azxq— 1) (azx— 1) (-1+x)
(> EE:=Matrix([[e0],[el],[e2],[e3]]);

+

EE=1]0]| 24)

2(02xq—1)(—1+0)x
| (-1 +xg) (azx—l)(—l—l—x) ’
[ 1 ) 8 (rga—1) (-14+a)r
- _1 _
—l-l-,rq2 [(a e )( (azxq—l)(—l—l-xq) (a2x—l)(—l+x)
Z(azxqz—l)(—l—l-a)xq
(—l—l-xqz) (azxq—l)(—l—i-xq)

2(xqa—l)x(—1+a2)

" (azxq—l) (azx—l) (-1+x)

+




The following WWW will be the left hand side of 6>(v) + y,62(v) + y,6(V) +y,v=
€3 T ¥,y T y1€; TY(€y and the entries of VV will be the coefficients of the the right

| hand side.

[> WWW:=simplify(VV.EE);

W = (25)

2(x2q2a2+x qa — 7 q 24— i qa ta—d —Q"‘qﬂ) (‘szqz_l)x
(-1+xg) (@ xg—1) (@ x=1) (-1 +x4°) (xa—1)

> VV;
(14w (a2xqz—1) (xga—1)
( 1

) (@xg—1) (-1 +x4%)
(azx+3+3xzqaz+xq—4xqa—4xa) (dzxqz— 1)
(azx— 1) (azxq— 1) (-1 —I—xqz)

B (azxqz— 1) (xga—1) (a2x+3—i—3x2qa2+xq—4xqa—4xa) 1]

(—1 +xq2) (azxq— 1)2 (xa—1)
:We now lcear the denominators and produce the third order equation EQN for v(x).
> Wi:=denom(WWW[1l])*(a"2*x*q-1) *WWW;
W= [2 (azxq— 1) (xz q2 a* +x29a4 —x? qz @ —x° qa3 ta—a* - q 27
+ qa) (azxqz — 1) x]
> vi= denom(WWW[1])*(a”"2*x*qg-1) *VV;
V= [ (-1+xq) (cz xXqg— 1) (azx— 1) (-1+x) (azxqz— 1) (rga—1), (-1 (28)

(26)

Xra—

9

+xq) (azxq— 1) (xa—1) (azx+3+3x2qa2+xq—4xqa—4xd) (azxqz
—1), (-1+xq) (a x—l) (azxqz—l) (rga—1) (azx+3+3xzqaz+xq

—4xqa—4xa),( l+xq) (a xq—1)2 (azx—l) (—l—i-xqz) (xd—l)]

[> y:= Matrix([[v(x),v(g*x),v(q"2*x),v(q"3*x)]]);
y=| v(x) v(rg) v(xg’) v(xg') | (29)
> EQON:= (V.Transpose(y))[1l] = W[1];
EON=-(-1+xgq) (azxq—l)(dzx—l)(—1+x)(a2xq2—l)(xqa—l)v(x) 30)
+(-1+xg) (a xXqg— 1) (ra—1) (a2x+3+3xzqaz+xq—4xqa
—4xa) (czzxq — 1) v(xg)— (-1 +xgq) (d xr—1) (azxqz— 1) (xga
—1) (azx—l-?; +3xzqaz+xq—4xqa—4xa) V(qu) +(-1+xg) (azxq

—1)2 (azx—l) (—1+xq2) (xa—1) V(xq3)=2(azxq— 1) (xzqzaz

+x2qa4—x2qza3—xzqa3+a—az—q+qa/) (azxqz—l)x

[ We wish to show that this equation has no nonzero rational solutions. In order to use MAPLE taking into

account that a” is a power of q. To do this we will replace q by q2 and consider a sixth order equation.



This avoids haing to deal with the square root of q when a’ is an odd power of q. We then apply the
MAPLE command RationalSolution. This command will return an empty set when there are no rational
solutions.

~> EQNO:=subs (q=t,EQN);

EONO=-(-1+x0) (P xr—1) (& x—1) (-1 +x) (& x> —1) (xta—1) v(x) (1)
+(—1-+xt)(ale—-l)(xa——l)(azx+-3+—3x2102%-x1—-4x10
—-4xa)(azxfz—-l)V(Xf)—-(—l%-xf)(azx—-l)(azxfz—-l)(xla—-l)(azx
+—3+—3leaz4—xl—-4xla——41nﬂ V(x12)4—(—14-xl)(azxf——l)z(azx
-—1) (—14—xf2)(xa——l)V(xf3)==2(ale—-1)(x212024-x2fa4—-x21243
—x21a3+a—az—l+la) (azxfz—l)x

> EQON1l:=subs(a=q”1l,t=q"2,EQNO);

EONI = -(-14+x82) (¢ v=1) (-1 +2) (Pr—1) (-1 +24°) v(x) + (-1 (32)
+x/)(fx—l)kl+xq)qup+3+3ﬁq4—4xf—4xq)uﬁx
—-1)V(xqz)—-(—1—|—xq2)2(q6x——1)(—1—|—xq3)(2xqz+3+3x2q4—-4xq3
—arg) v( )+ (1424 (P r=1) ((1+rg)v(s®x) =2 (' x
—1) (2= -+ g2 +7) (Pa—1)x

| > with(QDifferenceEquations):

The MAPLE command RationalSolution will yield a basis of the rational solutions of a g-difference

| equation. When the output is empty, we can conclude that there are no nonzero solutions.

[> soll := RationalSolution(EQN1l, v(x), {}, output = basis[ _K]);
soll = (33)

> EQON3:=subs(a=q"3,t=q"2,EQNO):
with(QDifferenceEquations):
soll := RationalSolution(EQN3, v(x), {}, output basis[_K]);

soll = 34)

> EQN5:=subs(a=qg"5,t=q"2,EQNO) :
with(QDifferenceEquations):
soll := RationalSolution(EQN5, v(x), {}, output = basis[_K]);

soll = 35
> EQNminusl:=subs(a=q”(-1),t=q"2,EQNO) :
with(QDifferenceEquations):
soll := RationalSolution(EQNminusl, v(x), {}, output

14

basis[_K])

soll = (36)

> EQNminus3:=subs(a=q” (-3),t=q"2,EQNO) :
with(QDifferenceEquations):
soll := RationalSolution(EQNminus3, v(x), {}, output

14

basis[_K])

soll = 37)

> EQNminus5:=subs(a=q” (-5),t=q"2,EQNO):
with(QDifferenceEquations):
soll := RationalSolution(EQNminus5, v(x), {}, output

14

basis[_K])




L soll = (38

> EQN2:=subs (a=-q,t=q,EQNO):
with(QDifferenceEquations):
soll := RationalSolution(EQN2, v(x), {}, output = basis[_K]);

soll = 39)



